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Part-a

Short QueStionS with SolutionS

Q1.	 Define	elementary	matrix.

Answer :         

 A matrix obtained by performing an elementary row or column operation on an identity matrix is known as elementary 

matrix or E-matrix.

Q2.	 Define	rank	of	a	matrix.	Give	an	example	of	a	2	×	3	matrix	whose	rank	is	2.

Answer :  (June/July-17,	Q1	|	June-14,	Q1)

Rank of a matrix

 Let ‘A’ represents a non-zero matrix. A number ‘r’ is said to be the rank of matrix ‘A’, if

(i) Every (r + 1)th order minor of A is zero.

(ii) Atleast one minor of order ‘r’ which is non-zero.

Example

             A = 

















−

−

315

163

601

              det A = –1(18 – 1) – 0(9 + 5) + 6(3 + 30)

    = –17 – 0 + 198

    = 181 ≠ 0

       Minor of order 3 ≠ 0

    ∴ ρ(A) = 3

Example of a 2 × 3 matrix

 Consider a 2 × 3 matrix 

  A = 
1

2

3

4

5

6
= G

 The determinant of submatrix,

  
1

2

3

4
 = 4 – 6 = – 2 ¹ 0

 \ The rank of A is 2.

unit

1 Matrices
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Q3.	 What	is	meant	by	Echelon	form	of	a	matrix?
Answer : 

 A m × n matrix is said to be in Echelon form if,

 All zero rows or any zero row (if any) occurs below the 

non-zero row.

	 The	number	of	zeros	before	the	first	non-zero	element	
in the rows are in the increasing order.

 The first non-zero element in every row is unity 

(optional).

Examples

(i) 



















00000

02100

75310

30421

(ii) 


















−

0000

0000

3510

13401

Q4.	 Convert	the	matrix	into	echelon	form
3

2

6

2

1

2

1

1

4

R

T

SSSSSSSS

V

X

WWWWWWWW

 

Answer :  Model	Paper-1,	Q1

 Given matrix is,

  A =

3

2

6

2

1

2

1

1

4

R

T

SSSSSSSS

V

X

WWWWWWWW

  R R R

R R R

3 2

2

–

–

2 2 1

3 3 1

"

"

  A = 

3

0

0

2

1

2

1

1

2

–

–

R

T

SSSSSSSS

V

X

WWWWWWWW

  R
3
 ® R

3
 – 2R

2

  A = 

3

0

0

2

1

0

1

1

0

–

R

T

SSSSSSSS

V

X

WWWWWWWW

 The number of non-zero rows in matrix A = 2

 \ Rank of A, r (A) = 2.

Q5.	 Find	the	rank	of	a	matrix	A	=
–1

2

3

2

1

2

1

–1

1

8

0

7

R

T

SSSSSSSS

V

X

WWWWWWWW

.

Answer : 

 Given matrix is,

  A = 
















−

−

7123

0112

8121

  R
2
 → R

2
 + 2R

1
, R

3 
→ R

3
 + 3R

1

 Þ A = 















−

31480

16150

8121

  R
3
 → 5R

3
 – 8R

2

 Þ      A = 

1

0

0

2

5

0

1

1

12

8

16

27

–
R

T

SSSSSSSS

V

X

WWWWWWWW

  R
3
 → 

R

3
3

 Þ      A = 

1

0

0

2

5

0

1

1

4

8

16

9

–
R

T

SSSSSSSS

V

X

WWWWWWWW

 The number of non-zero rows in matrix A = 3.

    ∴  Rank of A, ρ(A) = 3.

Q6.	 Determine	the	rank	of	a	matrix	A	=	

2

0

2

2

–1

3

3

5

3

4

7

11

4

1

5

6

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

Answer : Model	Paper-2,	Q1

 Given matrix is,

  A = 

2

0

2

2

1

3

3

5

3

4

7

11

4

1

5

6

–
R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

 R
3
	→	R

3
 – R

1
, R

4
	→	R

4
 – R

1

  A = 

2

0

0

0

1

3

4

6

3

4

4

8

4

1

1

2

–
R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

  R
4
	→	

R

2
4

, R
3
	→	3R

3
 – 4R

2

  A = 

2

0

0

0

1

3

0

3

3

4

4

4

4

1

1

1

–

– –

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

  R
4
	→	R

4
 – R

2

  A = 

2

0

0

0

1

3

0

0

3

4

4

0

4

1

1

0

–

– –

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

 Number of non-zero rows = 3

 \ Rank of matrix = 3.
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Q7.	 Determine	the	rank	of	a	matrix	A	=	
1

2

3

6

2

4

2

8

3

3

1

7

0

2

3

5

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

Answer : Model	Paper-3,	Q1

 Given matrix is,  

   A = 



















5786

3123

2342

0321

 

  R
2
 ® R

2
 – 2R

1
, R

3
 ® R

3
 – 3R

1
, R

4
 ® R

4
 – 6R

1

    



















−−
−−
−

51140

3840

2300

0321

  R
4
 ® R

4
 – R

3 
– R

2

    



















−−
−

0000

3840

2300

0321

  R
2
 « R

3

    



















−
−−

0000

2300

3840

0321

 Number of non-zero rows = 3.

    \ The rank of matrix is 3.

Q8.	 When	 does	 a	 non-homogeneous	 system	
consistent?

Answer : 

 A non-homogeneous system is represented in matrix 

form as AX = B 

 Where, B  0.

 A system AX = B is said to be consistent, if and only if 

rank of A = rank of [A/B]

 Where, [A/B] is the augmented matrix.

Q9.	 Show	that	the	equations:	x	–	4y	+	7z	=	14,	3x	+	
8y	–	2z	=	13,	7x	–	8y	+	26z	=	5	are	not	consistent.

Answer :

 Given,

  x – 4y + 7z = 14

  3x + 8y – 2z = 13

  7x – 8y + 26z = 5

 Writing the given equations in matrix form, AX = B

     

































−
−

−

z

y

x

2687

283

741

 = 

















5

13

14

 The augmented matrix, C = [A | B]

      C = 

















−
−

−

5

13

14

2687

283

741

 
133

122

7

3

RRR

RRR

−→
−→

   = 

















−
−

−
−

−

93

29

14

23200

23200

741

  R
2
(1/20)

   = 

















−
−

−
−

−

93

2029

14

23200

202310

741

     

  
 R

1
 → R

1
 + 4R

2

 R
3
 → R

3
 – 20R

2

   = 
















−
−−

64

2029

541

000

202310

51201

 Here,

  ρ(C) = 3 and ρ(A) = 2

 i.e., Rank of A ¹ Rank of C

    ∴ The given equations are not consistent.

Q10. Prove	that	two	vectors	are	linearly	dependent	
if	one	of	them	is	a	scalar	multiple	of	the	other.

Answer : 

 Let α and β represents two linearly dependent vectors 
of the vector space V. There exists scalars a, b ≠  0 such that,

  aα + bβ = 0

 For a ≠ 0, aα = –bβ 

 ⇒      α = β





 −

a

b

 ∴ α is a scalar multiple of β

 For b ≠ 0, bβ = –aα

 ⇒      β = 
a

b

− α 
 

 ∴ β is a scalar multiple of α. 

 Thus, it can be observed that if two vectors are linearly 

dependent, then one of the vector is a scalar multiple of the 

other.
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Q11. If	F	is	the	field	of	real	numbers,	prove	that	the	
vectors	(a

1
,	a

2
)	and	(b

1
,	b

2
)	in	V

2
(F)	are	linearly	

dependent	iff	a
1
b

2
	–	a

2
b

1
	=	0.

Answer :

 Given vectors are,

  (a
1
, a

2
), (b

1
, b

2
)

 Let, Fyx ∈,

 ∴ ),(),( 2121 bbyaax +  = (0, 0)

 ⇒ 1 1 2 2( , )xa yb xa yb+ +  = (0, 0)

 ⇒  and 

	 The	necessary	 and	 sufficient	 condition	 for	 the	 above	
equations to have a non-zero solution is,

  0
22

11 =
ba

ba

 ⇒     01221 =− baba

 Hence, the given vectors are linearly dependent iff 

01221 =− baba .

Q12. Show	that	the	vectors	(2,	1,	4),	(1,	–1,	2),	
(3,	1,	–2)	form	the	basis	of	R3.

Answer :

 Given vectors are,

  (2, 1, 4), (1, –1, 2), (3, 1, –2)

 Let, S = {(2, 1, 4), (1, –1, 2), (3, 1, –2)}

 For ‘S’ to form the basis of R3, |S| ≠ 0 i.e., S should be 

linearly independent.

      |S| = 

213

211

412

−
−

   = 2(2 – 2) – (–2 –6) + 4(1+ 3)

   = 0 + 8 + 16

   = 24 ≠ 0

 ∴     |S| ≠ 0

 The set ‘S’ is linearly independent. 

 Hence ‘S’ forms a basis of R3.

Q13.	 Define	linear	transformation.	
Answer : Dec.-15,	Q9

Linear Transformation

 If U(F) and V(F)	represent	two	vector	spaces	in	the	field	
F, then linear transformation from U into V is a function T from 

U into V such that,

 T(aα + bβ) = aT(α) + bT(β)  ... (1)

 α, β in U and a, b in F

 Equation (1) refers to the linearity property.

Q14.	 Define	the	Eigen	value	and	Eigen	vector.

or

	 Define,
	 (i)	 Characteristic	roots	and
	 (ii)	 Characteristic	vectors	of	a	square	matrix.
Answer :       

(i) Characteristic Root or Eigen Values or Latent Root

 The roots of the characteristic equation |A – λI| = 0 are 

called characteristic roots or latent roots or eigen values and 

are represented as λ
1
, λ

2
 . . . λ

n
.

(ii) Characteristic Vector or Eigen Vector or Latent 

Vector of a Square Matrix

 Let A = [a
ij
] represents an n × n matrix. A non-zero vector 

X is said to be characteristic vector or latent vector or an eigen 

vector of a matrix A, if there exists a scalar λ such that AX = 

λX.

Q15.	 If	 3	and	5	are	 two	eigen	values	of	 the	matrix															

A	=	

8

6

2

6

7

4

2

4

3

–

–

–

–

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

	 then	find	 its	 third	eigen	value	

and	hence	|A|.

Answer : 

 Given matrix is,

  A = 

8

6

2

6

7

4

2

4

3

–

–

–

–

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

 And eigen values, l
1
 = 3, l

2
 = 5

 Sum of eigen values = Trace of matrix

      = aii

i

n

1=

/

 ⇒ l
1
 + l

2
 + l

3
 = a

11
 + a

22
 + a

33

 ⇒    3 + 5 + l
3
 = 8 + 7 + 3

 ⇒     l
3
 = 18 – 8

 ∴     l
3
 = 10

 Determinant of matrix A = Product of eigen values

 ⇒    |A| = l
1
l

2
l

3

 ⇒    |A| = (3)(5)(10)

 ∴    |A| = 150

Q16.	 Find	the	eigen	values	of	the	matrix	
 
 
 
  

4 2 – 2

– 5 3 2

– 2 4 1

Answer :  Model	Paper-1,	Q2

 Let,  A = 
















−
−

−

142

235

224
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 The characteristic equation of A is given by,

   |A – λ I| = 0

 ⇒  = 0

 ⇒  = 0

 ⇒  = 0

 ⇒ (4 – λ) ((3 – λ) (1 – λ) – (2) (4)) – 2 (– 5(1 –λ)  

   – (2) (–2)) –  2(– 5 × 4 – (– 2) (3 – λ)) = 0

 ⇒ (4 – λ) (3 – 4λ + λ2 – 8) – 2(– 5 + 5λ + 4) 

   – 2 (– 20 + 6 – 2λ) = 0

 ⇒ (4 –  λ) (l2 – 4λ – 5) – 2(5λ– 1) – 2(– 2λ – 14) = 0

 ⇒ 4λ2 – 16λ – 20 – λ3 + 4λ2 + 5λ – 10λ+ 2    

   + 4λ + 28 = 0

 ⇒ – λ3 + 8λ2 – 17λ – 10 = 0

 ⇒ λ3 – 8λ2 + 17λ – 10 = 0

 ⇒ λ = 5, 2, 1

 ∴ 5, 2, 1 are the required eigen values.

Q17.	 Find	the	Eigen	values	of	the	following	 system	
8x – 4y x

2x 2y y

=

+ =

l

l
 

Answer :  

 Given equations are,

   8x – 4y = lx

   2x + 2y = ly

 The above equations can be re-written as,

   (8 – l) x – 4y = 0       ... (1)

   2x + (2 – l) y = 0        ... (2)

 Equations (1) and (2) can be written in matrix form as,

   A =
8

2

4

2

– –

–

l

l
= G

 The characteristic equation of matrix A is obtained by, 

  |A | = 0

 Þ 
8

2

4

2
0

– –

–

l

l
=

 Þ (8 – l) (2 – l) – (– 4) (2) = 0

 Þ 16 – 8l – 2l + l2 + 8 = 0

 Þ l2 – 10l + 24 = 0

 Þ l2 – 6l – 4l + 24 = 0

 Þ l(l – 6) – 4 (l – 6) = 0

 Þ (l – 4) (l – 6) = 0 Þ l = 4, 6

 \ Eigen values of given equations are, l = 4, 6

Q18.	 Prove	that	the	product	of	the	eigen	values	is	
equal	to	the	determinant	of	the	matrix. 

Answer : 

 Let, A
n×n

 be any square matrix such that λ
1
, λ

2
 ,……, λ

n
 

are the eigen values. Then, characteristic equation is,

   | A – λI | =  (–1)n(λ – λ
1
) (λ – λ

2
) …… (λ – λ

n
) = 0

        Substituting λ = 0 in the above equation,

 ⇒    | A | = (–1)n(– λ
1
) (– λ

2
) (– λ

3
) …… (– λ

n
)

 ⇒      | A | = (–1)n (–1)n λ
1
 λ

2
 .... λ

n

   = (–1)2nλ
1
 λ

2
 …… λ

n

 ⇒       | A | = λ
1
 λ

2
 …… λ

n

  ∴ The product of eigen values is equal to the 

determinant of the matrix.

Q19.	 If	λ
1
,	λ

2
,	....,	λn	are	the	eigen	values	of	A,	then	

prove	 that	 the	 eigen	 values	 of	 (A	 –	 kI)	 are																				
(λ

1
 –	k),	(λ

2
	–	k),...,	(λn	–	k).

Answer : 

 Let, X  be an eigen vector corresponding to the eigen 

value λ
1
 of A. Then,

        AX = λ
1
 X

 Adding – kX on both sides.

  AX – kX = λ
1
 X – kX

       Þ  (A – kI) X = (λ
1
 – k) X

       Þ  (λ
1
 – k) is the eigen value of (A – kI).

 Similarly (λ
2
 – k) ,... (λ

n
 – k) are eigen values of (A – kI).

Q20.	 If	A	and	B	are	n	rowed	square	matrices	and	if	
A	is	invertible,	show	that	A–1B	and	BA–1	have	
same	eigen	values.

Answer : 

 Given that, 

 The matrix A is invertible,

     A–1B = B –1(BA–1)B   [ ]BB 1–1
a =

  Let, A–1B = P, BA–1 = Q

 ⇒         P = B–1(Q)B

 ⇒  P– λI  = B–1QB – λI

    = B–1QB – λB–1B

    = B–1QB – B–1λB

    = B –1(QB – λB)

 Þ       P – λI = B –1(Q – λI)B

 Þ    | P – λI | = | Q – λI | | BB –1|

 Þ    | P – λI | = | Q – λI |  

 Characteristic equation of P and Q are same.

 ∴ Eigen values of A–1B and BA–1 are same.
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Q21.	 If	λ	be	an	eigen	value	of	the	non-singular	matrix	

A,	show	that	 |A| 	is	an	eigen	value	of	adj	A.

Answer : 

 λ is an eigen value of the matrix A then there exists a 

non-zero matrix X such that,

          AX = λX

     (adj A) (AX) = (adj A) (λX)

        (adj A) AX = λ(adj A) (X)

         |A| IX  = λ (adj A) X

         |A| X  = λ (adj A) X

              
λ

|| A
X = (adj A) X 

    ∴    (adj A) X = 
λ

|| A
 X

 Where,

 
λ

|| A
 is an eigen value of adj A.

Q22.	 State	Cayley-Hamilton	theorem.

Answer : 

 If A is a square matrix of order n × n then it must satisfy 

its own characteristic equation.

 i.e., if IA λ−  = (–1)n (λn + p
1
 λn – 1 + p

2
 λn – 2 + ...... 

+ p
n – 1

 λ + p
n
) is the characteristic equation of A then matrix 

equation must be,

 An + p
1
 An – 1 + p

2
 An – 2 +.....+ p

n – 1
 A + p

n
I = 0

Q23.	 Use	Cayley-Hamilton	theorem	to	find	A8	if	

	 A	= 1

2

2

–1
= G .

Answer : 

 Given matrix is,

  A = 
1

2

2

1–

R

T

SSSSS

V

X

WWWWW

 The characteristic equation of matrix A is given as,

  |A	–	λI| = 0

 Þ 
1

2

2

1

1

0

0

1
0

–
– λ =

R

T

SSSSS

R

T

SSSSS

V

X

WWWWW

V

X

WWWWW

 Þ 
1

2

2

1 0

0
0

–
–

l
l

=

R

T

SSSSS

R

T

SSSSS

V

X

WWWWW

V

X

WWWWW

 Þ 
–

– –

1

2

2

1
0

l
l

=

 Þ (1 – λ)	(–	1	–	λ)	–	2(2)	=	0
 Þ	 –	1	–	λ	+		λ	+	λ2 – 4 = 0

 Þ	 λ2 – 5 = 0

 By Cayley–Hamilton theorem,

      A2 – 5I = 0

 Þ    A2 = 5I

     A8  = (A2)4 = (5I)4 = 54I 

     = 625I

 \    A8  = 625I

Q24.	 Define	canonical	form	of	a	matrix.
Answer :

 Let A be a symmetric matrix corresponding to the 

quadratic form Q = X T A X, and let D be the diagonal form of 
A, obtained by using the congruence operations. Then a non-
singular matrix N is obtained such that,

              D = NT A N    

        Let,            

      Y  = 



















ny

y

y


2

1

be a new set of variables described by the 

linear transformation.

               X = NY   

    ⇒        X T = (NY)T = YT NT

    ⇒          Q = XT A X = YT (NT A N)Y  = YT DY 

   =  [y
1
  y

2
 ...y

n
]























nc

c

c








00

00

00

2

1























ny

y

y

.

.
2

1

 

   =  c
1

2
1y  + c

2

2
2y  + … + c

n
2
ny

 This new form is simply a sum of squares, which is 
called a canonical form of Q.

Q25.	 Define	rank,	index	and	signature	of	a	matrix.
Answer : 

Rank

 Rank of the matrix is equal to number of non-zero rows 

in a canonical form.

Index

 Index of the matrix is equal to number of positive sign 

in the diagonal of matrix A.

Example

      A = 



















−1000

0100

0010

0001

              ∴  Rank, r = 4

   Index, s = 3
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Signature

 Signature of the matrix is given by,

      Signature = 2s – r = 2(3) – 4 = 2

        ∴  Signature  = 2

Q26. Find	 the	matrix	 of	 the	quadratic	 form	q	=	
x2	–	6xy		+	3y2.

Answer : 

 Given quadratic form is,

       q  = x2 – 6xy + 3y2

  The matrix can be written as,

        x y
x

y

1

3

3

3–

–8 > >B H H

 ∴ A = 
1

3

3

3–

–> H
Q27. Write	the	quadratic	form	corresponding	to	the	

symmetric	matrix	
1

0

4

0

–2

–1

4

–1

3

R

T

SSSSSSSS

V

X

WWWWWWWW

.

Answer : 

 Given symmetric matrix is,

   A = 

1

0

4

0

2

1

4

1

3

–

–

–

R

T

SSSSSSSS

V

X

WWWWWWWW

 The quadratic form corresponding to the symmetric 

matrix A is given as XTAX,

 Where, X = 

x

y

z

R

T

SSSSSSSS

V

X

WWWWWWWW

       X TAX = 

x

y

z

x

y

z

1

0

4

0

2

1

4

1

3

–

–

–

TR

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

   = x y z

x

y

z

1

0

4

0

2

1

4

1

3

–

–

–

R

T

SSSSSSSS

R

T

SSSSSSSS

6
V

X

WWWWWWWW

V

X

WWWWWWWW

@

   = x y z

x y z

y z

x y z

0 4

0 2

4 3

– –

–

+ +

+

R

T

SSSSSSSS

6
V

X

WWWWWWWW

@

   = x y z

x z

y z

x y z

4

2

4 3

– –

–

+

+

R

T

SSSSSSSS

6
V

X

WWWWWWWW

@
   = x x z y y z z x y z4 2 4 3– – –+ + + +] ^ ^g h h

   = x zx y zy zx zy z4 2 4 3– – –2 2 2+ + +

   = x y z yz zx2 3 2 8– –2 2 2+ +

 \   The quadratic form is, x y z yz zx2 3 2 8– –2 2 2+ +

Q28.	 Write	the	nature	of	 2 2 22y + 4y +5y1 2 3 .

Answer :  Model	Paper-2,	Q2

 Given quadratic form is,

  
2
3

2
2

2
1 542 yyy ++

 The above expression can be expressed in the following 

matrix form as,

   A = 
















500

040

002

 The characteristic equation of matrix A is given by                

|A – λI| = 0

 ⇒ 















λ−

















100

010

001

500

040

002

 = 0

 ⇒ 

λ−
λ−

λ−

500

040

002

 = 0

 ⇒ (2 – λ) (4 – λ) (5 – λ) = 0

 ⇒ λ = 2, 4, 5

 ∴ The eigen values of matrix A are 2, 4 and 5.

 As all the eigen values of matrix A are positive, the 

nature	of	quadratic	form	is	positive	definite.

Q29.	 Write	the	nature	of	 2 2 2
1 2 3–3y – 2y – y

Answer :  Model	Paper-3,	Q2

 Given quadratic form is,

  – 2
3

2
2

2
1 23 yyy −−

 The matrix of the given quadratic form is,

               A = 

















−
−

−

100

020

003

 The characteristic equation is given as,

       |A – λI| = 0

 ⇒  















λ−

















−
−

−

100

010

001

100

020

003

 = 0

 ⇒  
λ−−

λ−−
λ−−

100

020

003

 = 0

 ⇒ (– 3 – λ) ((– 2 – λ)(–1 –λ)) = 0

 ⇒ (λ + 3) (λ + 2) (λ + 1) = 0

 ⇒ λ = – 3, – 2, – 1 

 Since all the eigen values of the matrix are negative, the 

nature	of	quadratic	form	is	negative	definite.
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Part-b

eSSay QueStionS with SolutionS

1.1  rank of a Matrix, echelon forM, systeM of linear equations

Q30.	 Define	elementary	matrix	and	explain	about	row	and	column	transformations.
Answer :

Elementary Matrix

 A matrix obtained by performing an elementary row or column operation on an identity matrix is known as elementary 

matrix or E-matrix.

	 The	operations	known	as	elementary	row	operations	(transformations)	are	defined	as,
(i) The interchange of rows i.e., ith row and jth row.

 It is denoted as R
i
 ↔R

j
 or R

ij

(ii) The addition of a constant multiple of one row with another row.

 It is denoted as R
i
 → R

i
 + kR

j
 or R

ij
(k) or R

i
 + kR

j

(iii) Multiplying any row by a non-zero scalar (k).

 It is represented as R
i
 → kR

i
 or R

i
(k) or kR

i

	 The	column	transformations	are	defined	in	a	similar	way	but	are	denoted	as	‘C’ instead of ‘R’.

Properties

(a) Let A and B be matrix, then,

 σ(AB) = (σA)B and σ(AB) = A(σB)

 Where, σ represents row or column transformation.

(b) The elementary row (column) transformations of a matrix A can be obtained by pre or post multiplying a matrix by 

respective E-matrices.

(c) The inverse of the matrix,

                
1–

ijE  = E
ij
 and

         [E
ij
(k)]–1 = E

i








k

1
 ; [E

ij
(k)]–1 = E

ij
(– k)

Q31.	 Reduce	the	matrix	

 
 
 
 
 
 

3 1 4 6

2 1 2 4

4 2 5 8

1 1 2 2

	to	echelon	form	and	find	its	rank.

Answer : 

 The given matrix is,

        A = 



















2211

8524

4212

6413

  R
2
 → 3R

2
 – 2R

1
  

  R
3
 → 3R

3
 – 4R

1
  

  R
4
 → 3R

4
 – R

1
  

   = 



















−
−

0220

0120

0210

6413
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  R
4
 → R

4
 – R

3

   = 



















−
−

0300

0120

0210

6413

  R
3
 → R

3
 – 2R

2

   = 


















−

0300

0300

0210

6413

  R
4
 → R

4
 – R

3
  

   = 


















−

0000

0300

0210

6413

 The matrix is in Echelon form and the number of non-

zero rows is 3.

 ∴ Rank(A) = 3.

Q32.	 Reduce	 the	matrix	A	 =

 
 
 
 
  

1 4 5 2

2 8 6 7

3 5 2 1

–1 2 3 0

	 to	

echelon	form	and	hence	find	is	rank.
Answer :   

 Given matrix is,

      A = 



















− 0321

1253

7682

2541

  122 2RRR −→

  133 3RRR −→

  144 RRR +→

       = 

1 4 5 2

0 0 4 3

0 7 13 5

0 6 8 2

 
 − 
 − − −
 
 

  2 2 3R R R→ ↔

       = 

1 4 5 2

0 7 13 5

0 0 4 3

0 6 8 2

 
 − − − 
 −
 
 

  4 4 27 6R R R→ +

       = 

1 4 5 2

0 7 13 5

0 0 4 3

0 0 22 16

 
 − − − 
 −
 

− − 

  4 4 34 22R R R→ −

       = 

1 4 5 2

0 7 13 5

0 0 4 3

0 0 0 130

 
 − − − 
 −
 

− 

 The above matrix is in Echelon form where the number 

of non-zero rows are 4.

 ∴ The Rank of Matrix A is 4.

Q33.	 Give	 a	 detailed	 account	 on	 the	 solutions	of	
linear	systems.

Answer : 

	 A	linear	equation	is	defined	as	an	equation	of	the	form	
a

1
x

1
 + a

2
x

2
 + a

3
x

3
 ... a

n
x

n
 = b

 Where,

  x
1
, x

2
 ... x

n
 → Unknowns

  a
1
, a

2
 ... a

n
, b → Constants.

 Let the system of ‘m’ linear equations in ‘x’ unknown 

be,

  














=++

=++
=++

=++

mnm nmm

ininii

nn

nn

bxaxaxa

bxaxaxa

bxaxaxa

bxaxaxa

...

...

...

...

2211

2211

22222121

11212111


 ... (1)

 The matrix form of equation (1) can be written as,

     AX = B ... (2)

 Where,

       A = [a
ij
]

        X = (x
1
, x

2
 ... x

n
)T

       B = (b
1
, b

2
 ... b

m
)T

 The matrix [A/B] is referred to as the management matrix.

Consistency

 A system is said to be consistent if,

 Rank of matrix = Rank of augmented matrix = Number 

of unknowns

 i.e., the system has at least one solution

 A system is said to be inconsistent if,

 rank of matrix ≠ rank of augmented matrix

 i.e., the system does not have any solution.
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Homogeneous Equation

 A system is said to be homogeneous if B = 0 [in equation 

(2)]

 A system is said to be non-homogeneous if B ≠ 0 

[in equation (2)]

Trivial

 If X = 0 (i.e., x
1
 = 0, x

2
 = 0 ... x

n
 = 0), solution of a 

homogeneous system is said to be a trivial solution.

 If X ≠ 0, solution of a homogeneous system is said to be 

a non-trivial solution.

Q34.	 Find	 the	 values	 of	 a	 and	 b	 such	 that	 the	
equations	x	+	y	+	z	=	6,	x	+	2y	+	3z	=	10,	x	+	2y	
+	az	=	b	have	(i)	no	solution,	(ii)	unique	solution	
and	(iii)	inifinite	solutions.	

Answer :  June/July-17,	Q11(a)

 Given system of equations are,

  x + y + z = 6

  x + 2y + 3z = 10

  x + 2y + a z = b

 The above system of equations can be written in 

matrix form as,

       AX = B

 Þ 

a

x

y

z b

1

1

1

1

2

2

1

3

6

10=

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 Augmented matrix is,

   [A|B] = 

a b

1

1

1

1

2

2

1

3

6

10

R

T

SSSSSSSS

V

X

WWWWWWWW

 Reducing the augment matrix to Echelon form by 

applying elementary row operations, i.e.,

  R
2
 ® R

2
 – R

1

  R
3
 ® R

3
 – R

1

     = 

a b

1

0

0

1

1

1

1

2

1

6

4

6– –

R

T

SSSSSSSS

V

X

WWWWWWWW

  R
3
 ® R

3 
– R

2

     = 

a b

1

0

0

1

1

0

1

2

3

6

4

10– –

R

T

SSSSSSSS

V

X

WWWWWWWW

 The possible solutions are,

Case (i)  When a = 3, b ¹ 10

 Rank of A = 2

 Rank of [A | B] = 3

 ⇒ Rank of A ¹ Rank of [A | B]

 \ The system has no solution.

Case (ii) When a ¹ 3, b may have any value

 Rank of A = 3

 Rank of [A | B] = 3

 ⇒ Rank of A = Rank of [A | B] = 3 = number of 

unknowns

 \ The system has unique solution.

Case (iii) When a = 3, b = 10

 Rank of A = 2

 Rank of [A | B] = 2

 ⇒ Rank of A = Rank of [A | B] = 2 < Number of 

unknowns

 \	 The	system	has	infinite	number	of	solutions.

Q35.	 Show	that	the	system	of	equations	is	consistent	
2x	–	y	–	z	=	2,	x	+	2y	+	z	=	2,	4x	–	7y	–	5z	=	2	and	
solve.

Answer :

 Given system of equations is,

  2x – y – z = 2

  x + 2y + z = 2

  4x – 7y – 5z = 2

 The system of equations can be written in matrix form 

as,

  AX = B

 Where,

  A = 

2

1

4

1

2

7

1

1

5

–

–

–

–

R

T

SSSSSSSS

V

X

WWWWWWWW

, X = 

x

y

z

R

T

SSSSSSSS

V

X

WWWWWWWW

, B = 

2

2

2

R

T

SSSSSSSS

V

X

WWWWWWWW

 Augmented matrix is [A : B]

   

:

:

:

2

1

4

1

2

7

1

1

5

2

2

2

–

–

–

–

R

T

SSSSSSSS

V

X

WWWWWWWW

 Reducing argumented matrix to Echelon form by apply-

ing elementary row operations,

   R
1
	→	R

1
 – R

2

  R
2
	→	2R

2
 – R

1

  R
3
	→	R

3
 – 4R

2

   = 

:

:

:

1

0

0

3

5

15

2

3

9

2

6

–

–

–

– –

0
R

T

SSSSSSSS

V

X

WWWWWWWW

  R
3
	→	R

3
 – 3R

2

   = 

:

:

:

1

0

0

3

5

0

2

3

0

2

0

– – 0
R

T

SSSSSSSS

V

X

WWWWWWWW



1.11Unit-1  Matrices

SIA PUblishers AND DistribUtors PVt. ltD.

 Here,

 Rank of A
1
, r (A) = 2

 Rank of [A : B], r(A : B) = 2

 \	 The	given	equations	are	consistent	with	infinite	number	
of solutions as r (A) = r[A : B] < Number of variables

 From the reduced matrix [A : B],

  x – 3y – 2z = 0   ... (1)

  5y + 3z = 2   ... (2)

 Let, z = k, where k is any real number.

 Substituting z = k in equation (2),

 Þ  5y + 3k = 2

 Þ 5y = 2 – 3k

 Þ y = 
k

5

2 3–

 Substituting z, y values in equation (1),

  x – 3 
k

5

2 3–J

L

KKK
N

P

OOO  – 2k = 0

 Þ x = 
k

k
5

6 9
2

–
+

 Þ x = 
k k

5

6 9 10– +

 Þ x = 
k

5

6+

 \ The solution set is,

  

x

y

z

R

T

SSSSSSSS

V

X

WWWWWWWW

 = 

k

k
5

6

5

2 3–

+

k

R

T

SSSSSSSSSSSS

V

X

WWWWWWWWWWWW

.

Q36.	 Test	for	consistency	and	solve,
	 	 5x	+	3y	+	7z	=	4
	 	 3x	+	26y	+	2z	=	9
	 	 7x	+	2y	+	10z	=	5.	
Answer :

 Given system of equations is,

  5x + 3y + 7z = 4

  3x + 26 y + 2z = 9

  7x + 2y + 10 z = 5

 The system of equations can be written in matrix form 

as,

  AX = B

 Where,

  A = 

 The system is consistent if rank A = Rank of [A | B].

 Where, [A | B] is the augmented matrix.

  [A | B] = 

















51027

92263

4735

 R
3
 → 5R

3
 – 7R

1

 R
2
 → 5R

2
 – 3R

1

   = 

















−−
−

31110

33111210

4735

 R
2
 → 

11
2R

   = 

















−−
−

31110

31110

4735

 R
3 
→ R

3 
+ R

2

   = 
















−

0000

31110

4735

 The matrix is in Echelon form,

 Number of non-zero rows is 2

 ⇒ Rank of A = Rank of [A, B] = 2 < number of 

variables

 ∴	 The	matrix	is	consistent	with	infinite	number	of	
solutions,

 From the above matrix,

  11 y – z = 3  ... (1)

  5x + 3y + 7z = 4  ... (2)

 Let, y = k

 Substituting y = k in equation (1),

  z = 11 k – 3

 Substituting y, z values in equation (2),

 ⇒ 5x + 3k + 7 (11 k – 3) = 4

 ⇒ 5x + 3k + 77 k – 21 = 4

 ⇒ 5x = – 80 k + 25

    x = – 16 k + 5

 ∴ The solution is,

  
















−
+















−
=

















3

0

5

11

1

16

k

z

y

x
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Q37.	 Discuss	 the	 consistency	 of	 the	 system	 of	

equations
2x 3y 4z 11

x 5y 7z 15

3x 11y 13z 25

+ + =

+ + =

+ + =

. 

Answer :

 Given equations are,

  2x + 3y + 4z = 11

    x + 5y + 7z = 15

      3x + 11y + 13z = 25

 The given system of equations can be written in matrix 

form as,

   AX = B

 Þ 

x

y

z

2

1

3

3

5

11

4

7

13

11

15

25

=

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 The argumented matrix, C = |A B6 @
   = 

2

1

3

3

5

11

4

7

13

11

15

25

R

T

SSSSSSSS

V

X

WWWWWWWW

  R R R

R R R

2

2 3

–

–

2 2 1

3 3 1

"

"

   = 

2

0

0

3

7

13

4

10

14

11

19

17

R

T

SSSSSSSS

V

X

WWWWWWWW

  –R R R7 133 3 2"

   = 

2

0

0

3

7

0

4

10

32

11

19

128– –

R

T

SSSSSSSS

V

X

WWWWWWWW

  R
R
32–3
3

"

 Þ    C = 

2

0

0

3

7

0

4

10

1

11

19

4

R

T

SSSSSSSS

V

X

WWWWWWWW

 Rank of A, r(A) = 3

 Rank of (AB), r |A B6 @  = 3

 As r(A) = r |A B6 @= 3,

 The given equations are consistent and has unique 

solution.

 \ 

x

y

z

2

0

0

3

7

0

4

10

1

11

19

4

=

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 Þ 2x + 3y + 4z = 11   ... (1)

 Þ 7y + 10z = 19   ... (2)

 Þ z = 4  ... (3)

 Substituting z = 4 in equation (2)

  7y + 10z = 19

 Þ 7y + 10 (4) = 19

 Þ 7y + 40 = 19

 Þ   y = 7
19 40–

 Þ   y = – 3

 Substituting y = – 3, z = 4 in equation (1)

  2x + 3y + 4z = 11

 Þ 2x + 3 (– 3) + 4(4) = 11

 Þ 2x – 9 + 16 = 11

 Þ   x = 2
11 16 9– +

 Þ   x = 2  

 \ The solution is,  x = 2, y = – 3, z = 4.

1.2  linearly DepenDence anD 

inDepenDence of vectors, linear 

transforMation, orthogonal 

transforMation

Q38.	 What	is	linear	dependence	and	linear	indepen-
dence	of	vectors?	Give	examples	for	each.

Answer :

Linear Dependence of Vectors

 A set of n-vectors i.e., x
1
, x

2
, ..., x

n
 is said to be linearly 

dependent, when the linear combination of n – 1 vectors is equal 

to one of the vectors.

Example

       x
1 
= (1, 0, 2, 5)

       x
2 
 = (2, 1, 2, 1)

       x
3 
 = (3, 2, 1, 0)

       x
4
  = (– 1, – 1, – 1, 7)

Linear Independence of Vectors

 A set of n-vectors i.e., x
1
, x

2
 , ..., x

n
 is said to be 

linearly independent, when none of the n-vectors are linearly          

dependent.

Example

       x
1
 = (1, 0, 0, 0)

       x
2
 = (0, 1, 0, 0)

       x
3
 = (0, 0, 1, 0)

Q39.	 Prove	 that	 (a)	Every	non-empty	 subset	 of	 a	
linearly	independent	set	of	vectors	is	linearly	
independent	 (b)	Every	 superset	of	 a	 linearly	
dependent	set	of	vectors	is	linearly	dependent.

Answer :

 Let, S = {α
1
, α

2
, α

3
, ...., α

m
} be a linearly independent 

set of vectors,
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Proof :

(a) S' = {α
1
, α

2
, α

3
, ....., α

p
} be a subset of S,

 Where, 1 ≤ P ≤ m 

 Consider, a
1
, a

2
, a

3
, ....., a

p
 be the scalars.

 Then, a
1
 α

1
 + a

2
 α

2
 + a

3
 α

3
 + ..... + a

m
 α

m
 = 0

 ⇒ a
1
 α

1
 + a

2
 α

2
 + a

3
 α

3
 + ..... + a

p
 α

p
 + 0.α

p+1
 + 0.α

p+2
 + ..... + 0.α

m
 = 0   (  S is linearly independent)

 ⇒  a
1
 = 0, a

2
 = 0, a

3
 = 0, ....., a

p
 = 0,

 i.e., S' is linearly independent

 ⇒ S ' = {α
1
, α

2
, α

3
, ....., α

p
} is linearly independent

    ∴ Subset of linearly independent set of vectors is linearly independent.

(b) Let, S = { 1 2 1 2, ,..., , , ,...,n nα α α β β β} be a superset of S.

 For S, there exists scalars a
1
, a

2
,..., a

n
 not equal to zero, such that,

  0...2211 =α++α+α nnaaa  

 Similarly, for S ',    

 1 1 2 2 1 2... 0 0 ... 0 0n n ma a aα + α + + α + β + β + + β =

	 From	above	equation,	it	can	be	observed	that	the	scalar	coefficients	are	not	zero,	hence	S is said to be linearly  dependent.

 Therefore, any superset of linearly dependent set of vectors is linearly dependent.

Q40.	 Show	that	the	set	of	three	vectors	(1,	3,	2),	(1,	–7,	–8),	(2,	1,	–1)	of	V3(R)	is	linearly	dependent.
Answer :

 Given vectors are,

  (1, 3, 2), (1, –7, –8), (2, 1, –1)

 Let, S = {(1, 3, 2), (1, –7, –8) (2, 1, –1)}

 The given vectors are linearly dependent, if and only if |S| = 0

                 i.e., |S| = 

112

871

231

−
−−

   = 1(7 + 8) –3 (–1 + 16) + 2 (1 + 14)

   = 1 (15) –3(15) + 2(15)

   = 15 – 45 + 30 = 0

 ∴     |S| = 0

 Hence, the given vectors are linearly dependent.

Q41.	 Show	that	the	vectors	(1,	2,	1),	(2,	1,	0),	(1,	–1,	2)	of	V3(R)	is	linearly	independent.

Answer : 

 Given vectors are,

  (1, 2, 1), (2, 1, 0), (1, –1, 2)

 Let, S = {(1, 2, 1), (2, 1, 0), (1, –1, 2)}

 The given vectors are linearly independent, if and only if |S| ≠ 0.
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    i.e., |S| = 

211

012

121

−

    = 1(2 + 0) –2(4 – 0) + 1(–2 –1)

    = 1(2) –2(4) + 1 (–3)

    = 2 – 8 – 3 = –9 ≠ 0

  ∴ |S| ≠ 0

 Hence, the given vectors are linearly independent.

Q42. Explain	in	detail	about	linear	transformation.

Answer :   

 Let P(x, y) be any point in the Cartesian plane then its 

coordinates (x, y) denotes the set of rectangular axes OX and 

OY.

 Let (x', y') be the coordinates of P which denotes to axes 

OX', OY' i.e., the former axes are rotated through the angle q.

 It is given by,

      x' = x cosq + y sinq

      y' = –x sinq + y cosq

 It can also be written as,

       x' = a
1
x + b

1 
y

      y' = a
2
x + b

2 
y

 and its matrix notation is,

  
x

y

l

l

R

T

SSSSS

V

X

WWWWW
 = 

a

a

b

b
1

2

1

2

R

T

SSSSS

V

X

WWWWW

x

y

R

T

SSSSS

V

X

WWWWW

 Such transformations are known as linear transformations 

in two dimensions.

 Similarly, the transformations in three dimensions are,

       x' = l
1
x + m

1 
y + n

1
z

       y' = l
2
x + m

2 
y + n

2
z

       z' = l
3
x + m

3 
y + n

3
z

 The linear transformations for n variables is given by 

relation Y = AX

 Where,

      Y = 

y

y

y

yn

1

2

3

h

R

T

SSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWW

      A = 

a

a

a

b

b

b

c

c

c

k

k

kn n n n

1

2

1

2

1

2

1

2

h h h

g

g

h

g

h

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

      X = 

x

x

x

xn

1

2

3

h

R

T

SSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWW

 This transformation is called linear because it hold the 

linear relations i.e., A(X
1
 + X

2
) = AX

1
 + AX

2
 and A(bX) = bAX. 

The transformation is said to be singular if the transformation 

matrix A is singular.

 The non-singular transformation is the inverse of the 

relation Y = AX i.e., X = A–1Y. It is also referred as regular 

transformation.

Q43.	 Exp la in 	 in 	 de ta i l 	 abou t 	 o r thogona l	
transformation.

Answer :   

 The transformation is said to be orthogonal transformation 

if the linear transformation Y = AX transforms ......y y yn1
2

2
2 2+ + +

into ......x x xn1
2

2
2 2+ + +  and its matrix is called the orthogonal 

matrix.

 The matrices X'X and Y'Y are,

  X'X = [x
1
  x

2
  ...  x

n
] 

x

x

xn

1

2

h

R

T

SSSSSSSSSSSS

V

X

WWWWWWWWWWWW

 = ......x x xn1
2

2
2 2+ + +

 and Y'Y = [y
1
  y

2
  ...  y

n
] 

y

y

yn

1

2

h

R

T

SSSSSSSSSSSS

V

X

WWWWWWWWWWWW

 = ......y y yn1
2

2
2 2+ + +

 If Y = AX is orthogonal transformation then,

  X'X = Y'Y

   = (AX)'(AX)  [a  Y = AX;  Y' = (AX)']

   = X'A'AX

   = X'X   [a   A'A = I] 

 Since A–1A = I

 Also A'A = I

       Comparing A–1A = A'A

   ⇒    A–1 = A'

 ⇒        A–1 = A' is the orthogonal transformation.

 ∴    The square matrix A is orthogonal if AA' = A'A = I

Q44. Show	that	the	transformation	y
1
	=	2x

1
	+	x

2
	+	x3,	

y
2
	=	x

1
	+	x

2
	+	2x3,	y3	=	x1

	–	2x3	is	regular.	Also	
write	its	inverse	transformation.

Answer :  

 Given linear transformation are,

  y
1
 = 2x

1
 + x

2
 + x

3

  y
2
 = x

1
 + x

2
 + 2x

3

  y
3
 = x

1
 – 2x

3
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 The above transformations can be written as,

      Y = AX

 Where,  Y = 

y

y

y

1

2

3

R

T

SSSSSSSSS

V

X

WWWWWWWWW

, A = 

–

2

1

1

1

1

0

1

2

2

R

T

SSSSSSSS

V

X

WWWWWWWW

 and X = 

x

x

x

1

2

3

R

T

SSSSSSSSS

V

X

WWWWWWWWW

 Consider,

     |A| = 

–

2

1

1

1

1

0

1

2

2

   = 2[1(–2) – 0] – 1[1(–2) – 2(1)] + 1[0 – 1]

   = 2[–2] – 1[–2 – 2] + 1[– 1]

   = –4 + 4 – 1

   = –1

 ∴    |A| = –1

 ⇒ Matrix A is non-singular

 ∴ The given transformation is regular.

 The inverse transformation is given by,

      X = A–1Y

 Where,

    A–1 = 
| |

Adj

A

A

 Cofactor of 2 = (–1)1+1

–

1

0

2

2
 = –2

 Cofactor of 1 = (–1)1+2
1

1

2

2–
 = (–1)[–2 – 2] = 4

 Cofactor of 1 = (–1)1+3
1

1

1

0
 = (1)[0 – 1] = –1

 Cofactor of 1 = (–1)2+1
1

0

1

2–
 = (–1)[–2 – 0] = 2

 Cofactor of 1 = (–1)2+2
2

1

1

2–
 = [–4 – 1] = –5

 Cofactor of 2 = (–1)2+3
2

1

1

0
 = (–1)[0 – 1] = 1

 Cofactor of 1 = (–1)3+1
1

1

1

2
 = [2 – 1] = 1

 Cofactor of 0 = (–1)3+2
2

1

1

2
 = (–1)[4 – 1] = –3

 Cofactor of –2 = (–1)3+3
2

1

1

1
 = [2 – 1] = 1

  ∴      Adj A = [Cofactor of A]T = 

–

–

–

–2

2

1

4

5

3

1

1

1

TR

T

SSSSSSSS

V

X

WWWWWWWW

 ⇒        Adj A = 

–

–

– –

2

4

1

2

5

1

1

3

1

R

T

SSSSSSSS

V

X

WWWWWWWW

      A–1 = 
1

1
2

4

1

2

5

1

1

3

1
–

–

–

– –

R

T

SSSSSSSS

V

X

WWWWWWWW

   ∴   A–1 = 

2

4

1

2

5

1

1

3

1

–

–

–

–

–

R

T

SSSSSSSS

V

X

WWWWWWWW

 ∴ The  inverse transformations are,

     x
1
 = 2y

1
 – 2y

2
 – y

3

     x
2
 = –4y

1
 + 5y

2
 + 3y

3

     x
3
 = y

1
 – y

2
 – y

3

Q45.	 Prove	that	the	following	matrix	is	orthogonal.

  

/

/

/

/

/

/

/

/

/

2 3

2 3

1 3

1 3

2 3

2 3

2 3

1 3

2 3

–

–

R

T

SSSSSSSS

V

X

WWWWWWWW

Answer :    Model	Paper-3,	Q16(a)

 Let the given matrix be,

       A = 

–2/3

2/3

1/3

1/3

2/3

–2/3

2/3

1/3

2/3

R

T

SSSSSSSS

V

X

WWWWWWWW

      A' = 

–2/3

1/3

2/3

2/3

2/3

1/3

1/3

–2/3

2/3

R

T

SSSSSSSS

V

X

WWWWWWWW

 The matrix A is orthogonal if,

   AA' = I

 Consider,

   AA' = 

–2/3

2/3

1/3

1/3

2/3

–2/3

2/3

1/3

2/3

R

T

SSSSSSSS

V

X

WWWWWWWW

–2/3

1/3

2/3

2/3

2/3

1/3

1/3

–2/3

2/3

R

T

SSSSSSSS

V

X

WWWWWWWW

  = 

9

4

9

1

9

4

9

4

9

2

9

2

9

2

9

2

9

4

9

4

9

2

9

2

9

4

9

4

9

1

9

2

9

4

9

2

9

2

9

2

9

4

9

2

9

4

9

2

9

1

9

4

9

4

–

– –

–

–

– –

–

+ +

+ +

+

+ +

+ +

+

+

+

+ +

R

T

SSSSSSSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWWWWWWW

 

  = 

1

0

0

0

1

0

0

0

1

R

T

SSSSSSSS

V

X

WWWWWWWW

 = I

     ⇒   AA' = I

     ∴ The matrix A is orthogonal
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1.3  eigenvalues, eigenvectors, 

properties of eigenvalues, cayley-

haMilton theoreM

Q46.	 Explain	the	procedure	to	find	the	eigen	values	
and	eigen	vector	for	a	given	matrix.

Answer :  

Step 1

 Initially, let the given matrix be,

               A = 



















nnnn

n

n

aaa

aaa

aaa







21

22221

11211

Step 2

	 The	next	 step	 is	 to	find	 the	characteristic	matrix	 i.e.,	
(A – λI).

   ⇒  A – λI = 























λ−

λ−
λ−

λ−

nnnnn

n

n

n

aaaa

aaaa

aaaa

aaaa








321

3333231

2232221

1131211

Step 3

 The characteristic equation i.e., |A – λI| = 0 is determined 

to obtain the characteristic roots. 

i.e., |A – λI|  = 

λ−

λ−
λ−

λ−

nnnnn

n

n

n

aaaa

aaaa

aaaa

aaaa








321

3333231

2232221

1131211

 = 0

 The characteristic roots of A are referred to as eigen 

values.

Step 4

 The eigen vector X with respect to the eigen value λ are 

obtained as,

 






















=













































λ−

λ−
λ−

λ−

0

0

0

0

3

2

1

321

3333231

2232221

1131211









nnnnnn

n

n

n

x

x

x

x

aaaa

aaaa

aaaa

aaaa

Q47.	 Find	the	eigen	values	and	the	corresponding	

eigen	vectors	of	A	=	
















600

140

321

.  

Answer :  (Model	Paper-3,	Q11(a)	|	June-14,	Q16(a))

 Given matrix is,

       A = 

1 2 3

0 4 1

0 0 6

 
 
 
  

 The characteristic equation of matrix A is, 

  |A – λ I | = 0

  

1 2 3 1 0 0

0 4 1 0 1 0

0 0 6 0 0 1

λ
   
   −   
      

 = 0

  

1 2 3 0 0

0 4 1 0 0

0 0 6 0 0

λ
λ

λ

   
   −   
      

 = 0

  
1 2 3

0 4 1

0 0 6

λ
λ

λ

−
−

−

 = 0

 (1 – λ)[(4 – λ) (6 – λ) – (1)(0)] – 2[0(6 – λ) – 1(0)] 

  + 3[(0)(0) – (0) (4 – λ)] = 0

 (1 – λ)[24 – 4λ – 6λ + λ2] – 2[0 – 0] + 3[0 – 0] = 0

 ( 1 –λ) [λ2 – 4λ – 6λ + 24] = 0

 (1 – λ)[(λ – 4) (λ – 6) =  0

∴ λ = 1, 4, 6 are the eigen values of A

  Let X = 
1

2

3

x

x

x

 
 
 
  

 be the required eigen vector then, [A – λ I ] X = 0

  
1

2

3

1 2 3

0 4 1

0 0 6

x

x

x

λ
λ

λ

−   
  −   
  −   

 = 

0

0

0

 
 
 
  

 ... (1)

Eigen Vector Corresponding to λ = 1

 Substituting λ = 1 in equation (1),

  
1

2

3

0 2 3

0 3 1

0 0 5

x

x

x

  
  
  
     

 = 

0

0

0

 
 
 
  

 From the above matrix

  2x
2
 + 3x

3
 = 0

  3x
2
 + x

3
 = 0

  5x
3
 = 0

  x
3
 = 0

  x
2
 = 0

 Let

  x
1
 = α

 Then, the eigen vector corresponding to λ = 1 is,

      X
1
 = 0

0

 
 
 
  

α

 = 

1

0

0

α
 
 
 
  
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Eigen Vector Corresponding to λ = 4

 Substituting λ = 4 in equation (1),

  
1

2

3

3 2 3

0 0 3

0 0 2

x

x

x

−   
  −   
     

 = 

0

0

0

 
 
 
  

 From the above matrix,

  –3x
1 
+ 2x

2
 + 3x

3
 = 0

  – 3x
3
 = 0

  2x
3
 = 0

  x
3
 = 0

 ∴ – 3x
1
 + 2x

2
 = 0

      x
1
 = 

22

3
x

 Let,

      x
2
 = 

   Then, x
1 

= 
2

3
β

      x
1
 = 

2

3
β

      x
2
 = 

      x
3
 = 0

 ∴ The eigen vector corresponding to λ = 4 is,

      X
2
 = 

1

2

3

x

x

x

 
 
 
  

 = 

2

3

0

 β 
 

β 
 
 
 

= 

2

3

1

0

 
 
 

β  
 
 
 

Eigen Value Corresponding to λ = 6

 Substituting λ = 6 in equation (1),

  
1

2

3

5 2 3

0 1 1

0 0 0

x

x

x

−   
  − =   
     

 = 

0

0

0

 
 
 
  

 From the above matrix,

  – 5x
1
 + 2x

2
 + 3x

3
 = 0

               – x
2
 + x

3
 = 0

             x
3
 = 0

   ⇒           x
2
 = x

3

   –5x
1
 + 2x

2
 + 3x

2
 = 0

     – 5x
1
 + 5x

2
 = 0

                x
1
 = x

2

 ∴ x
1
 = x

2
, x

2
 = x

2
 
,
 x

3
 = x

2

 Let

  x
2
 = γ

  x
1
 = γ,  x

2
 = γ, x

3
 = γ

 ∴ X
3
 = 

1

2

3

x

x

x

 
 
 
  

 = 

γ 
 γ 
 γ 

 = 

1

1

1

 
 γ  
  

 ∴ The eigen vectors for eigen values λ = 1, 4, 6 are,

      X
1
 = 

1

0

0

 
 
 
  

,  X
2
 = 

2

3

1

0

 
 
 
 
 
 
 

, X
3
 = 

1

1

1

 
 
 
  

Q48.	 Find	 the	 eigen	value	 and	 the	 corresponding	

eigen	vectors	of	the	matrix	A	=
3

–2

0

1

1

1

–1

2

2

R

T

SSSSSSSS

V

X

WWWWWWWW

 .

Answer :  

 Given matrix is,

   A = 

3

2

0

1

1

1

1

2

2

–

–
R

T

SSSSSSSS

V

X

WWWWWWWW

 The characteristic equation of A is |A – lI| = 0

 Þ –

–3

2

0

1

1

1

1

2

2

R

T

SSSSSSSS

V

X

WWWWWWWW

 – l

1

0

0

0

1

0

0

0

1

R

T

SSSSSSSS

V

X

WWWWWWWW

 = 0

 Þ –

–3

2

0

1

1

1

1

2

2

R

T

SSSSSSSS

V

X

WWWWWWWW

 – 0

0

0

0

0

0

l

l

l

R

T

SSSSSSSS

V

X

WWWWWWWW

 = 0

 Þ 

3

2

0

1

1

1

1

2

2

–

– –

–

–

l

l

l

 = 0

 Þ (3 – l) [(1 – l) (2 – l) – 2] – 1[– 2(2 – l) – 0]  

   – 1 [– 2 – 0] = 0

 Þ (3 – l) [2 – l – 2l + l2 ฀– 2] – 1[– 4 + 2 l]  

   – 1 [– 2] = 0

 Þ (3 – l) [l2 – 3l] + 4 – 2l + 2 = 0

 Þ 3l2 – 9l – l3 + 3l2 + 6 – 2l = 0

 Þ – l3 + 6l2 – 11l + 6 = 0

 Þ l3 – 6l2 + 11l – 6 = 0

  

1 1

0

1

6

1

5

11

5

6

6

6

0

–

–

–

–l =

 Þ (l – 1) (l2 – 5l + 6) = 0

 Þ (l – 1) (l2 – 3l – 2l + 6) = 0

 Þ (l – 1) (l – 3) (l – 2) = 0

 \ l = 1, 2, 3
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 Let, X = 

x

y

z

R

T

SSSSSSSS

V

X

WWWWWWWW

be an eigen vector corresponding to eigen 

value l.

 Then (A – lI) X = 0

 Þ 

x

y

z

3

2

0

1

1

1

1

2

2

0

0

0

–

– –

–

–

l

l

l

=

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

       ... (1)

Eigen value corresponding to l = 1

 Substituting l = 1 in equation (1),

 Þ  

x

y

z

2

2

0

1

0

1

1

2

1

0

0

0

–

–

=

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 The above matrix reduces to the following equation

 Þ   2x + y – z = 0

     – 2x + 2z = 0

            y + z = 0

     – 2x + 2z = 0

      Þ        x = z

      y + z = 0

      Þ           y = – z

 Let, x = c
1
 Þ y = – c

1
 and z = c

1

        –

x

y

z

c

c

c

c

1

1

1

–

1

1

1

1= =

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 \ X
1
 = 

1

1

1

–

R

T

SSSSSSSS

V

X

WWWWWWWW

Eigen vector corresponding to l = 2

 Substituting l = 2 in equation (1),

  

x

y

z

1

2

0

1

1

1

1

2

0

0

0

0

– –

–

= =

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 The above matrix reduces to the following equation

      x + y – z = 0

      – 2x – y + 2z = 0  

           y = 0

    Þ     x + 0 – z = 0

  Þ            x = z

 Let, x = c
1
 Þ   z = c

1

  

x

y

z

c

c

c0

1

0

1

1

1

1= =

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 \ X
2
 =

1

0

1

R

T

SSSSSSSS

V

X

WWWWWWWW

 

Eigen vector corresponding to l = 3

 Substituting l = 3 in equation (1),

  

x

y

z

0

2

0

1

2

1

1

2

1

0

0

0

– –

–

–

=

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 The above matrix reduces to the following equation,

        Þ    y – z = 0

    Þ – 2x – 2y + 2z = 0

       Þ      y – z = 0 

       Þ y = z

         – 2x – 2y + 2y = 0

 Þ x = 0

 Let, y = c
1

 Þ z = c
1

      

x

y

z

c

c

c

0 0

1

1

1

1

1= =

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 \ X
3
 = 

0

1

1

R

T

SSSSSSSS

V

X

WWWWWWWW

 Hence, the eigen vectors of A corresponding to eigen 

values l = 1, 2, 3 are

  X
1
 = andX X

1

1

1

1

0

1

0

1

1

– 2 3= =

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

Q49.	 Find	the	eigen	values	and	the	corresponding	

eigen	vectors	of	the	matrix	
 
 
 
  

1 1 3

1 5 1

3 1 1

.

Answer : 

 Given matrix is,

       A = 

















113

151

311

 The characteristic equation is given as,

        |A – λI| = 0

  
1 1 3 1 0 0

1 5 1 0 1 0

3 1 1 0 0 1

  
   − λ   
     

 = 0
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λ−
λ−

λ−

113

151

311

 = 0

  (1 – λ) [(5 – λ) (1 – λ) –1] – 1[1 – λ – 3]    

   + 3[1 – 15 + 3λ] = 0

  (1 – λ) (4 – 6λ + λ2) + 2 + λ – 42 + 9λ = 0

  – λ3 + 7λ2 – 36 = 0

  λ3 – 7λ2 + 36 = 0

 By inspection λ	=	–	2	satisfies	the	equation,	

  

λ = – 2 1    – 7    0    36

0    – 2    18  −36

1    – 9    18

= – 1    – 7    0    36

0    – 2    18  −36−

0

λ = – 2 1    – 7    0    36

0    – 2    18  −36

1    – 9    18

= – 1    – 7    0    36

0    – 2    18  −36−

0

 ⇒ (l + 2)(l2 – 9l + 18) = 0

 ⇒ (l + 2) (l – 3) (l – 6) = 0

 Thus the eigen values of A are λ = – 2, 3 and 6.

 Let, X = 

















z

y

x

 be an eigen vector corresponding to eigen 
values of λ.

 Then, (A – λI) X = 0

 ⇒ 














=

































λ−
λ−

λ−

0

0

0

113

151

311

z

y

x

   ... (1)

Eigen Vector Corresponding to λ = – 2

 Substituting λ = – 2 in equation (1), 

  















=

































0

0

0

313

171

313

z

y

x

 

           3x + y + 3z = 0      ... (2)

         x + 7y + z = 0      ... (3)

        3x + y + 3z = 0     ... (4)

 Equations (2) and (4) are same,

 Considering equations (2) and (3),

   
211−

x
 = 

33 −
y

 = 
121−

z

     
20−
x

 = 
0

y
 = 

20

z

    ∴ The eigen vector for eigen value λ = – 2 is, (–1, 0, 1).

Eigen Vector Corresponding to λ = 3

 Substituting λ = 3 in equation (1),

  















=

































−

−

0

0

0

213

121

312

z

y

x

 

 R
1
 ↔ R

2

  















=

































−
−

0

0

0

213

312

121

z

y

x

 

   R
2
 → R

2
 + 2R

1

   R
3
 → R

3
 – 3R

1

  















=

































−− 0

0

0

550

550

121

z

y

x

   R
3
 → R

3
 + R

2 

        















=

































0

0

0

000

550

121

z

y

x

 Which reduces to the equations,

         x + 2y + z = 0         ... (5)

     5y + 5z = 0  

        y + z = 0 ⇒  z = – y

 Let,

       z = k then y = – k

 Substituting the values in equation (5),

       x = k

            X
1
 = 

















z

y

x

= 















−
k

k

k

= k















−
1

1

1

 Thus the eigen vector for eigen value λ = 3 is, (1, –1, 1).

Eigen Vector Corresponding to λ = 6 

 Substituting λ = 6 in equation (1),

  















=

































−
−

−

0

0

0

513

111

315

z

y

x

 

 Which reduces to the equations,

                – 5x + y + 3z = 0      ... (6)

               x – y + z = 0      ... (7)

           3x + y – 5z = 0 
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 Solving equations (6) and (7),

 

– 5x + y + 3z = 0

x – y + z = 0

– 4x + 4z = 0

– 5x + y + 3z = 0

x – y + z = 0

– 4x + 4z = 0

  –x + z = 0 ⇒ x = z

 Let, x = k then z = k

 Substituting the above values in equation (7),

           ky 2=

   X
2
 = 

















z

y

x

 = 

















k

k

k

2  = k

















1

2

1

 Thus the eigen vector for eigen value λ = 6 is (1, 2, 1).

Q50.	 Prove	 that	 the	 eigen	 vectors	 corresponding	
to	 two	 different	 eigen	 values	 are	 linearly	
independent.																																												

Answer : 

 Let, X
1
 and X

2
 be any two eigen vectors for any given 

matrix A for two distinct eigen values λ
1
 and λ

2
.

    i.e.,  AX
1
 = λ

1
X

1
, AX

2
= λ

2
X

2

 Let,  a
1 
X

1
+ a

2 
X

2
 = 0  ... (1)

 Multiplying equation (1) by matrix A,

 ⇒             A(a
1
X

1
 + a

2
X

2
)  = 0

 ⇒        Aa
1
X

1
 + Aa

2
X

2
 = 0

 ⇒        a
1
(AX

1
) + a

2
(AX

2
) = 0

 ⇒         a
1
(λ

1
X

1
) + a

2
(λ

2
 X

2
) = 0

 ⇒         λ
1
 a

1 
X

1
 + λ

2 
a

2
 X

2
 = 0   ... (2)

 From equation (1), 

          a
1
X

1
 = – a

2
X

2

 Substituting the above value in equation (2), 

    λ
1
 (– a

2 
X

2
) + λ

2 
a

2
 X

2
 = 0 

          a
2
X

2
(λ

2
 – λ

1
) = 0  [  λ

1
λ

2
, X

2
0]

           ⇒   a
2
 = 0

 From equation (1),  

        a
1 
X

1
 = 0

         ⇒   a
1
 = 0

                       a
1
X

1
 + a

2
X

2
 = 0

           a
1
 = 0 and a

2
 = 0

 X
1
 and X

2
 are linearly independent.

 Hence, two eigen vectors corresponding to two different 

eigen values are linearly independent. 

Q51.	 Write	any	two	properties	of	eigen	values	and	
if	A	and	B	are	non-singular	matrices	of	same	
order,	 then	show	that	AB	and	BA	have	same	
eigen	values.

Answer :

Properties of Eigen Values

(i) For any square matrix (A), and its transpose (AT) have 

same eigen values.

(ii) The sum of eigen values of a matrix is equal to the 

trace of the matrix. 

 The given matrices A and B are non-singular matrices.

 Consider,

  AB = IAB

         = (B–1B) AB

 ⇒ AB = B–1 (BA)B     

 Consider a matrix A and a non singular matrix K. 

 The characteristic equation of K–1 AK is,

  |K–1AK – λI| = 0

 ⇒ |K–1AK – λK–1IK| = 0   (  I = K–1IK)

 ⇒ |K–1(A – λΙ)K| = 0

 ⇒ ||K–1 K| |A – λI||= 0 [ |K–1 K| = 1]

 ⇒ |A–λI| = 0

 The characteristic equation of A and K–1 AK are same.

 ∴ A and K–1AK have same eigen values.

 Similarly, B–1(BA)B and BA have same eigen values.

 From equation (1), we have,

  B–1(BA)B = AB

 ∴ AB and BA have same eigen value.

Q52.	 Show	that	A	and	At	has	same	eigen	values	but	
different	eigen	vectors.

Answer : 

 Let,      A = [a
ij
]

n × n 
   [  i, j = 1, 2, . . ., n]

     AT = [a
ij
]

n × n

   Consider the characteristic equation of A and AT.

  | A  – λI | = 0  

λ−

λ−
λ−

nnnn

n

n

aaa

aaa

aaa

...

..........

..........

..........

...

...

21

22221

11211

 = 0   ... (1) 
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   |AT – λI| = 0  

λ−

λ−
λ−

nnnn

n

n

aaa

aaa

aaa

...

..........

..........

..........

...

...

21

22212

12111

 = 0     ... (2)

 Since, the interchanging of rows and columns does not alter the determinant. 

 Equations (1) and (2) are same.

       | A – λI | = | AT – λI | 

     ∴  The characteristic roots of A and AT are same.

Q53.	 Prove	that	distinct	characteristic	vectors	of	T	corresponding	to	distinct	characteristic	values	of	T	are	
linearly	independent.

Answer :  

 Consider a linear operator T	defined	on	V(F) for which ‘m’ number of distinct characteristic values are represented as c
1
, 

c
2,
...,c

m
 and their corresponding characteristic vectors are represented as α

1
, α

2
,.....,α

m
.

 i.e., Tα
i 
= c

i
 α

i
 for 1 ≤ i ≤ m

 Let S be a set containing these characteristic vectors

 i.e., S = {α
1
, α

2
, ..., α

m
}

 In order to prove that S is linearly independent, induction is performed on m and the number of vectors in S.

 For m = 1, S contains only one non-zero vector. Hence it is linearly independent.

 Consider a linearly independent set

  S
1
 = {α

1
,α

2
, ....., α

k
} for k < m

 Consider another set S
2
 given by,

  S
2
 = {α1,.....,αk

, α
k+1

}

 Let a
1
, ....,a

k+1
 F such that,

       a
1
 α

1
 + ..... +a

k+1
 α

k+1
 = 0        ... (1)

 ⇒ T(a
1
 α

1
 + .... + a

k+1
α

k+1
) = T (0)

 ⇒ a
1
 T(α

1
) + .... + a

k+1
 T(α

k+1
) = 0

 ⇒ a
1
(c

1
α

1
) + ... + a

k+1
 (c

k+1
 α

k+1
) = 0     ... (2)

 Multiplying equation (1) with c
k+1

 and subtracting the resultant equation from equation (2),

  a
1
(c

1
 – c

k+1
) α1 + .... + α

k
(c

k
 – c

k+1
) α

k
 = 0

 Since, c
1
,c

k+1
 are all distinct, the vectors α

1
, α

2,
 ....,α

k
 are linearly independent.

 ∴ a
1
 = 0, ..., a

k
 = 0

 Substituting a
1
 = 0, ....,a

k
 = 0 in equation (1),

  a
k+1

 α
k+1

 = 0

 Since, α
k+1

  0   ⇒    a
k+1

 = 0

 ∴ a
1
 = 0,...., α

k
 = 0, a

k+1
 = 0

 ∴ S
2
 is linearly independent.

 Hence, it can be concluded that distinct characteristic vectors of T corresponding to distinct characteristic values of T are 

linearly independent.
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Q54.	 State	and	prove	Cayley-Hamilton	theorem.

Answer :  Dec.-12,	Q16(a)

Statement

 For answer refer Unit-1, Q22.

Proof

 Let,

  A = 























nmnnn

n

n

n

pppp

pppp

pppp

pppp








321

3333231

2232221

1131211

 The order of matrix A is n × n whose characteristic equation is,

  IA λ−  = 0   ... (1)

 Here,  λ – Characteristic root of A and

    I – Identity matrix of order n × n

 Since equation (1) is a polynomial in λ of degree ‘n’, it can written as,

     IA λ−  = (–1)n [λn + p
1
 λn – 1 + p

2
 λn – 2 + ..... + p

n – 1
 λ + p

n
] = 0  ... (2)

 Here, p
1
, p

2
, p

3
.....p

n – 1
, p

n 
 are the constants.

 Since the matrix equation (A – λI) has at most ‘n’ degree in λ, the adjoint matrix i.e., adj (A – λI) will have atmost (n – 1) 
degree in λ.

     ∴ The adj(A – λI) matrix can be written as,

 Adj(A – λI) = C
0
 λn – 1 + C

1
 λn – 2 + C

2
 λn – 3 +.....+ C

n – 2
 λ + C

n – 1
     ... (3)

 Here, C
0
, C

1
, C

2
,.... C

n – 2
, C

n – 1
 are the matrices of order n × n and their elements are the functions corresponding to the 

elements of A.

 Where,

  (A – λI) ⋅ Adj (A – λI) = IIA λ−    ... (4)

 Substituting equations (2) and (3) in equation (4),

     (A – λI) [C
0
 λn – 1 + C

1
 λn – 2 + C

2
 λn – 3 +.....+ C

n – 2
 λ + C

n – 1
] =  (–1)n[λn + p

1
 λn – 1 + p

2
 λn – 2 +.....+ p

n – 1
 λ + p

n
]I

 ⇒ A C
0
 λn – 1 + A C

1
 λn – 2 + A C

2
 λn – 3 +.....+ A C

n – 2
 λ + AC

n – 1
 + (–λI) C

0
 λn – 1 + (–λI) C

1
 λn – 2        

  + (–λI) C
2
 λn – 3 +......+ (–λI) C

n – 2
 λ + (–λI) C

n – 1
 = (–1)n ⋅ λnI + (–1)n p

1
 λn – 1 I + (–1)n p

2
 λn – 2 I +.....   

  + (–1)n p
n – 1

 λI + (–1)n p
n
 I

 ⇒ A C
0
 λn – 1 + A C

1
 λn – 2 + A C

2
 λn – 3 +.....+ A C

n – 2
 λ + AC

n – 1
 – I C

0
 λ1 + n – 1 –  I C

1
 λ1 + n – 2 – IC

2
 λ1 + n – 3 .....

  IC
n – 2

 λ1 + 1 – IC
n – 1

 λ = (–1)n Iλn + (–1)n p
1
 I λn – 1 + (–1)n p

2
 I λn – 2 +.....+ (–1)n p

n – 1
 Iλ + (–1)n p

n
I

 ⇒ A C
0
 λn – 1 + A C

1
 λn – 2 + A C

2
 λn – 3 +.....+ A C

n – 2
 λ + AC

n – 1
 –  I C

0
 λn  – I C

1
 λn – 1           

            – IC
2
 λn – 2 –.....– IC

n – 2
 λ2 – IC

n – 1
 λ = (–1)n Iλn + (–1)n p

1
 I λn – 1 + (–1)n Iλn – 2 +....+ (–1) p

n – 1
 Iλ + (–1)n p

n
I

 ⇒ – IC
0
λn + λn – 1[AC

0
 – IC

1
] + λn – 2 [AC

1
 – IC

2
] + ... + λ[AC

n – 2
 + IC

n – 1
] + AC

n – 1
 = (–1)nIλn + (–1)n p

1
Iλn – 1    

    + (–1)n p
2
Iλn – 2 + .... + (–1)n p

n – 2
Iλ + (–1)n p

n
I 

	 Comparing	the	coefficients	of	λn, λn – 1, λn – 2 .... on both sides of the above equation,

   – IC
0
 = (–1)nI   ... (5) 

   AC
0
 – IC

1
 = (–1)np

1
I  ... (6)
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   AC
1
 – IC

2
 = (–1)np

2
I  ... (7)

          

   AC
n – 2

 – IC
n – 1

 = (–1)np
n – 1

I ... (8)

   AC
n – 1

 = (–1)np
n
I ... (9)

 Multiplying equations (5), (6), (7), (8) and (9) with An, An – 1, An – 2 ... A, I respectively,

 ⇒ – IC
0
 An = (–1)nIAn ... (10)

  [AC
0
 – IC

1
]An – 1 = (–1)np

1
IAn – 1  ... (11)

  [AC
1
 – IC

2
]An – 2 = (–1)np

2
IAn – 2   ... (12)

           

  [AC
n – 2

 – IC
n – 1

]A = (–1)np
n – 1

IA ... (13)

   AC
n – 1

 I = (–1)np
n
I.I ... (14)

 Adding equations (10), (11), (12), (13) and (14),

 ⇒ – IC
0
 An + [AC

0
 – IC

1
]An – 1 + [AC

1
 – IC

2
]An – 2 + .... + [AC

n–2
 – IC

n–1
]A +  [AC

n – 1
].I 

    = (–1)n.IAn + (–1)n.p
1
IAn – 1 + (–1)n.p

2
IAn – 2 + .... + (–1)n.p

n – 1 
I.A + (–1)n.p

n 
I.I     

 ⇒ – IC
0
 An + AC

0
.An – 1 – IC

1
 An – 1 + AC

1
 An – 2 – IC

2
An – 2 + .... + AC

n – 2
.A – IC

n –1
.A + AC

n – 1
I 

    = (–1)nI[An + p
1
An – 1 + p

2
An – 2 + .... + p

n – 1
.A + p

n
.I ] 

 From L.H.S, considering only C
0
 and C

1
 terms,

 ⇒ – IC
0
 An + A1 + n – 1 C

0
 – IC

1
 An – 1 + A1 + n – 2 C

1 
– .... = (–1)n I[An + p

1
 An – 1 + p

2
 An – 2 + ..... + p

n – 1
 ⋅ A + p

n
I]

 ⇒ – IC
0
 An + An C

0
 – IC

1
 An – 1 + An – 1 C

1 
I + ..... = (–1)n I[An + p

1
 An – 1 + p

2
 An – 2 + ..... + p

n – 1
 A + p

n
I]

 ⇒ – IC
0
 An + An IC

0
 – IC

1
 An – 1 + An – 1 I C

1
 +..... = (–1)n I [An + p

1

 An – 1 + p
2
 An – 2 + ..... + p

n – 1
 A + p

n
I]

              [a   AI = A ⇒ An I = An]

  I[– C
0
 An + AnC

0
 – C

1
An – 1 + An – 1 C

1
 + ...] = (–1)n [An + p

1
 An – 1 + p

2
 An – 2 +.....+ p

n – 1
 A + p

n
I]

 ⇒ 0 = (–1)n [An + p
1
 An – 1 + p

2
 An – 2 +.....+ p

n – 1
 A + p

n
I]

 ∴ An + p
1
 An – 1 + p

2
 An – 2 +.....+ p

n – 1
 A + p

n
I = 0

Q55.	 Using	Cayley-Hamilton	theorem	find	the	inverse	of	the	matrix		A	=
 
 
 
 

2 3 4

0 1 5 .

0 0 –1

Answer :   Model	Paper-2,	Q16(a)

 Given matrix is,

  A =
















1–00

510

432

   

 The characteristic equation of A is,

  | A – λI | = 0

 ⇒   

100

010

001

–

1–00

510

432

λ  = 0

 ⇒       

λ
λ

λ

–1–00

5–10

43–2

 = 0
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 ⇒ (2 – λ)[(1 – λ)(–1 – λ) – 0] – 3 [0] + 4[0] = 0

 ⇒ (2 – λ)[– 1 – λ + λ + λ2] = 0

 ⇒ (2 – λ)[λ2 – 1] = 0

 ⇒ 2λ2 – 2 – λ3 + λ = 0

 ⇒ –λ3 + 2λ2 + λ – 2 = 0    

 By Cayley-Hamilton theorem, A should satisfy its char-

acteristic equation such that,

  – A3 + 2A2 + A – 2I = 0   

 Multiplying above equation with A–1,

  – A2 + 2A + I – 2A–1 = 0

 ⇒ – A2 + 2A + I = 2A–1

 ⇒  A–1  = )2(–
2

1 2 IAA ++     ... (1)

     A2  = A . A

   =
































1–00

510

432

1–00

510

432

   =
















++++++
+++++

+++++

100000000

5–50010000

4–158036004

=
















100

010

1994

 Consider,

  – A2 + 2A + I

   = 
















+
















+

















100

010

001

1–00

510

432

2

100

010

1994

–

   = 















+
















+

















100

010

001

2–00

1020

864

1–0–0–

0–1–0–

19–9–4–

   = 
















+++++
++++++
++++++

12–1–000–000–

0100–121–000–

0819–069–144–

   = 
















2–00

1020

11–3–1

 Substituting the corresponding values in equation (1),

 ∴  A–1 =
















2–00

1020

11–3–1

2

1

Q56.	 Using	Cayley-Hamilton	theorem	find	the	inverse	

of	the	matrix	
 
 
 
  

2 –1 1

–1 2 –1

1 –1 2

.

Answer : Model	Paper-3,	Q11(b)

 Given matrix is,

       A = 
















21–1

1–21–

11–2

 The characteristic equation A is |A – λ I | = 0

  















λ−

















−
−−

−

100

010

001

211

121

112

 = 0

  
















λ
λ

λ
λ−

















−
−−

−

00

00

00

211

121

112

 = 0

  
λ−−

−λ−−
−λ−

211

121

112

 = 0

  (2 – λ) [4 – 4λ + λ2 – 1] + 1[–2 + λ + 1]    

     + 1[1 – 2 + λ] = 0

  (2 – λ) [λ2 – 4λ + 3] + λ – 1 + λ – 1 = 0

  –λ3 + 4λ2 – 3λ + 2λ2 – 8λ + 6 + λ – 1 + λ – 1 = 0

   –λ3 + 6λ2 – 9λ + 4 = 0

   λ3 – 6λ2 + 9λ – 4 = 0

 ∴ A3 – 6A2 + 9A – 4 = 0

 Multiply A–1 on both sides,

  A–1 (A3 – 6A2 + 9A – 4) = 0

 ⇒ A2 – 6A + 9I – 4A–1 = 0   

 ⇒ A2 – 6A + 9I = 4A–1

 ⇒ A–1 = )96(
4

1 2 IAA +−  ... (1)

     A2 = A × A

   = 
















−
−−

−

















−
−−

−

211

121

112

211

121

112

     A2 = 
















−
−−

−

655

565

556

 Substituting the corresponding values in equation (1).

      A–1 = 

6 5 5 2 1 1 1 0 0
1

5 6 5 6 1 2 1 9 0 1 0
4

5 5 6 1 1 2 0 0 1

 − −     
      − − − − − +      
 − −      

  = 































+

















−
−−

−
−

















−
−−

−

900

090

009

1266

6126

6612

655

565

556

4

1

  = 
















+−++−+−
++−+−++−

+−++−+−

9126065065

0659126065

0650659126

4

1

  = 
















−

−

311

131

113

4

1

       ∴    A–1 =  
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Q57.	 If	A	=	
 
 
 
  

2 1 1

0 1 0

1 1 2

	then	find	the	matrix	represented	by	A8	–	5A7	+	7A6	–	3A5	+	A4	–	5A3	+	8A2	–	2A	+	1.	And	

also	find	A–1.

Answer :   

 The given matrix is,

  















=

211

010

112

A

 The characteristic equation of matrix A is,

  |A – λI| = 0

 ⇒ 
2 1 1 1 0 0

0 1 0 – 0 1 0

1 1 2 0 0 1

   
   λ   
      

 = 0

 ⇒ 
λ

λ
λ

–211

0–10

11–2

 = 0

 ⇒ (2 – λ) ((1 – λ) (2 – λ)) – 1 (0) + 1 (– (1 – λ)) = 0

 ⇒ (2 – λ) (1 –λ) (2 – λ) + (λ– 1) = 0

 ⇒ (2 – 2λ– λ +λ2) (2 – λ) +λ – 1 = 0

 ⇒ 4 – 2λ– 4λ+ 2λ2 – 2λ + λ2 + 2λ2 –λ3 + λ – 1 = 0

 ⇒ – λ3 + 5λ2 – 7λ + 3 = 0

 ⇒ λ3 – 5λ2 + 7λ – 3 = 0

 By Cayley-Hamilton theorem, A should satisfy its characteristic equation i.e.,

  A3 – 5A2 + 7A – 3I = 0   ... (1)

 Multiplying equation (1) by A–1 on both sides,

  A–1 (A3 – 5A2 + 7A – 3I) = 0

 ⇒ A2 – 5A + 7I – 3A–1 = 0

 ⇒ A–1 = )75–(
3

1 2 IAA +

 Where,

              A2  = 
































211

010

112

211

010

112

   = 

















544

010

445

   ⇒  A2 – 5A + 7I = 















+

































100

010

001

7

211

010

112

5–

544

010

445

      = 

















21–1–

030

1–1–2

         A–1  = 
















21–1–

030

1–1–2

3

1
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 Consider,

  A8 – 5A7 + 7A6 – 3A5 + A4 – 5A3 + 8A2 – 2A + I = A5 (A3 – 5A2 + 7A – 3I) + A (A3 – 5A2 + 7A – 3I) + A2 + A + I

   = A5 (0) + A (0) + A2 + A + I    [∴   From equation (1)]

   = A2 + A + I

   = 
















544

010

445

+ 
















211

010

112

+ 
















100

010

001

 = 
















855

030

558

   ∴  A8 – 5A7 + 7A6 – 3A5 + A4 – 5A3 + 8A 2 – 2A + I = 
















855

030

558

Q58.	 Verify	Cayley-Hamilton	theorem	and	find	A5.	Where,	A	=	
















02–1

202–

1–20

.

Answer :  

 Given matrix is,

         A = 

















02–1

202–

1–20

 The characteristic equation is |A – λI| = 0,

   

0

2

1

2

0

2

1

2

0

1

0

0

0

1

0

0

0

1

–

–

–

– λ 

R

T

SSSSSSSSSS

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWWWW

 = 0

      

λ
λ

λ

–2–1

2–2–

1–2–

 = 0

  – λ [(– λ) (– λ) – 2( – 2)] – 2 [(– 2) (– λ) – ( 2 × 1)] – 1[(– 2) (–2) –  1(– λ)] = 0

  – λ [ λ2 + 4] – 2 [2λ – 2] – [4 + λ] = 0

  – λ3 – 4λ – 4λ + 4 – 4 – λ = 0

  – λ3 – 9λ = 0

 The matrix A must satisfy the characteristics i.e., by Cayley Hamilton theorem, 

  – A3 – 9A = 0

 Where,

     A3 = A.A2

   = 

















02–1

202–

1–20

 ×
































×
















02–1

202–

1–20

02–1

202–

1–20

   = 

















02–1

202–

1–20

 × 

















5–24

28–2

425–

   ∴    A3 =  

















0189–

18–018

918–0
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   ∴ – A3 – 9A = –  

















0189–

18–018

918–0

– 9 

















02–1

202–

1–20

      = 

















018–9

18018–

9–180

– 

















018–9

18018–

9–180

 = 

















000

000

000

= 0

	 Hence	Cayley	Hamilton	theorem	is	verified.

 Consider,

  – A3 – 9A = 0

 Multiplying with A2 on both sides,

                 A5 – 9A3 = 0      A5 = 9A3

      = 9 

















0189–

18–018

918–0

    ∴     A5 = 

















016281–

162–0162

81162–0

1.4  quaDratic forMs, reDuction of quaDratic forM to canonical forM by 

orthogonal transforMation, nature of quaDratic forMs

Q59.	 Define	quadratic	form	of	a	matrix.
Answer :  

Quadratic Form

 Let A be a symmetric matrix of order n.

 Write A = [a
ij
]

n×n 
and X = 























nx

x

x

.

.
2

1

, 

 Where x
1
, x

2
,..., x

n
 are n real variables. 

 Then, X T A X = [x
1
, x

2
,...,x

n
]

    























nnnn

n

n

aaa

aaa

aaa








21

22221

11211

 























nx

x

x

.

.
2

1

 = ∑∑
= =

n

i

n

j

jiij xxb

1 1

    ... (1)

 Where,

        b
ij
 = 





=
≠+

jia

jiaa

ii

jiij

if

if)(

        b
ij
 = 





=
≠

jia

jia

ii

ij

if

if2
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  Since, a
ij
 = a

ji
,   i ≠ j

 The expression on R.H.S. of equation (1) is homogeneous 

quadratic polynomial in variables x
1
, x

2
,..,x

n
 and is called a 

quadratic form in n variables x
1
, x

2
,...,x

2
 corresponding to the 

symmetric matrix A.

Example

          Let,  A = 







−

−
02

21
 and X = 









2

1

x

x

   Then the quadratic form corresponding to A is, 

         Q =  XT A X  = [x
1
  x

2
] 








−

−
02

21









2

1

x

x

  ∴ Q = 
2
1x  + 2(–2) x

1
x

2
+ 0.

2
2x   = 

2
1x  – 4x

1
x

2

Q60.	 Write	the	quadratic	form	corresponding	to	the	

symmetric	matrix
0

2
5

3

2
5

7

1

3

1

2

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

.

Answer :  

 Given matrix is,

     A  = 

0

2

5
2

5

7

3

1

3 21

R

T

SSSSSSSSSSSS

V

X

WWWWWWWWWWWW

 The quadratic from corresponding to the symmetric 

matrix A is given as,

     XTAX = x x x A

x

x

x
2 3 21

1

3

R

T

SSSSSSSS

6
V

X

WWWWWWWW

@

 Substituting the corresponding values in above equation,

 XTAX = x x x

x

x

x

0

2

5
2

5

7

3

1

3

2 3 2

2

1

1

3

1

R

T

SSSSSSSSSSSS

R

T

SSSSSSSS

6
V

X

WWWWWWWWWWWW

V

X

WWWWWWWW

@

 = x x x x x x x x

x

x

x

0
2

5
3

2

5
7 3 2+ + + + + +3 2 3 1 2 3 22 1

1

3

R

T

SSSSS

R

T

SSSSSSSS

V

X

WWWWW

V

X

WWWWWWWW

 = x x x x x x x x x
2

5
3

2

5
7 2+ + + +2 3 2 2 2 31 1 1

   x x x x x3 2 2+ + +
3 2 3 31

 = 22x x x x x x x x5 6 2 7 2+ + + +3 2 3 2 31 2 1

\       XTAX = 
2

x x x x x x x x7 2 5 2 6
2 + + + +1 3 12 322 3 .

Q61.	 Define	 the	 following	 with	 reference	 to	
quadratic	form	of	a	matrix,

	 (a)	 Positive	definite

	 (b)	 Negative	definite

	 (c)	 Positive	semi-definite

	 (d)	 Negative	semi-definite

	 (e)	 Indefinite.

Answer : 

 Consider a matrix ‘A’ with quadratic form ‘XTAX ’.

(a)	 Positive	Definite

 A quadratic form XTAX	is	said	to	be	positive	definite	if	
the eigen values of A are greater than zero.

(or)

 If r = n and s = n

(b)	 Negative	Definite

 A quadratic form XTAX	is	said	to	be	negative	definite,	if	
the eigen values of A are less than zero.

(or)

 If r = n and s = 0

(c)	 Positive	Semi-definite

 A quadratic form XTAX is said to be positive semi-
definite,	if	it	satisfies	the	following	conditions,

 (i) Eigen values of A ≥ 0 

 (ii) At least one eigen value should be equal to zero.

(or)

 If r < n and s = r

(d)	 Negative	Semi-definite

 A quadratic form XTAX is said to be negative semi-
definite,	if	it	satisfies	the	following	conditions,

 (i) Eigen values of A ≤ 0 

 (ii) At least one eigen value should be equal to zero.

(or)

 If r < n and s = 0

(e)	 Indefinite

 A quadratic form XTAX	is	said	to	be	indefinite	if	it	has	
both positive and negative eigen values.
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Q62.	 Reduce	the	quadratic	form	6x2	+	3y2	+	3z2	–	4xy	–	2yz	+	4zx	to	the	canonical	form	also	find	rank,	index	
and	signature	of	the	quadratic	form.

Answer :   Model	Paper-1,	Q11

 Given quadratic form is,

  6x2 + 3y2 + 3z2 – 4xy – 2yz + 4zx

 It can be represented in the matrix form as,

       A = 

6

2

2

2

3

1

2

1

3

–

–

–

–

R

T

SSSSSSS

V

X

WWWWWWW

 The characteristic equation of matrix A is,

 | A – lI | = 0

 Þ –

6

2

2

2

3

1

2

1

3

1

0

0

0

1

0

0

0

1

0–

–

–

– λ =

Þ 

6

2

2

2

3

1

2

1

3

–

–

–

–

–

–

–

l
l

l

R

T

SSSSSSS

V

X

WWWWWWW
 = 0

Þ (6 – l)[(3 – l) (3 – l) – (1)] + 2[– 2(3 – l) + 2] + 2[2 – 2(3 – l)] = 0

Þ (6 – l)[9 + l2 – 6l – 1] + 2[– 6 + 2l + 2] + 2[2 – 6 + 2l] = 0

Þ (6 – l)[l2 – 6l + 8] + 2[2l – 4] + 2[2l – 4] = 0

Þ 6l2 – 36l + 48 – l3 + 6l2 – 8l + 4l – 8 + 4l – 8 = 0

Þ – l3 + 12l2 – 36l + 32 = 0

Þ l3 – 12l2 + 36l – 32 = 0

Þ l = 8, 2, 2.

 ∴ The eigen values are, l = 8, 2, 2

 The eigen vectors corresponding to different eigen values are obtained by solving (A – lI)X = 0

  Where,

   X = 

x

y

z

R

T

SSSSSSSS

V

X

WWWWWWWW

Case (i)

 When l = 8,
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 (A – 8I)X
1
 = 0

 Þ –

x

y

z

6

2

2

2

3

1

2

1

3

8

1

0

0

0

1

0

0

0

1

0

0

0

–

–

–

– =

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 Þ 

x

y

z

6 8

2

2

2

3 8

1

2

1

3 8

0

0

0

–

–

–

–

–

–

–

=

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 Þ 

x

y

z

2

2

2

2

5

1

2

1

5

0

0

0

–

–

–

–

–

–

–

=

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 R
2
 ® R

2
 – R

1

 R
3 
® R

3
 + R

1

 Þ .

x

y

z

2

0

0

2

3

3

2

3

3

0

0

0

– –

–

–

–

–

=

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 R
1
 ® 

R

2–
1

 R
2
 ® 

R

3–
2

 R
3
 ® 

R

3–
3

 Þ 

x

y

z

1

0

0

1

1

1

1

1

1

0

0

0

–

=

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 R
3
 ® R

3
 – R

2
 

 Þ 

x

y

z

1

0

0

1

1

0

1

1

0

0

0

0

–

=

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 Þ x + y – z = 0 ... (1)

 Þ y + z = 0 ... (2)

 Substituting z = k in equation (2),

  y + k = 0

  y = – k 

 Substituting y = –k in equation (1),

  x – k – k = 0

  x = 2k

          \  X
1
 = 

x

y

z

k

k

k

k

2 2

1

1

– –= =

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 Normalizing the above vector, e
1
 = 

6

2

6

1

6

1

–

R

T

SSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWW

Case (ii)

 When l = 2

 Þ (A – 2I)X
2
 = 0

 Þ 

x

y

z

6

2

2

2

3

1

2

1

3

2

1

0

0

0

1

0

0

0

1

0

0

0

–

–

–

– – =

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 Þ 

x

y

z

6 2

2

2

2

3 2

1

2

1

3 2

0

0

0

–

–

–

–

–

–

–

=

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 Þ 

x

y

z

4

2

2

2

1

1

2

1

1

0

0

0

–

–

–

– =

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 R
2
 ® 2R

2
 + R

1

 R
3 
® 2R

3
 – R

1

 Þ 

x

y

z

4

0

0

2

0

0

2

0

0

0

0

0

–

=

R

T

SSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

 Þ 4x – 2y + 2z = 0

 Þ 2x – y + z = 0

 Let, x = k
1
, y = k

2
,

        z = –2x + y

  = –2k
1
 + k

2

     = 

k k

k k

k k

k k

0

0 1

2

1

0

2

0

1

1– –

1 2

1 2

2

1 2

+

+

+

= +

R

T

SSSSSSSSS

R

T

SSSSSSS

R

T

SSSSSSS

V

X

WWWWWWWWW

V

X

WWWWWWW

V

X

WWWWWWW

      X
2
 = 

1

0

2–

R

T

SSSSSSS

V

X

WWWWWWW

 Normalizing the above vector,

       e
2
 = 

5

1

0

5

2–

R

T

SSSSSSSSSSSSS

V

X

WWWWWWWWWWWWW

      X
3
 = 

0

1

1

R

T

SSSSSSS

V

X

WWWWWWW

 Normalizing the above vector,

       e
3
 = 

0

2

1

2

1

R

T

SSSSSSSSSSSSS

V

X

WWWWWWWWWWWWW
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 The Eigen vectors of symmetric matrix are orthogonal.

 \ ( ) , ( ) , .e e e e e e0 0
10

2
0

–
butT T T

1 2 1 3 2 3 != = = . 

 Hence, the vector X
2
 is,

 , ,X X X X X X0 0 0T T T
1 2 1 3 2 3

= = =

 Let, X
2
 = 

a

b

c

R

T

SSSSSSS

V

X

WWWWWWW
 be the required Eigen vector,

  X
1
X

2

T = 0 Þ [ , , ]a b c

2

1

1

0– =

R

T

SSSSSSS

V

X

WWWWWWW

     2a – b + c = 0  ... (3)

  X
2
X

3

T = 0 Þ [ , , ]

a

b

c

0 1 1 0=

R

T

SSSSSSS

V

X

WWWWWWW

     b + c = 0 ... (4)

 Solving equations (3) and (4),

 \         X
2
 = 

1

1

1–

R

T

SSSSSSS

V

X

WWWWWWW

 \ The normalized vector is, 

3

1

3

1

3

1–

R

T

SSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWW

 

 \ The normalised matrix is, N = 

6

2

6

1

6

1

3

1

3

1

3

1

0

2

1

2

1

–

–

R

T

SSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWW

 The diagonal matrix is, D = NTAN

     

6

2

3

1

0

6

1

3

1

2

1

6

1

3

1

2

1

6

2

2

2

3

1

2

1

3

6

2

6

1

6

1

3

1

3

1

3

1

0

2

1

2

1

8

0

0

0

2

0

0

0

2

–

–
–

–

–

–
–

–

=

R

T

SSSSSSSSSSSSSSSSS

R

T

SSSSSSS

R

T

SSSSSSSSSSSSSSSSS

R

T

SSSSSSS

V

X

WWWWWWWWWWWWWWWWW

V

X

WWWWWWW

V

X

WWWWWWWWWWWWWWWWW

V

X

WWWWWWW

 The canonical form is,

     [y
1
  y

2
  y

3
] D

y

y

y

1

2

3

R

T

SSSSSSSSS

V

X

WWWWWWWWW

 = [y
1
  y

2
  y

3
] 

8

0

0

0

2

0

0

0

2

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

y

y

y

1

2

3

R

T

SSSSSSSSS

V

X

WWWWWWWWW

       = y y y8 2 21
2

2
2

3
2+ +
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 Rank of matrix = Number of non-zero rows.

 \ r = 3

 Index = Number of positive terms

  s = 3

 Signature = 2s – r = 2(3) – 3 = 3

    \ Signature = 3.

Q63.	 Reduce	the	quadratic	form		2x2	+	2y2	+	2z2	–	2xy	–	2yz	–	2zx	to	canonical	form	by	orthogonal		transfor-
mation	and	hence	find	rank,	index,	signature	and	nature	of	the	quadratic	form.

Answer :  

 Given quadratic from is,

  x y z xy yz zx2 2 2 2 2 2– – –2 2 2+ +

 The above expression in the matrix form is written as,

   A = 

2

1

1

1

2

1

1

1

2

–

–

–

–

–

–

R

T

SSSSSSSS

V

X

WWWWWWWW

 The characteristic equation of A is given as |A	–	λI| = 0

 Þ –

–

2

1

1

1

2

1

1

1

2

0

–

–

–

–

–

–

–

l
l

l
=

 Þ 2 2 1 1– – – – –2l l] ] ] ]g g g g6 @  1 1 2 1 1– – – – – – –λ ] ] ] ]g g g g6 @  – 1 1 1 1 2 0– – – – – λ =] ] ] ]g g g g6 @
 Þ 2 4 4 1– – –2l l l+] ^g h  –2 1 1 2 0– – –l l+ + + =] ]g g

 Þ – – – –8 2 8 2 42 3l l l l+  – – – –4 2 1 1 2 02l l l l+ + + + =

 Þ – –6 9 03 2l l l+ =

 Þ – 6 9 03 2l l l+ =

 Þ – 6 9 02l l l + =^ h

 Þ , –0 6 9 02l l l= + =

 Þ	 λ	=	0,	 – –3 3 9 02l l l + =

 Þ	 λ	=	0,	 3 3 3 0– – –l l l =] ]g g

 Þ	 λ	=	0,	 3 3 0– –l l =] ]g g

 Þ	 λ	=	0,	λ	=	3,	3
 \	 Eigen	values	are,	λ	=	0,	3,	3.
 The eigen vector corresponding to different eigen values are obtained by solving (A – lI)X = 0

 Where,

  X = 

x

x

x
2

1

3

R

T

SSSSSSSS

V

X

WWWWWWWW

Case (i)

	 When	λ	=	0,

   

x

x

x

2

1

1

1

2

1

1

1

2

0

0

0

–

–

–

–

–

– 2 =
1

3

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 Applying R
2
	→	2R

2
 + R

1
, R

3
	→	2R

3
 + R

1

   

x

x

x

2

0

0

1

3

3

1

3

3

0

0

0

–

–

–

– =2

1

3

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW
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 Applying R
3
	→	R

3
 + R

2

   

x

x

x

2

0

0

1

3

0

1

3

0

0

0

0

– –

– =2

1

3

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

  2x
1
 – x

2
 – x

3
 = 0;

  3x
2
 – 3x

3
 = 0 Þ x

2
 = x

3

 Let x
2
 = x

3
 = k

 Then, 2x
1
 – k – k = 0

 Þ 2x
1
 – 2k = 0

 Þ x
1
 = k

 Þ X
1
 = 

x

x

x

k

k

k

k

1

1

1

= =2

1

3

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 \ X
1
 = 

1

1

1

R

T

SSSSSSSS

V

X

WWWWWWWW

.

Case (ii)

	 When	λ	=	3,

   

x

x

x

1

1

1

1

1

1

1

1

1

0

0

0

–

–

–

–

–

–

–

–

–
2 =
1

3

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 Applying R
2
	→	R

2
 – R

1
, R

3
	→	R

3
 – R

1

   

x

x

x

1

0

0

1

0

0

1

0

0

0

0

0

– – –

=2

1

3

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

  – x
1
 – x

2
 – x

3
 = 0

 Þ x
1
 + x

2
 + x

3
 = 0

 Let, x
2
 = 0;

  Then x
1
 + 0 + x

3
 = 0

 Þ  x
3
 = –  x

1

 Let, x
3
 = k, then x

1
 = – k

 Þ  X
2
 = 

x

x

x

k

k

k0

1

0

1

– –

= =2

1

3

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 \  X
2
 = 

1

0

1

–
R

T

SSSSSSSS

V

X

WWWWWWWW

 Hence, X
3
 can be determined using the orthogonal 

property,

  i.e., .X X
T

31  = 0 and 
T .X X32  = 0

 Þ 

x

x

x

1 1 1 2

1

3

R

T

SSSSSSSS

6
V

X

WWWWWWWW

@  = 0 ; 

x

x

x

1 0 1– 2

1

3

R

T

SSSSSSSS

6
V

X

WWWWWWWW

@  = 0

 Þ x
1
 + x

2
 + x

3
 = 0 ; – x

1
 + x

3
 = 0

 Solving the above two equations,

  x
2
 + 2x

3
 = 0

 Let x
3
 = k ; x

2
 + 2k = 0

  x
2
 = – 2k

 Then, x
1
 – 2k + k = 0

 Þ x
1
 – k = 0

 Þ x
1
 = k

 Þ  X
3
 = 

x

x

x

k

k

k

k2

1

2

1

– –= =2

1

3

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 \  X
3
 = 

1

2

1

–

R

T

SSSSSSSS

V

X

WWWWWWWW

 The normalised matrix (N) is given as,

  N = 
X

X

X

X

X

X

1

1

2

2

3

3

R

T

SSSSS

V

X

WWWWW

 Þ N = 

1 1 1

1

1 1 1

1

1 1 1

1

1 0 1

1

0

1 0 1

1

1 4 1

1

1 4 1

2

1 4 1

1

–

–
+ +

+ +

+ +

+ +

+ +

+ +

+ +

+ +

R

T

SSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWW

 Þ N = 

3

1

3

1

3

1

2

1

0

2

1

6

1

6

2

6

1

–

–

R

T

SSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWW

 Þ NT = 

3

1

2

1

6

1

3

1

0

6

2

3

1

2

1

6

1

–

–

R

T

SSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWW

 Diagonal matrix D = NTAN

Þ  D = 

3

1

2

1

6

1

3

1

0

6

2

3

1

2

1

6

1

–

–

R

T

SSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWW

 

2

1

1

1

2

1

1

1

2

–

–

–

–

–

–

R

T

SSSSSSSS

V

X

WWWWWWWW

 

3

1

3

1

3

1

2

1

0

2

1

6

1

6

2

6

1

–

–

R

T

SSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWW

 Þ     D = 

0

0

0

0

3

0

0

0

3

R

T

SSSSSSSS

V

X

WWWWWWWW
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  Canonical form is given as,

  C.F = YTDY

 Þ C.F = [y
1
  y

2
  y

3
] 

y

y

y

0

0

0

0

3

0

0

0

3 3

1

2

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

   = y y

y

y

y

0 3 3

3

3

1

2 2

R

T

SSSSSSSS

6
V

X

WWWWWWWW

@
   = y y y0 3 32 2 2+ +21 3

   = y y3 32 2+2 3

 \ Canonical form (C.F) = y y3 32 2+2 3

 Rank of the quadratic form = 2

  Index = 2

  Signature = 2

	 It	is	positive	semi	definite.

Q64.	 Reduce	the	quadratic	form	3x2	+	5y2	+	3z2	–	2xy	–	2yz	+	2zx	to	canonical	form	by	orthogonal	transfor-
mation	and	hence	find	the	rank,	index,	signature	and	nature	of	the	quadratic	form.	

Answer :   Model	Paper-2,	Q11

 Given quadratic form is,

   3x2 + 5y2 + 3z2 – 2xy – 2yz + 2zx

 The above expression in the matrix form is written as,

   A =

3

1

1

1

5

1

1

1

3

–

–

–

–

R

T

SSSSSSSS

V

X

WWWWWWWW

 The characteristic equation of A is given as,

   |A – lI| = 0

 Þ 

3

1

1

1

5

1

1

1

3

0

–

–

–

–

–

–

–

l

l

l

=  

 Þ (3 – l) [(5 – l) (3 – l) – (–1)(–1)] – (–1) [–1(3 – l) – 1(–1)] + 1 [(–1)(–1) – 1(5 – l)] = 0

 Þ (3 – l) [15 – 5l – 3l + l2 – 1] + 1[– 3 +  + 1] + 1[1 – 5 + l] = 0

 Þ (3 – l)[l2 – 8l + 14] – 3 + l + 1 + 1 – 5 + l = 0

 Þ 3l2 – 24l + 42 – l3 + 8l2 – 14l – 6 + 2l = 0

 Þ – l3 + 11l2 – 36l + 36 = 0

 Þ l3 – 11l2 + 36l – 36 = 0

 By trial and error method,

  l = 2 1

0

1

11

2

9

36

18

18

36

36

0

–

–

–

–

  l = 2,  l2 – 9l + 18 = 0

  l = 2,  l2 – 6l – 3l + 18 = 0

  l = 2,  l(l – 6) – 3(l – 6) = 0

  l = 2,  (l – 3) (l – 6) = 0

  l = 2,   l = 3, l = 6

 \ Eigen values are l = 2, 3, 6
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 The eigen vectors corresponding to different eigen values 

obtained by solving (A – lI)X = 0

 Where, X = 

x

x

x

1

3

2

R

T

SSSSSSSS

V

X

WWWWWWWW

Case (i)

 When l = 2,

  

x

x

x

1

1

1

1

3

1

1

1

1

0

0

0

–

–

–

–
1

3

=2

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 Applying R
2
 ® R

2
 + R

1
, R

3
 ® R

3
 – R

1

  

x

x

x

1

0

0

1

2

0

1

0

0

0

0

0

– 1

3

=2

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

  
2x

2
 = 0 Þ x

2
 = 0

  x
1
 – x

2
 + x

3
 = 0 Þ x

1
 – 0 + x

3
 = 0

 Þ x
1
 = – x

3

 Let x
3
 = k then x

1
 = – k

 \ X
1
 =

x

x

x

k

k

k0

1

0

1

– –1

= =

3

2

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 \ X
1
 = 

1

0

1

–
R

T

SSSSSSSS

V

X

WWWWWWWW
Case (ii)

 When l = 3,

  

x

x

x

0

1

1

1

2

1

1

1

0

0

0

0

–

–

–

–
1

3

=2

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 R
3
 ® R

3
 + R

2
 + R

1

  

x

x

x

0

1

0

1

2

0

1

1

0

0

0

0

–

–

–
1

3

=2

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

  
 – x

2
 + x

3
 = 0

 Þ    x
2
 = x

3

 Let,   x
2
 = k 

  – x
1
 + 2x

2
 – x

3
 = 0 Þ – x

1
 + 2k – k =0

          Þ – x
1
 + k = 0

          Þ  x
1
 = k

 

 
Þ    X

2
 = 

x

x

x

1

2

3

R

T

SSSSSSSSS

V

X

WWWWWWWWW

 = 

k

k

k

R

T

SSSSSSSS

V

X

WWWWWWWW

 = k

1

1

1

R

T

SSSSSSSS

V

X

WWWWWWWW

 
Þ    X

2
 = 

1

1

1

R

T

SSSSSSSS

V

X

WWWWWWWW

Case (iii)

 When l = 6,

  

x

x

x

3

1

1

1

1

1

1

1

3

0

0

0

–

–

–

–

–

–

–

1

3

=2

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 Applying R
2
 ® 3R

2
 – R

1
, 3R

3
+ R

1

  

x

x

x

3

0

0

1

2

4

1

4

8

0

0

0

– –

–

–

–

–

1

3

=2

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 Applying R
3
 ® R

3
 – 2R

2

  

x

x

x

3

0

0

1

2

0

1

4

0

0

0

0

– –

– –
1

3

=2

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

    
–

 
2x

2
 – 4x

3
= 0 

 Þ  x
2
 = – 2x

3

 Let x
3
 = k then x

2
 = – 2 k

  – 3x
1 
– k

2
 + k

3
 = 0

 Þ – 3x
1
 + 2k + k = 0

 Þ – 3x + 3k = 0

 Þ x
1
 = k

 Þ X
3
 =

x

x

x

k

k

k

k2

1

2

1

– –
1

= =

3

2

R

T

SSSSSSSS

R

T

SSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWW

V

X

WWWWWWWW

V

X

WWWWWWWW

 = 

1

2

1

–

R

T

SSSSSSSS

V

X

WWWWWWWW

 The normalised matrix (N) is given as,

      N =
| | | | | |X

X

X

X

X

X

1

1

2

2

3

3
R

T

SSSSS

V

X

WWWWW
 

 Þ     N =

1 0 1

1

0

1 0 1

1

1 1 1

1

1 1 1

1

1 1 1

1

1 4 1
1

1 4 1

2

1 4 1

1

–

–
+ +

+ +

+ +

+ +

+ +

+ +

+ +

+ +

R

T

SSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWW

 Þ     N =

2

1

0

2

1

3

1

3

1

3

1

6

1

6

2

6

1

–

–

R

T

SSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWW

 Þ       NT  =

2

1

3

1

6

1

0

3

1

6

2

2

1

3

1

6

1

–

–

R

T

SSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWW

 Diagonal matrix (D) = NTAN
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    Þ      D =

2

1

3

1

6

1

0

3

1

6

2

2

1

3

1

6

1

3

1

1

1

5

1

1

1

3

–

–

–

–

–

–

R

T

SSSSSSSSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWWWWWWWW

V

X

WWWWWWWW

 

2

1

0

2

1

3

1

3

1

3

1

6

1

6

2

6

1

–

–

R

T

SSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWW

    Þ      D = 

2

0

0

0

3

0

0

0

6

R

T

SSSSSSSS

V

X

WWWWWWWW

 \ Canonical form is given as,

  C.F = YTDY

         = y y y

y

y

y

2

0

0

0

3

0

0

0

6
1

1

2

3

32

R

T

SSSSSSSS

R

T

SSSSSSSS

6
V

X

WWWWWWWW

V

X

WWWWWWWW

@

         = y y y

y

y

y

2 3 61

1

2

3

32

R

T

SSSSSSSS

6
V

X

WWWWWWWW

@
       = y y y2 3 61

2
2
2

3
2+ +

 Rank of the quadratic form = 3

 Index = 3

 Signature = 3

	 It	is	positive	definite.

Q65.	 Reduce	 the	quadratic	 form	2x2	 +	 5y2	 +	 3z2	 +	
4xy	to	a	canonical	form	through	an	orthogonal	
transformation.	Find	also	its	nature.

Answer :  

 Given quadratic form is,

  2x2 + 5y2 + 3z2 + 4xy   ... (1)

 Equation (1) can be represented in matrix form as,

        A = 

2

2

0

2

5

0

0

0

3

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

 The characteristic equation of matrix A is,

  |A – lI| = 0

 ⇒ 

2

2

0

2

5

0

0

0

3

 – l

1

0

0

0

1

0

0

0

1

 = 0

 ⇒ 

2

2

0

2

5

0

0

0

3

–

–

–

l

l

l

 = 0

 ⇒ (2 – l)((5 – l)(3 – l) – 0) – 2(2(3 – l)) – 0 + 0 = 0

 ⇒ (2 – l)(15 – 5l – 3l + l2) – 2(6 – 2l) = 0

 ⇒ (2 – l)(l2 – 8l + 15) – 12 + 4l = 0

 ⇒ 2l2 – 16l + 30 – l3 + 8l2 – 15l – 12 + 4l = 0

 ⇒ –l3 + 10l2 – 27l + 18 = 0

 ⇒ l3 – 10l2 + 27l – 18 = 0

 ⇒ l = 6, l = 3, l = 1

 ∴ The eigen values obtained are l = 6, l = 3, l = 1.

Case (i): When l = 6

 Characteristic equation is,

  (A – lI)X = 0

 ⇒ (A – 6I)X = 0

 ⇒ 

x

y

z

2

2

0

2

5

0

0

0

3

6

1

0

0

0

1

0

0

0

1

–

R

T

SSSSSSSSSS

R

T

SSSSSSSSSS

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWWWW

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

 ⇒ 

x

y

z

2 6

2

0

2

5 6

0

0

0

3 6

–

–

–

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

 ⇒ 

x

y

z

4

2

0

2

1

0

0

0

3

–

–

–

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

   R
2
 → 2R

2
 + R

1

 ⇒ 

x

y

z

4

0

0

2

0

0

0

0

3

–

–

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

  –4x + 2y = 0

  –3z = 0

 Let, y = k
1
 and z = 0

 ⇒   –4x = –2k
1

        x = k
2

1
1

 ∴ The eigen vectors corresponding to l = 6 are,

       X
1
 = 

x

y

z

R

T

SSSSSSSS

V

X

WWWWWWWW

 = 

k

k

2

0

1

1

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

 = k
1

2

1

1

0

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

Case (ii) When l = 3

 Characteristic equation is,

  (A – lI)X = 0

 ⇒ (A – 3I)X = 0

 ⇒ 

x

y

z

2

2

0

2

5

0

0

0

3

3

1

0

0

0

1

0

0

0

1

–

R

T

SSSSSSSSSS

R

T

SSSSSSSSSS

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWWWW

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW
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 ⇒ 

x

y

z

2 3

2

0

2

5 3

0

0

0

0

–

–

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

 ⇒ 

x

y

z

1

2

0

2

2

0

0

0

0

–
R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

 ⇒ –x + 2y = 0   ... (1)

  2x + 2y = 0  ... (2)

 Solving equations (1) and (2)

  x  y  z

 2  0  –1  2

 2  0  2  2

 ⇒ 
x

0
 = 

y

0
 = 

z

2 4– –

 ⇒ X
2
 = 

x

y

z

R

T

SSSSSSSS

V

X

WWWWWWWW

 = 

0

0

6–

R

T

SSSSSSSS

V

X

WWWWWWWW

Case (iii) When l = 1

 Characteristic equation is,

  (A – lI)X = 0

 ⇒ (A – I)X = 0

 ⇒ 

x

y

z

2

2

0

2

5

0

0

0

3

1

0

0

0

1

0

0

0

1

–

R

T

SSSSSSSSSS

R

T

SSSSSSSSSS

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWWWW

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

 ⇒ 

x

y

z

2 1

2

0

2

5 1

0

0

0

3 1

–

–

–

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

 ⇒ 

x

y

z

1

2

0

2

4

0

0

0

2

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

   R
2
 → R

2
 – 2R

1

  

x

y

z

1

0

0

2

0

0

0

0

2

R

T

SSSSSSSSSS

R

T

SSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWW

 = 

0

0

0

R

T

SSSSSSSS

V

X

WWWWWWWW

 ⇒ x + 2y = 0 

  2z = 0 

 Let,  y = k
1

 ⇒ x + 2k
1
 = 0

  x = – 2k
1

  2z = 0 ⇒ z = 0

 ⇒     X
3
 = 

x

y

z

R

T

SSSSSSSS

V

X

WWWWWWWW

 = 

k

k

2

0

– 1

1

R

T

SSSSSSSS

V

X

WWWWWWWW

 = k
1

–2

1

0

R

T

SSSSSSSS

V

X

WWWWWWWW

 ∴     X
1
 = 

2

1

1

0

R

T

SSSSSSSSSSS

V

X

WWWWWWWWWWW

,  X
2
 = 

0

0

6–

R

T

SSSSSSSS

V

X

WWWWWWWW

, X
3
 = 

2

1

0

–R

T

SSSSSSSS

V

X

WWWWWWWW

 Hence X
1
, X

2
, X

3
 are pair wise orthogonal.

 Normalising the vectors,

      e1
t  = 

| |X

X

1

1
 = 

( ) ( )

( ) ( )

( ) ( )

2

1
1 0

2

1

2

1
1 0

1

2

1
1 0

0

2
2 2

2
2 2

2
2 2

+ +

+ +

+ +

J

L

KKKK

J

L

KKKK

J

L

KKKK

N

P

OOOO

N

P

OOOO

N

P

OOOO

R

T

SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWWWWWWWWWWWWWWWW

 = 
4

5
2

1

4

5

1

0

R

T

SSSSSSSSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWWWWWWWW

      e2t  = 

( )

( )

( )

0 0 6

0

0 0 6

1

0 0 6

–

–

–

2 2 2

2 2 2

2 2 2

+ +

+ +

+ +

6–

R

T

SSSSSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWWWWW

 = 

0

0

1–

R

T

SSSSSSSS

V

X

WWWWWWWW

      e3t  = 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 1 0

2

2 1 0

1

2 1 0

0

–

–

–

–

2 2 2

2 2 2

2 2 2

+ +

+ +

+ +

R

T

SSSSSSSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWWWWWWW

  = 

5

2

5

1

0

–

R

T

SSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWW

 The normalised matrix, ‘N’ is,

       N = [ e1
t     e2t     e3t ]

       N = 
5

1

5

2

0

0

0

1

5

2

5

1

0–

–
R

T

SSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWW
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 The diagonal matrix D is,

       D = NTAN

 ⇒      D = 
5

1

5

2

0

0

0

1

5

2

5

1

0–

–
TR

T

SSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWW

2

2

0

2

5

0

0

0

3

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

5

1

5

2

0

0

0

1

5

2

5

1

0–

–
R

T

SSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWW

 ⇒      D = 

6

0

0

0

3

0

0

0

1

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

 ∴ The canonical form is given as,

  YTDY = [y
1
   y

2
   y

3
]

6

0

0

0

3

0

0

0

1

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

y

y

y

1

2

3

R

T

SSSSSSSSS

V

X

WWWWWWWWW

   = [6y
1
   3y

2
   y

3
]

y

y

y

1

2

3

R

T

SSSSSSSSS

V

X

WWWWWWWWW

   = y y y6 32
2
2

3
2

1 + +

 ∴ The canonical form is,

   y y y6 32
2
2

3
2

1 + +

 Here, all the eigen values are positive.

 ∴	 Nature	of	the	quadratic	form	is	positive	definite.
Q66.	 Reduce	the	quadratic	form	2xy	+	2xz	+	2yz	to	

a	canonical	form	and	also	find	its	nature	of	the	
matrix.

Answer :  May/June-12,	Q11(b) 

 The given quadratic form is,

  2xy  +  2xz  +  2yz

 Then, the quadratic form can be represented in matrix 

form as,

        A =
















011

101

110

 The characteristic equation of the matrix A is,

   | A – λI | = 0

  

011

101

110

 – λ
100

010

001

 = 0

  

–

–

–

1

1

1

1

1

1 0

l

l

l

=

  – λ(λ2 – 1) – 1( –λ –1)  + 1 (1 + λ ) = 0

  – λ3 + λ +  λ + 1+ 1+ λ = 0
  – λ3 + 3 λ + 2 = 0 
  λ3 − 3 λ − 2 = 0 

  

� 1 1 0 3 2

0 1 1 2

1 1 2 0

= − − −
−
− −

 ⇒  (λ + 1) (λ2  – λ – 2) = 0

 ⇒ (λ + 1) (λ 2 – 2λ + λ – 2) = 0

 ⇒ (λ + 1) (λ(λ – 2)  + 1 (λ – 2)) = 0

 ⇒ (λ + 1) (λ – 2) (λ + 1) = 0

 ⇒ λ = – 1, 2, – 1

  ∴ The eigen values are, λ = – 1, 2, – 1

 The eigen vector corresponding to different eigen values 

are obtained by solving (A – lI)X = 0

 Where,

  X = 

x

x

x

1

2

3

R

T

SSSSSSSSS

V

X

WWWWWWWWW

Case (i): λ = – 1

  

1

2

3

x

x

x

 
 
 
  

= 
















0

0

0

   x
1
 + x

2
 + x

3
 = 0

  Let, x
2
 = 0

  x
1
 = – x

3

 ∴ The eigen vector is,

   X
1
 = 

















−1

0

1

 

Case (ii): λ = 3

  
















−
−

−

211

121

112

















3

2

1

x

x

x

= 
















0

0

0

   – 2x
1
 + x

2
 + x

3
 = 0  ... (1)

   x
1
 – 2x

2
 + x

3
 = 0  ... (2)

 Solving equations (1) and (2),

       
21

1

+
x

 = 
12

1

−−
−x

= 
3

4 1−
x

   
3
1x

 = 
3
2x

=
3
3x

 ∴ The eigen vector is,

   X
2
 = 

















1

1

1

 The third eigen vector (X
3
) can be determined as, 

    Let, X
3
 = 

















r

q

p
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 Since X
3
 is orthogonal to X

1
 and X

2
, we get two equations 

corresponding to eigen vectors X
1
 and X

2
 i.e.,

   p + 0.q – r = 0  ... (3)

   p + q + r = 0  ... (4)

 Solving equations (3) and (4),

       
10 +

p
 =

11+
−q

=
01−

r

 ⇒   
1

p
 = 

2

q

−
= 

1

r

 ∴ The eigen vector is,

   X
3
 = 
















−
1

2

1

∴  X
1
 = 

















−1

0

1

, X
2
 = 

















1

1

1

X
3
 = 
















−
1

2

1

 Normalizing the above three eigen vector,

      e
1 

=





























−++

−

−++

−++

222

222

222

)1(01

1

)1(01

0

)1(01

1

= 





















−

2

1
0
2

1

      e
2 

= 

2 2 2

2 2 2

2 2 2

1

1 1 1

1

1 1 1

1

1 1 1

 
 
 + +
 
 
 + + 
 
 + + 

= 

























3

1
3

1
3

1

      e
3 

= 

2 2 2

2 2 2

2 2 2

1

1 ( 2) 1

2

1 ( 2) 1

1

1 ( 2) 1

 
 
 + − +
 

− 
 

+ − + 
 
 
 + − + 

 = 

1

6

2

6

1

6

 
 
 
 −
 
 
 
 
 

 The normalized matrix, ‘N’ is,

        N = [e
1
e

2
 e

3
]

        N =

























−

−

6

1

3

1

2

1
6

2

3

1
0

6

1

3

1

2

1

 ⇒         N  =

1 1
0

2 2

1 1 1

3 3 3

1 2 1

6 6 6

 −
 
 
 
 
 
 −
 
 

 The diagonal matrix D is,

      D = NT AN

             D = 

1 1
0

2 2

1 1 1

3 3 3

1 2 1

6 6 6

 −
 
 
 
 
 
 −
 
 

















011

101

110

 

























−

−

6

1

3

1

2

1
6

2

3

1
0

6

1

3

1

2

1

          = 

1 1
0

2 2

2 2 2

3 3 3

1 2 1

6 6 6

 −
 
 
 
 
 
 − −
 
 

 

























−

−

6

1

3

1

2

1
6

2

3

1
0

6

1

3

1

2

1

   = 
















−

−

100

020

001

 ⇒     D = 
















−

−

100

020

001

 ∴ The canonical form is given as,

       YT DY = [y
1
 y

2
 y

3
]

















−

−

100

020

001

















3

2

1

y

y

y

    = [– y
1      

2y
2
   – y

3
]

















3

2

1

y

y

y

    = –y
1

2 + 2 y
2

2 – y
3

2

 ∴ The canonical form is,

   –y
1

2 + 2 y
2

2 – y
3

2

 Since some of the eigen values are positive and some are 

negative,	therefore	the	nature	of	quadratic	form	is	indefinite.

Q67.	 Reduce	the	quadratic	form	x 3x 3x –2x x1

2

2

2

3

2

2 3+ +

by	 orthogonal	 transformation.	 Find	 rank	
signature	and	nature.

Answer :  Jan.-12,	Q11(b)

 The symmetric matrix A corresponding to the given 
quadratic form Q is,

       A = 

















−
−

310

130

001

 The characteristic equation is |A – λI| = 0.

  

0

100

010

001

310

130

001

=















λ−

















−
−

 ⇒ 

λ−−
−λ−

λ−

310

130

001

 = 0
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 Applying C
2
 → C

2
 + C

3

 ⇒  

λ−λ−
−λ−

λ−

320

120

001

 = 0

 ⇒ (1 – λ) (2 – λ) 

λ−
−

310

110

001

 = 0

 Applying R
3
 → R

3
 – R

2

 ⇒  (1 – λ) (2 – λ) 

λ−
−

400

110

001

 = 0

 Applying C
3
 → C

3
 + C

2 

 ⇒ (1 – λ) (2 – λ) 0

400

010

001

=
λ−

 ⇒ (1 – λ) (2 – λ) (4 – λ) = 0

 ∴  λ = 1, 2 and 4 are the eigen values of A.

 The eigen vectors corresponding to different eigen values are obtained by solving (A – lI)X = 0.

 Where,

  X = 

x

x

x

1

2

3

R

T

SSSSSSSSS

V

X

WWWWWWWWW

Case (i)

 When l = 1

 ⇒  (A – I)X = 0

 ⇒ 
















−
−
210

120

000

















3

2

1

x

x

x

 = 
















0

0

0

 Applying R
3
 → 2R

3
 + R

2

  















−
300

120

000

 
















3

2

1

x

x

x

 = 
















0

0

0

 ⇒ 2x
2
 – x

3
 = 0 and 3x

3
 = 0

 ⇒ x
2
 = 0 and x

3
 = 0

 Let, x
1
 = k

1
, arbitrary. Then, the eigen vectors corresponding to λ = 1 are,

              X
1
 = 

















3

2

1

x

x

x

= 
















0

0

1k

 = c
1

















0

0

1

  

      ∴   X
1
  = 

















0

0

1
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Case (ii)

 When λ = 2

 ⇒ (A – 2I)X = 0

 ⇒    
















−
−

−

110

110

001

















3

2

1

x

x

x

 = 
















0

0

0

  

 Applying R
3
 → R

3
 + R

2

 
⇒      
















−

−

000

110

001

















3

2

1

x

x

x

= 
















0

0

0

  

 ⇒      – x
1
 = 0 and x

2
 – x

3
 = 0

 ⇒       x
1
 = 0 and x

2
 = x

3
 

 Let, x
2
 = k

2
 be arbitrary so that x

3
 = k

2

    Hence, all the eigen vectors corresponding to λ = 2 are,

       X
2
 = 

















3

2

1

x

x

x

= 
















2

2

0

k

k  = k
2

















1

1

0

 

 
  ∴      X

2
 = 

















1

1

0

Case (iii)

 When λ = 4

 ⇒ (A – 4I) X = 0

 ⇒  
















−−
−−

−

110

110

003

















3

2

1

x

x

x

= 
















0

0

0

  233

11
3

1

RRR

RR

−→

−→

 ⇒  















−−

000

110

001

















3

2

1

x

x

x

= 

















0

0

0

 ⇒ x
1
 = 0 and – x

2
– x

3
 = 0

 ⇒ x
1
 = 0 and  x

2
 = – x

3

 
Let x

3
 = k

3
 be arbitrary. Then, x

2
 = – k

3

   Hence, all the eigen vectors corresponding to λ = 4 are,

        X
3
 = 

















3

2

1

x

x

x

 = 















−

3

3

0

k

k  = k
3
 
















−

1

1

0

  ∴        X
3
 = 
















−

1

1

0
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  Thus, X
1
 = 

















0

0

1

, X
2 
 =

















1

1

0

 and X
3 
= 
















−

1

1

0

 are eigen vectors 

corresponding to distinct eigen values (λ = 1, 2 and 4) of the 

symmetric matrix A.

 Hence X
1
, X

2
 and X

3
 are pair wise orthogonal.  

 The inner products,

     
TX1 X

2
 = 

TX 2 X
3
 = 

TX 3 X
1
 = 0

 Normalizing the eigen vectors,

      e
1
 = 

1

1

X

X
 = 

















0

0

1

 

              e
2
 =  

2

2

X

X
 = 

























2

1
2

1
0

      e
3
 = 

3

3

X

X
 = 

























−

2

1
2

1
0

 Hence, N = [e
1
   e

2
   e

3
] is the normalised matrix,

 ⇒     N  = 
–

1

0

0

0

2

1

2

1

0

2

1

2

1

R

T

SSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWW

 The diagonal matrix is,

       D = NTAN 

 = 

1

0

0

0

2

1

2

1

0

2

1

2

1
–

R

T

SSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWW

1

0

0

0

3

1

0

1

3–

–

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

–

1

0

0

0

2

1

2

1

0

2

1

2

1

R

T

SSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWW

 = 

1

0

0

0

2

2

2

4

0

2

2

2

4
–

R

T

SSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWW

–

1

0

0

0

2

1

2

1

0

2

1

2

1

R

T

SSSSSSSSSSSSSSS

V

X

WWWWWWWWWWWWWWW

 = 

1

0

0

0

2

0

0

0

4

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

  ∴ The canonical form is,

        YTDY = [y
1
   y

2
   y

3
]

y

y

y

1

0

0

0

2

0

0

0

4

1

2

3

R

T

SSSSSSSSSS

R

T

SSSSSSSSS

V

X

WWWWWWWWWW

V

X

WWWWWWWWW

   = y y y2 41
2

2
2

3
2+ +

 No. of positive terms (index) (s) = 3

 rank of quadratic form, (r) = 3

 signature of quadratic form = 2s – r

 The	given	quadratic	form	is	positive	definite.



2.1Unit-2  Differential Equations of First Order

SIA PUblishers AND DistribUtors PVt. ltD.

Part-a
Short QueStionS with SolutionS 

Q1. What is exact differential equation?

Answer :

Exact Differential Equation

 An equation of the form Mdx + Ndy = 0 (where M and N are functions of x and y) is said to be Exact differential equation. 

 i.e., 
x

N

y

M

∂
∂=

∂
∂  

Example

 (x2 + y)dx + (y2 + x)dy = 0

 The general solution of this form is obtained as,

  
(y constnat) (terms independent of )x

Mdx Ndy c+ =∫ ∫

Q2. Solve (3x2 + 2ey)dx + (2xey + 3y2)dy = 0.

Answer :       (Model Paper-1, Q3 | June-11, Q2)

 Given differential equation is,

  (3x2 + 2ey)dx + (2xey + 3y2)dy = 0 ... (1)

 Equation (1) is of the form  Mdx + Ndy = 0   ... (2)

 Comparing equations (1) and (2),

    M = 3x2 + 2ey and N = 2xey + 3y2

        
y

M

∂
∂

 = 
y∂

∂
[3x2 + 2ey]

 ⇒   
y

M

∂
∂

 = 
y∂

∂
[3x2] + 

y∂
∂

[2ey] 

 ⇒    
y

M

∂
∂

 = 0 + 2 y∂
∂

(ey)

 \    
y

M

∂
∂

 = 2ey ... (3)

          
x

N

∂
∂

 = 
x∂

∂
[2xey + 3y2]

 ⇒ 
x

N

∂
∂  = 

x∂
∂

[2xey] + 
x∂

∂
[3y2]

Differential equations 

of first orDer

unit

2



MatheMatics-ii2.2

SIA PUblishers AND DistribUtors PVt. ltD.

 ⇒ 
x

N

∂
∂

 = 2ey
x∂

∂
(x) + 0

 ⇒ 
x

N

∂
∂

 = 2ey(1)

 \   
x

N

∂
∂  = 2ey ... (4)

 From equations (3) and (4), 

        
y

M

∂
∂

 = 
x

N

2

2

    \ Equation (1) is an exact differential equation.
     \ The general solution is,

  Mdx Ndy
( ) ( )tancons t terms independent ofy x

+# #  = c    ... (5)

 Substituting the corresponding values in equation (5),

 ⇒ ∫ + dxex y )23( 2
 + ∫ dyy23  = c

 ⇒ ∫ dxx23  + ∫ dxe y2  + ∫ dyy23  = c

 ⇒ 3 yedxx 2.2 +∫ ∫ dx  + 3  = c

 ⇒ 









3

3
3x

 + 2ey(x) + 3 









3

3y
 = c

 ⇒ x3 + 2xey + y3 = c

	 \ The general solution is x3 +  y3 + 2xey = c

Q3. Find the solution of the differential equation, 

 (y – x + 1)dy – (y + x + 2)dx = 0

Answer :     Jan.-12, Q2

 Given differential equation is,

     (y – x + 1)dy – (y + x + 2)dx = 0

 ⇒ –(y + x + 2)dx + (y – x + 1)dy = 0  ... (1)

 Equation (1) is of the form  Mdx + Ndy = 0.  ... 
(2)

 Comparing equations (1) and (2) 

     M = – (y + x + 2) and N = (y – x + 1) 

         
M

y

∂
∂

 = [ ]( 2)y x
y

∂ − + +
∂

 ⇒    
M

y

∂
∂

 = 







∂
∂+

∂
∂+

∂
∂− )2()()(

y
x

y
y

y

 ⇒    
y

M

∂
∂

 = – [1 + 0 + 0]

 \     
y

M

∂
∂

 = – 1   ... (3)

  
x

N

∂
∂

 = ( 1)y x
x

∂ − +
∂

 ⇒ 
x

N

∂
∂

 = )1()()(
x

x
x

y
x ∂

∂+
∂
∂−

∂
∂

 ⇒   N

x

∂
∂

 = 0 – 1 + 0 

 ⇒    
x

N

∂
∂

 = – 1  ... (4)

 From equations (3) and (4), 

        
y

M

∂
∂

 = 
N

x

∂
∂

   \ Equation (1) is an exact differential equation.

   \ The general solution of equation (1) is given as,

 Mdx Ndy
( ) ( )tancons t terms independent ofy x

+# #  = c    ... (5)

 Substituting the corresponding values in equation (5),

 ⇒ cdyydxxy∫ ∫ =++++− )1()2(

 ⇒   ydx xdx dx ydy dy2– + + + +< <F F# ## ##

 ⇒ cy
y

x
x

xy =







++








++−

2
)(2

2
)(

22
y

y2

2

+< F  = c

 ⇒ 






 ++






 ++−
2

2

2

42 22 yyxxxy
 

y y
2

22 +
 = c

 ⇒ 
( )xy x x y y

2
2 4 2– 2 2+ + + +

 = c

 ⇒ –2xy – x2 – 4x + y2 + 2y = 2c
 ⇒ y2 – x2 – 2xy + 2y – 4x = 2c 

  \ The required solution is, y2 – x2 – 2xy + 2y – 4x = 2c 

Q4. Solve 0
xycosxxsin
yysinxcosy

dx
dy =

++
+++ . 

Answer : (June-13, Q2 | May/June-12, Q1)

 Given differential equation is,

  
dx

dy  + 0
cossin

sincos =
++
++

xyxx

yyxy

 ⇒ 
dx

dy
 = ( cos sin )

(sin cos )
y x y y

x x y x

− + +
+ +

⇒ (sin x + x cos y + x)dy = –(y cos x + sin y + y)dx
⇒  (sin x + x cos y + x) dy + (y cos x + sin y + y)dx = 0
⇒ (y cos x + sin y + y)dx + (sin x + x cos y + x) dy = 0  ... (1)
 Equation (1) of the form is, Mdx + Ndy = 0 ... (2)
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 Comparing equations (1) and (2),
     M = y cos x + sin y + y   and   N = sin x + x cos y + x

  
M

y

∂
∂

 = 
y2

2
(y cosx + siny + y)

 ⇒ 
M

y

∂
∂

 = cosx + cosy + 1  ... (3)

   
N

x

∂
∂

 = 
x2

2
(sinx + x cosy + x)

 ⇒  
N

x

∂
∂

 = cosx + cosy + 1  ... (4)

 From equations (3) and (4),

   
M

y

∂
∂

= 
N

x

∂
∂

 

 Equation (1) is an exact differential equation,
 The general solution is given as,

   Mdx Ndy
( ) ( )tancons t terms independent ofy x

+# #  = c      ... (5)

 Substituting the corresponding values in equation (5),

  
( cos sin ) 0y x y y dx dy c+ + + =∫ ∫

 ⇒ y(sinx) + x siny + xy = c
  \ x sin y + y sin x + xy = c is the required general solution.

Q5.	 Define	an	integrating	factor.	
Answer : 
 A function F(x, y) which can make a non-exact 
differential equation of the type M(x, y) dx + N (x, y) dy = 0 
exact, is called the integrating factor of the differential equation.

Q6. I.F of xy (1 + xy2)
dx
dy  = 1 is,

Answer :     (Model Paper-2, Q3 | May/June-12, Q2)

 Given differential equation is,

  xy(1 + xy2)
dx

dy
 = 1

  (1 + xy2) dy = 
xy

1
dx

  
xy

1
dx – (1 + xy2) dy = 0  ... (1)

 Equation (1) is of the form, 
  Mdx + Ndy = 0 ... (2)
 Comparing equations (1) and (2),

     M  = 
xy

1
 and N  = – (1 + xy2)

 ⇒    
y

M

∂
∂

 = 2

1

xy

−
, 

x

N

∂
∂

 = –y2

 Since, 
x

N

y

M

∂
∂≠

∂
∂

 the integrating factor is given by,

   I.F = 
NyMx +

1
  ... (3)

 Substituting the corresponding values in equation (3),

     I.F = 
( )xy x xy y1 1

1

– 2+d n

  = 
31

1

xyy
y

−−
 = 

)1(1 22 xyy

y

+−

							\    I.F =  
)1(1 22 xyy

y

+−
 

Q7.	 Find	an	integrating	factor	of (x2y – 2xy2) dx – (x3 

– 3x2y) dy = 0.
Answer :     (Model Paper-3, Q3 | Dec.-13, Q1)

 Given differential equation is,
 2 2 3 2( 2 ) ( 3 )x y xy dx x x y dy− − − = 0   ... (1)
 Equation (1) is homogeneous and is in the form of Mdx 
+ Ndy = 0                ... (2)
 Comparing equations (1) and (2),
    M = x2y – 2xy2, N = –x3 + 3x2 y
    Integrating factor, is expressed as, 

     I.F = 
1

Mx Ny+   ... (3)

 Substituting the corresponding values in equation (3),

                    = 
( ) ( )x x y xy x x y y2 3

1
– –2 2 3 2+ +

                    = 3 2 2 3 2 2

1

2 3x y x y x y x y− − +
 = 2 2

1

x y

 \ I.F = 2 2

1

x y
 

Q8.	 Define	linear	differential	equation.
Answer :

Linear Differential Equation

 A differential equation of the form QPy
dx

dy =+  (Where 

P, Q are functions of x or constant) is said to be linear if the 
dependent variable and its derivatives are of first degree.
Example

  
xxy

dx

dy
sintan2 =+

 The general solution of linear differential equation is 
obtained as,

  y × (I.F) = ( . )I FQ d c# +#
 Where,

  Integrating factor (I.F) = ∫ dxP
e

.
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Q9. Solve 
− 

 −
  

2 xe y dx
= 1

dyx x
Answer :     (Model Paper-3, Q4 | Dec.-13, Q2)

 Given differential equation is,

  
2 xe y dx

dyx x

− 
 −
  

 = 1 ... (1)

 Equation (1) can be written as  
dy

dx  = 
2 xe y

x x

−
−

 ⇒ 
dy y

dx x
+  = 

2 xe

x

−

 ... (2)

 Equation (2) is a linear differential equation of the form,

  
dy

py
dx

++ Py = Q  ... (3)

 Comparing equations (2) and (3),

     P = 
1

x
    Q  = 

2 xe

x

−

 Integrating factor (I.F) = 
Pdx

e∫  = 
1

xe
 
  ∫

dx  

      \  I.F = 2 xe

    \ The general solution is,

     y(I.F) = ( ( . ))Q I F dx C× +∫ c    ... (4)

 Substituting the corresponding values in equation (3),

           y. 2 xe   = 
2

2.
x

xe
e

x

−

∫  dx + c

           y. 2 xe   = 
2 2

.
x xe

dx C
x

− +
+∫ c

    = 
0e

dx C
x

+∫ c

    = 
1

2dx C x
x

+ =∫ c = x2

 \  y. 2 xe   = 2 x  is the required general solution.

Q10.	 Define	Bernoulli’s	equation.

Answer :  Model Paper-1, Q4

 If P and Q are the functions of a variable ‘x’, then the 
Bernoulli’s equation is defined as,

    
nQyPy

dx

dy =+

 Where, n is real constant.

Q11.	 Define	Riccati’s	equation.
Answer :

 A first order differential equation of the form y' = P(x)
y2 + Q(x)y + R(x) is called Riccati’s equation.

Q12.	 Define	Clairaut’s	equation.
Answer :

 An equation of the form y = px + f(p) is called clairaut’s 
equation.

Q13.	 What	is	an	orthogonal	trajectory?
Answer :

 A curve intersecting every member of the family of 
curves at right angle is referred to as orthogonal trajectory and 
is depicted in figure below.

AA

x
0

y

Figure

 Here, curve ‘A’ represents an orthogonal trajectory.

Q14.	 Find	the	orthogonal	trajectories	of	the	family	
of curves x2 + y2 = a2.

Answer :  Model Paper-2, Q4

 Given equation of family of curves, 
  x2 + y2 = a2   ... (1)
 Differentiating (1) with respect to ‘x’,  

  
dx

dy
yx 22 +  = 0

   
dx

dy
y2  = –2x

    
dx

dy
 = 

y

x−

 The equation of orthogonal trajectories is obtained by 

replacing 
dx

dy  by 
dy

dx−
 and then integrating, 

         dy

dx−  = 
y

x−
   ⇒	 x

dx =	 y
dy

 Integrating on both sides,

          ∫ dx
x

1
 = ∫ dy

y

1

 ⇒         log x = log y + log c 
 ⇒      log x – log y = log c

 ⇒       





y

x
log  = log c

          \ 
y

x
 = c
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Part-b
eSSaY QueStionS with SolutionS 

2.1  eXaCt Differential equations

Q15.	 What	is	exact	differential	equation?	Mention	the	steps	involved	in	determining	an	exact	differential	equation.

Answer :  
Exact Differential Equation

 An equation of the form Mdx + Ndy = 0 (where M and N are functions of x and y) is said to be Exact differential equation. 

 i.e., 
x

N

y

M

∂
∂=

∂
∂  

Example

 (x2 + y)dx + (y2 + x)dy = 0

 The general solution of this form is obtained as,

  Mdx Ndy
( ) ( )tancons t terms independent ofy x

+# #  = c   

Procedure

 The sequence of steps involved in determining an exact differential equation are:
Step 1
 First step is to write the given equation in the form Mdx + Ndy = 0.
Step 2
 In this step, the differential equation is tested for exactness.

  i.e., 
x

N

y

M

∂
∂=

∂
∂

Step 3

 The final step is to determine the general solution using the formula,

  ∫∫ +
)oftindependenterms()constant( xy

NdyMdx  = c

Q16. Solve (x + y – 2)dx + (x – y + 4)dy = 0.
Answer : 
 Given differential equation is,

  (x + y – 2)dx + (x – y + 4)dy = 0   ... (1)

 Equation (1) is of the form, Mdx + Ndy = 0 ... (2)

 Comparing equations (1) and (2),

      M = x + y – 2       ... (3)

      N = x – y + 4 ... (4)

 Partially differentiating equation (3), with respect to ‘y’, 

   1=
∂

∂
y

M      ... (5)

 Partially differentiating equation (4), with respect to x, 

   1=
∂
∂

x

N     .... (6)
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 From equation (5) and (6),

   x

N

y

M

∂
∂=

∂
∂

 Thus, the given differential equation is exact.

 The general solution of an exact differential equation is 
given as,

 Mdx Ndy
( ) ( )tancons t terms independent ofy x

+# #  = c 

  ( ) ( )x y dx y dy2 4– –+ + +# #  = c

 ⇒ cy
y

xxy
x =










+−+










−+ 4

2
2

2

22

 ⇒ cyxxy
yx =+−+− 42
22

22

 ⇒ x2 – y2 + 2xy – 4x + 8y = 2c

 \ x2 – y2 + 2xy – 4x + 8y = 2c

Q17.	 Solve	the	initial	value	problem	3x2y4dx + 4x3y3dy 
= 0, y(1) = 2. 

Answer :     (Model Paper-1, Q12(a) | Jan.-12, Q11(a))

 Given differential equation is,
   3x2y4 dx + 4x3y3 dy  = 0 ... (1)
                    y(1) = 2
 Equation (1) is of the form, 
  Mdx + Ndy = 0  ... (2)

 Comparing eqations (1) and (2),

     M = 3x2y4 , N = 4x3 y3

  ⇒   
M

y

∂
∂

 = 12x2y3  ... (3)

 ⇒      N

x

∂
∂

= 12x2y3  ... (4)

 From equations (3) and (4),

 \     
M

y

∂
∂  =

N

x

∂
∂

 Hence, equation (1) is an exact differential equation

   \ The general solution is, ( ) 0Mdx Ndy+ =∫ ∫c
 ⇒ 2 4 3 33 4 0x y dx x y dy+ =∫ ∫ ∫ = c

 ⇒ 4 2 3 33 4 0y x dx x y dy+ =∫ ∫ ∫ = c

 ⇒ 
3 4

4 33 4
3 4

x y
y x c

   
+ =      

 ⇒ x3y4 + x3y4 = c

 ⇒ 2x3y4 = c ... (2)

 Applying initial value condition i.e., y(1) = 2  ⇒  y(x0)  = y0

  i.e.,  x0 = 1 and y0 = 2

 \ y = 2 when x = 1
 Substituting the corresponding values in equation (5), 

     2(1)3(2)4 = c 

 \ 32 = c

 Substituting the value of c in equation (5), 

          2x3y4 = 32 Þ x3y4 = 16

 \      x3y4 = 16

2.2  inteGratinG faCtors

Q18.	 Define	 integrating	 factor.	Write	 the	 rules	 for	
finding	integrating	factor	for	Mdx	+	Ndy	=	0.

Answer :

Integrating Factor

 For answer refer Unit-2, Q5.

Rules for Finding Integrating Factors of the equation Mdx 
+ Ndy = 0

1. Integrating Factor Found by Inspection

 In many cases, the integrating factor can be determined 
by regrouping of terms and recognizing each group as a part of 
an exact differential equation. The important useful differentials 
are,

 (i)     xdy + ydx = d(xy)

 (ii)  2

xdy ydx

x

−
 = 

y
d

x
 
  

    (iii)  
xdy ydx

xy

−
 = log

y
d

x

  
    

    (iv)   2

xdy ydx

y

−
 = 

x
d

y

 
−  

 

            (v)  2 2

xdy ydx

x y

−
+

= 1tan
y

d
x

− 
  

        (vi) 2 2

xdy ydx

x y

−
−

 = 
1

log
2

x y
d

x y

 +
 − 

2. Integrating Factor of a Homogeneous Equation

 If M(x, y) dx + N(x, y) dy = 0 represents a homogeneous 
equation and Mx + Ny 0, then the integrating factor of Mdx + 

Ndy = 0 is, 
1

Mx Ny−
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3. Integrating Factor for an Equation of the Type f1(xy) 
y dx + f2(xy) x dy = 0

 If differential equation Mdx + Ndy = 0 is of the form 
yf1(xy) dx + xf2(xy) dy = 0 and Mx – Ny  0, then integrating 

factor  is given as,  
1

Mx Ny+
4. Integrating Factor of Mdx + Ndy = 0
Case (i)

 For a continuous single variable function  f(x) such that 
M N

y x

∂ ∂−
∂ ∂

 = Nf (x), the integrating factor of Mdx + Ndy = 0, 

is given as 
( )f x dx

e∫

Case (ii)

 For a continuous and differentiable single variable func-

tion of g (y) such that 
N M

x y

∂ ∂−
∂ ∂  = Mg(y), the integrating factor 

is, ∫ dyyg
e

)(

5. Integrating Factor of xayb(mydx + nxdy) + x ya b' '
       

(m' ydx + n' xdy) = 0

 For the equation xa yb (mydx + nxdy) + x y' 'a b (m' ydx + 
n' xdy) = 0 an integrating factor is given as xh yk

 Where,

  
1 1 ' 1 ' 1

,
' '

a h b k a h b k

m n m n

+ + + + + + + += =

Q19. Solve y(2xy + ex) dx = exdy.

Answer :

 Given equation is,

  y(2xy + ex) dx = exdy
 ⇒ 2xy2dx + yexdx = exdy
 ⇒ (yexdx – exdy) + 2xy2 dx = 0 ... (1)

 Dividing equation (1) with y2, 

 ⇒   
2

2

( ) 2x xye dx e dy xy dx

y

− +  = 0

 ⇒       2

( )
2

x xye dx e dy
x dx

y

− +  = 0

  ⇒    d
xe

y

 
  

 + 2x dx = 0      ... (2)

     










 −=









2y

dyedxye

y

e
d

xxx

   

 Integrating equation (2), 

  
2 0

xe
d xdx

y

 
+ =   

∫ ∫

 ⇒  
2

2
2

xe x

y

 
+  

  
 = c

\ The required solution is, 2
xe

x c
y

+ =

Q20. Solve (x3 + y3 + 1)dx + xy2dy = 0. 
Answer :     June-10, Q2

 Given equation is,
  (x3 + y3 + 1) dx + xy2 dy = 0    ... (1)
 Equation (1) is of the form M dx + N dy = 0
 Comparing equations (1) and (2),
  M = x2 + y3 + 1, N = xy2

 ⇒ 
y

M

2

2
 = 3y2,  

x

N

2

2
 = y2

   x

N

y

M

∂
∂≠

∂
∂

 Equation (1) is not exact.
 Consider,

  





∂
∂−

∂
∂

x

N

y

M

N

1
 = )3(

1 22
2

yy
xy

−

     = )2(
1 2

2
y

xy
 = 

x

2

 Integrating factor,

               I.F = ∫ 





∂
∂−

∂
∂

dx
x

N

y

M

Ne

1

    = 
∫ dx

xe
2

 = e2logx

   = 
2logxe = x2

 \          I.F = x2

 Multiply equation (1) by I.F to make it exact.
 (x5 + x2 y3 + x2) dx + x3 y2dy = 0
   \ It is exact differential equation of the form, Mdx + Ndy = 0
   \  The general solution is,

  ∫∫ +
)oftindependenterms()constant( xy

NdyMdx  = c

  ⇒  5 2 3 2[ ]x x y x dx c+ + =∫
  ⇒  5 3 2 2x dx y x dx x dx c+ + =∫ ∫ ∫
  ⇒  

6 3 3
3

6 3 3

x x x
y c+ + =

   \ The required solution is, 
6 3 3 32 2

6

x x y x
c

+ + =
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Q21. Solve (3x2y3ey + y3 + y2)dx + (x3y3ey – xy)dy = 0.
Answer : (Model Paper-2, Q12(a) | June-13, Q11(a) | June-10, Q11(a))

 Given equation is, 

 0)()3( 332332 =−+++ dyxyeyxdxyyeyx yy
     ... (1)

 Equation (1) is of the form, 
   M dx + N dy = 0  ... (2)
 Comparing equations (1) and (2),
                     M  =  3x2 y3 ey + y3 + y2 and N = x3 y3 ey – xy

      
y

M

∂
∂

 = yyyxyxe y 23)93( 22232 +++

       
x

N

∂
∂

 = yeyx y −323

       
x

N

y

M

∂
∂≠

∂
∂

 

   \ Equation (1) is not exact.

               
x

N

y

M

∂
∂−

∂
∂

 = yeyxyyeyxeyx yyy +−+++ 3222232 32393

      ⇒     
x

N

y

M

∂
∂−

∂
∂

 = yyeyx y 339 222 ++

    ⇒       
x

N

y

M

∂
∂−

∂
∂  = )3(3 222 yyeyx y ++

      ⇒     
y

M

x

N

∂
∂−

∂
∂

 = )3(3 222 yyeyx y ++−

 





∂

∂−
∂
∂

y

M

x

N

M

1
 = 2332

222

3

)3(3

yyeyx

yyeyx
y

y

++
++−

     = 
)3(

)3(3
222

222

yyeyxy

yyeyx
y

y

++
++−

 = y
3–

  ⇒    





∂

∂−
∂
∂

y

M

x

N

M

1
 = 

y

3−

  \ Integrating factor, I.F = dy 
y
M

x
N

M
1

e
∫ 





∂
∂−

∂
∂

 

      = 
 dy

y
3

e
∫ −

      = e–3log y = elogy–3
 = y–3 

       \    I.F = 3y

1

 Multiplying equation (1) by I.F, exact differential 
equation is obtained as, 

  dy
y

xy

y

eyx
dx

y

y

y

y

y

eyx yy












−+












++

33

33

3

2

3

3

3

323  = 0

 ⇒ 2 3
2

1
3 1 0y y x

x e dx x e dy
y x

   + + + − =     

 The above equation is an exact differential equation of 
the form, Mdx + Ndy = 0

   M = 3x22 1
3 1yx e

y
+ + , N = 

3
2

y x
x e

y
−

\ The general solution is, 

 ⇒ ∫∫ +
)oftindependenterms()constant( xy

NdyMdx  = c  ... (3)

 Substituting the corresponding values in equation (3),

 ⇒      ∫ 







++ dx

y
xe y 1

1.3 2  = c

 ⇒      
y

x
x

x
e y ++

3
3

3

 = c

   \ The required general solution is,

   y

x
xex y ++3

 = c

Q22. Solve y(xy + 2x2y3) dx + x(xy – x2y2)dy = 0.

Answer :

 Given equation is,

  2 3 2 2( 2 ) ( )y xy x y dx x xy x y dy+ + −  = 0 ... (1)

  2 2( ) (2 )xy ydx xdy x y ydx xdy+ + − = 0 ... (2)

 Equation (2) is of the form,

  ( ) ( ' ' )x x mydx nxdy x y m ydx n xdy 0' 'a b a b+ + + =     ... (3)

 Comparing equations (2) and (3), 

 a = b = 1, m = n = 1, a' = b' = 2, m' = 2, n' = –1

 The integrating factor is given as, 

   xh.yk  ... (4)

 Where,

  

 ⇒ 
1 1 1 1 2 1 2 1

,
1 1 2 1
h k h k+ + + + + + + += =

−
 ⇒       h + 2 = k + 2
 ⇒       h – k = 0   
 ⇒      h = k  ... (5)
 and   (h + 3) (–1) = (k + 3)2
   –h – 3 = 2k + 6
 ⇒     –h – 2k – 9  = 0 
  ⇒      h + 2k + 9  = 0 ... (6)
 Substituting equation (5) in equation (6), 
    k + 2k + 9 = 0
 ⇒         3k + 9 = 0
 ⇒     3k = –9
 ⇒     k = – 3
  \    h = k = – 3



2.9Unit-2  Differential Equations of First Order

SIA PUblishers AND DistribUtors PVt. ltD.

 Substituting the corresponding values in equation (4), 

    I.F = x–3y–3

 \   I.F =  ... (7) 

 Multiplying equation (1) by equation (7), 

     
2 2 4 2 3 2

3 3

( 2 ) ( )xy x y dx x y x y dy

x y

+ + −
 = 0

 ⇒ 
2 2 4 2 3 2

3 3 3 3 3 3 3 3

2xy x y x y x y
dx dx dy dy

x y x y x y x y
+ + −  = 0

 ⇒ 2 2

1 2 1 1
0

y
dx dx dy dy

x yx y xy
+ + − =

 ⇒ 2 2

1 2 1 1y
dx dy

x yx y xy

   
+ + −   

   
 = 0 ... (8)

 Equation (8) is an exact differential equation of the form  
Mdx + Ndy = 0

      M  = 2

1 2y

xx y
+     N  = 2

1 1
yxy

−

    \	 The general solution is 

 ∫∫ +
)oftindependenterms()constant( xy

NdyMdx  = c

 Substituting the corresponding values in equation (9), 

 ⇒ 
2

1 2 1y
dx dy c

x yx y

   
+ + − =     ∫ ∫

 ⇒ 
2

1 1 1 1
2dx y dx dy c

y x yx
+ − =∫ ∫ ∫

 ⇒ 21
2 log logx dx y x y c

y
− + − =∫

 ⇒ y
x1

1–
–1

d n
2 11

2 log log
2 1

x
y x y c

y

− + 
+ − = − +  

 ⇒ 1
2 log logy x y c

xy
− + − =

 \ The general solution is, 

  2y log x –log y – xy
1 = c

Q23. Solve (x3 – 2y2)dx + 2xy dy = 0.
Answer : (May/June-17, Q1 | May/June-15, Q11(a))

 Given differential equation is,
   (x3 – 2y2) dx + 2xy dy = 0     ... (1)
 Equation (1) is of the form, 
   Mdx + Ndy = 0  ... (2)
 Comparing equations (1) and (2),
   M = x3 – 2y2    ... (3)

 And N = 2xy     ... (4)

 Partially differentiating equation (3) and (4) with respect 
to ‘y’ and ‘x’ respectively,

 ⇒ – ,y
M y x

N42
2

2
2=  = 2y

 \ 
x

N

y

M

∂
∂≠

∂
∂

 Equation (1) is not exact

 Consider,

   





∂
∂−

∂
∂

x

N

y

M

N

1  =
xy2

1
(– 4y – 2y)  = 

xy2

1
(– 6y)

      = 
x

3−

        Integrating factor (I.F) = 
∫ 





∂
∂−

∂
∂

dx
x

N

y

M

Ne

1

 

       = 
∫ −

dx
xe
3

       = e–3logx

       = 
3log −xe  = x–3

     \  I.F = 3

1

x

 Multiplying equation (1) by I.F on both sides, 

  (x3 – 2y2) 
x
1

3d n  dx + 2xy
x
1

3d n  dy = 0

 ⇒ 0
22

1
23

2

=




+










− dy

x

y
dx

x

y    ... (5)

 Equation (5) is in the form, M1dx + N1dy = 0

      M1 = 1 – 3

22

x

y
 and  N1 = 2

2

x

y

 ⇒ 1
3

4M y

y x

∂ −
=

∂
 and 1

3

4N y

x x

∂ −
=

∂

 ⇒ 1 1M N

y x

∂ ∂
=

∂ ∂

     \ Equation (5) is exact and the general solution is given 
as,

  ∫∫ =+
)inoftindependen(terms

1

)constant(

1

1Nxy

cdyNdxM

 Substituting the corresponding values in above equation,

  ∫ ∫ =+









− cdydx

x

y
0

2
1

3

2

  ⇒ ∫∫ =− cdx
x

y
dx

3

2

21
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  ⇒ x – 2y2 
3 1

3 1

x
c

− + 
= − + 

  ⇒ x – 2y2 c
x =










−

−

2

2

 

  ⇒ c
x

yx =+
2

2

 ⇒ x + y2 = cx2

  \ x + y2 = cx2  is the required solution.

Q24. Solve (x2y – 2xy2)dx + (3x2y – x3)dy = 0. 

Answer : April-16, Q11(b)
 Given differential equation is,

   ( ) ( )x y xy dx x y x dy2 3 0– –2 2 2 3+ =   ... (1)

 Equation (1) is a homogenous exact differential equation 
of the form Mdx + Ndy = 0.

     M = x y xy2–2 2  and N = x y x3 –2 3

 Hence, the integrating factor is given as  

            I.F = Mx Ny
1
+

         = 
( ) ( )x y xy x y x y x2 3

1
– –2 2 2 3+

         = 
x y x y x y x y2 3

1
– –3 2 2 2 2 3+

    \        I.F = 
x y

1
2 2

 Multiply equation (1) with integrating factor,

    ( ) ( )
x y

x y xy dx x y x dy1 2 3– –2 2
2 2 2 3+8 B= 0

   Þ 
x y

x y xy
dx

x y
x y x

dy
2 3– –

2 2

2 2

2 2

2 3

+ = 0

   Þ 
x y
x y

x y
xy

dx
x y
x y

x y
x dy

2 3
– –2 2

2

2 2

2

2 2

2

2 2

3

+f fp p  = 0

   \ y x dx y y
x dy1 2 3– – 2+d dn n = 0  ... (2)

 Equation (2) is in the form of exact differential 

equation M1dx + N1dy = 0
  Where, 

     M1 = y x
1 2–   ,  N1 = y y

x3 – 2

       –y
M

y
1 0–1

22
2 = , –x

N
y

0 11
22

2 =

       = 
y
1–

2 ,      = 
y
1–
2

          \		 y
M

x
N1 1

2
2

2
2=

	 Hence, equation (2) is exact and its solution is given as,

   
∫∫ =+

)oftindependen(terms

1

)constant(

1

xy

cdyNdxM

 Þ y x dx y dy c1 2 3– + =d n ##

 Þ y dx x dx y dy c1 2 3 1– + =###

 Þ y dx x dx y dy c1 1 2 1 3 1– + =# ##

 Þ ( ) ( ) ( )log logy x x y c1 2 3– + =

 \ The general solution is given as,

   log logy
x x y c2 3– + =

2.3  linear Differential equations

Q25.	 Define linear differential equations. Mention 
the	steps	involved	in	determining	the	 l inear	
equations.

Answer : 
Linear Differential Equation

 For answer refer Unit-2, Q8.

Procedure

Step 1

 Write the given equation in the form QPy
dx

dy =+

Step 2

 In this step, the functions P and Q are identified.

Step 3

 Evaluate the integrating factor i.e., IF = ∫ dxP
e

.

Step 4

 Determine the general solution using the formula,

  y × (I.F) = ∫ +× CdxFIQ ).( c

Q26. Solve x.secxtany
dx
dy =+

Answer : 
 Given differential equation is,

  
xxy

dx

dy
sectan =+

 The above equation is of form, )()( xQxyP
dx

dy =+ , 
which is a linear differential equation.
 Where,
           P(x) = tan x, Q(x) = sec x
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 Integrating factor is expressed as,

     I.F = ∫ dxxP
e

)(
= 

∫ xdx
e

tan

   = 
xee seclog

 \    I.F = sec x

 \ The general solution is 

  y(I.F) = ∫ + cdxxQ )((I.F.)

 Substituting the corresponding values in above equation,

      y(sec x) = ∫ + cdxxx sec.sec

      y(sec x) = ∫ + cdxx2sec

      y(sec x) = tan x + c

       y = sec
tan

x
x + 

sec x

c

      \      y = sin x + c cos x

Q27. Solve x
dx
dy + y = x3 y6.

Answer :      May/June-12, Q11(a)

 Given differential equation is,

  x
dx

dy
+ y = x3 y6 ... (1)

 Dividing equation (1) by xy6 on both sides,

  6

1

y dx

dy
 + 5

1

xy
= x2 ... (2)

 Let, 5

1

y
 = v

 Differentiating on both sides with respect to x, 

   6

5

y

−
dx

dy
= 

dx

dv

   dx

dy

y6

1
= 

5

1−
dx

dv
 ... (3)

 Substituting equation (3) and ‘v’ in equation (2), 

  

  

 The above equation is in the form of 
dx

dy
+ P(x)y = Q(x)

  Where, P(x) = 
x

5−
, Q(x) = –5x2

 Integrating factor I.F = ∫ dxxP
e

)(

      = ∫ −
dx

xe
5

= 
∫− dx

xe
1

5

      = xe log5−  

            = 
5log −xe

      = 5

1

x

 The solution of the given differential equation is, 

    v × I.F = ∫ × dxxQ )(F).(I

 Substituting the corresponding values in above equation,

     5

1

y
× 5

1

x
 = 2

5

1
5x dx

x

 × −  ∫

  ∫−= dx
xxy 355

1
5

1

  
5 5 2

1 1
5

2
c

y x x

−
= − × +

  
y x

1
5 5  = 

x2
5

2  + c

 \ The general solution is given as,

  
y x

1
5 5  = 

x2
5

2  + c

Q28. Solve –y = y2 (sin x + cos x).
(June-14, Q11(b) | June-13, Q11(b) | Jan.-12, Q11(b))

OR

 Solve  the  differential  equation, 

 cosx).(sinxyy
dx
dy 2 +=−  

Answer :  Model Paper-3, Q12(a)

 Given differential equation is,

  y
dx

dy −  = y2(sin x + cos x)

 Dividing with y2 on both sides,

  
ydx

dy

y

11
2

−  = sin x + cos x   ... (1)

  




 −+
ydx

dy

y

1
)1(

1
2  = sin x + cos x

 Let, v
y

=−1

 Differentiating on both sides w.r.t. ‘x’,

   
dx

dy

y2

1
 = 

dx

dv
 ... (2)
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 Substituting equation (2) in equation (1), 

    v
dx

dv
)1(+   = sin x + cos x

      The above equation is in the form of,  yxP
dx

dy
)(+  = Q(x)

 Where,

  P(x) = 1, Q(x) = sin x + cos x

 Integrating factor = ∫ dxxP
e

)(

     = ∫ dx
e

.1
= ex 

 The solution of differential equation is, 

  v(I.F) = ∫ + cdxxQFI )().(

 Substituting the corresponding values in above equation,

        v.ex  = ∫ + dxxxex )cos(sin

          
y

e
1– x

J

L

KKKK
N

P

OOOO  = sin cosx xe xdx e xdx+∫ ∫      

    = 2 2 2 2
(sin cos ) (cos sin )

1 1 1 1

x xe e
x x x x c− + + +

+ +
     2 2

sin ( sin cos )
ax

ax e
e bxdx a bx b bx

a b


= −

+
∫ ,    

                      2 2
cos ( cos sin )

ax
ax e

e bxdx a bx b bx
a b


= + 

+ 
∫

  Þ        
xe

y
−  = 

e

2

x

(sin x – cos x) + 
e

2

x

(cos x + sin x) + c

  Þ    
y

e2
–

x

 = ex(sin x – cos x) + ex(cos x + sin x) + 2c

  Þ       –
y

2
 = sin x – cos x + sin x + cos x + 2ce–x

            y = 

    = 
sin x ce2 2

2–
x–+

\ The general solution is  y = 
sin x ce

1–
x–+

 

Q29. Solve the differential equation, −dy
cot 3x 3y = cos 3x + sin 3x.

dx
Answer :     Dec.-12, Q11(a)

 Given differential equation is,

  cot 3x y
dx

dy
3−  = cos 3x + sin 3x

 Dividing both the sides by cot 3x, 

   y
xdx

dy





 −+

3cot

3
 = 

x

xx

3cot

3sin3cos +
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  ⇒  yx
dx

dy
)3tan3(−+  = 

x

x

x

x

3cot

3sin

3cot

3cos +    

       = 







+







x
x

x

x
x

x

3sin
3cos
3sin

3sin
3cos
3cos

       = 
x

x
x

3cos

3sin
3sin

2

+   

          = sin 3x + sin 3x tan 3x 

    ⇒   yx
dx

dy
)3tan3(−+  = sin 3x(1 + tan 3x) ... (1)

 Equation (1) represents a linear differential equation of the form,

  
dy

Py Q
dx

+ =
  ... (2)

 Comparing equations (1) and (2),
  P = – 3 tan 3x,  Q = sin 3x(1 + tan 3x)

 Integrating factor (I.F) is = Pdxe ∫

       = dxxe )3tan3(−∫  = xdxe 3tan3)1( ∫−

       = xee 3seclog)1(−  =
1–)3(seclog xee  

       = (sec 3x)–1  = cos 3x       

         \   I.F = cos 3x
 \  The general solution of the given differential equation is obtained as,
      y(I.F) = ∫(I.F × Q) dx + c
 Substitution the corresponding values in above equation,

        ⇒    y cos 3x  = ∫[cos 3x × sin 3x (1 + tan 3x)] dx + c

           = ∫[cos 3x × (sin 3x + sin 3x tan 3x)] dx + c

          = ∫[sin 3x cos 3x + sin 3x cos 3x tan 3x] dx + c

         = ∫sin 3x cos 3x dx + ∫sin 3x cos 3x × cos
sin

x
x dx3

3 +c  

        = ∫ ∫ ++ cxdxdx
x

3sin
2

)3(2sin 2     (   sin 2θ = 2 sin θ cos θ)

        = ∫ ∫ +




 −+ cdx

x
xdx

2

)3(2cos1
6sin

2

1
  

2 1 cos 2
sin

2

− θ θ =  


        = ∫ +−+






cdxx
x

)6cos1(
2

1

6

6cos–

2

1

        = 
cos 6 1 sin 6

12 2 6

x x
x c

−  + − +  

        = c
xxx +−+−

12

6sin

212

6cos

        = ( )sin cosx x x c12
1 6 6 6– – +

\ The general solution is, y cos3x = ( )sin cosx x x c12
1 6 6 6– – +
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Q30. Solve − −x y x ydy
= e (e e )

dx
.

Answer :       Dec.-13, Q11(a)

 Given differential equation is,

    
dy

dx
 = ( )x y x ye e e− −  ... (1)

 ⇒             
dy

dx
 = . ( )x y x ye e e e− −

 ⇒         
dy

dx
.ey = ( )x x ye e e−

 ⇒          
dy

dx
ey = 2 ( . )x x ye e e−

 ⇒ ey 2.x y xdy
e e e

dx
−+ == e2x ... (2)

 Let,
    ey = u
 Differentiating on both sides with respect to ‘x’,

 ⇒  ey
dy

dx
 = 

du

dx

 Substituting the value of ey and ey
dy

dx
 in equation (2), 

  
du

dx
 + ex. u = e2x

 The above equation is a linear differential equation of 

the form, 
dy

dx
 + Py = Q

     P = ex , Q = e2x

 Integrating factor is, 
xPdx e dx exe e e= =∫ ∫  = eex

   \ The general solution is,     

  u.(I.F) = ∫ + cdxIFQ ).(

 Substituting the corresponding values in the above 
equation,

 ⇒      
xy ee e = .( )Q IF dx c+∫

 ⇒      
xy ee e = 2 .

xx ee e dx c+∫
 Let,
     ex= t
 Differentiating on both sides with respect to ‘x’,

 ⇒        ex dx = dt

 ⇒ eyet = tt e dt c+∫  = ( ) 1t tt e e c − + 
 ⇒    ey.et = et[t –1] + c

 ⇒     .
xy ee e = [ 1]

xe xe e c− +

 ⇒ . ( 1)
x xy e e xe e e e c− − =

 ⇒ [ ( 1)]
xe y xe e e c− − =

 \ ( 1)
xe y xe e e c− + =  is the general solution.

2.4  Bernoulli’s, riCCati’s anD Clairaut’s 

Differential equations

Q31.	 Define	Bernoulli’s	 equation.	Write	 the	 steps	
involved	in	solving	a	Bernoulli’s	equation.

Answer : 

 For answer refer Unit-2, Q10.
 The steps involved in solving a Bernoulli’s equation are:
(i) Initially, the given differential equation should be 

converted into the standard form of Bernoullis equation.

  i.e., nQyPy
dx

dy =+

(ii) Divide the entire equation by yn to obtain an equation 

of the form, .1 QPy
dx

dy
y nn =+ −−

(iii) Replace y1–n by t and solve to obtain a linear equation 

in ‘t’.
(iv) Finally, replace t by y1–n in the solution obtained in step 

(iii) to achieve the desired solution.

Q32. Solve 1.xy)y(x
dx
dy 32 =+

Answer :   Model Paper-1, Q12(b)

 Given differential equation is,

  1)( 32 =+ xyyx
dx

dy
 

 Þ  dy(x2y3 + xy) = dx 

 ⇒ 
dy

dx
 = x2y3 + xy 

 Þ  dy
dx xy x y– 2 3=  ... (1)

 Dividing equation (1) by x2, 

  y
xdy

dx

x
.

11
2

−  = y3   ... (2)

 Let ,
x

1
 = z    ... (3) 

 Differentiating on both sides with respect to y,

   
dy

dz
 = 

dy

dx

x2
−1

   ... (4)

 ⇒  
dy

dx
 = x

dy

dz
– 2  

 Substituting equations (3) and (4) in equation (2), 

       zy
dy

dz −−  = y3

 ⇒ zy
dy

dz + = –y3 ... (5)
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 Equation (5) is a linear differential equation in ‘z’  i.e., dy
dz Pz Q+ =

  P = y, Q = – y3  ... (6)
 The general solution is, 
    z × I.F = ∫ + cdyFIQ )..(     ... (7)

   I.F = 
∫ dyP

e
.

= 
∫ dyy

e
.

   I.F = 
2/2ye    ... (8)

 Substituting the corresponding values in equation (7), 

       2/2yez ×  = 
23 /2( )yy e dy c− +∫

   2/2yze  = ∫− dyey y 2/3 2

.    ... (9)

 Let, 
2

2y
 = t

 Differentiating the above equation on both sides,
         ydy = dt
 The R.H.S of equation (9) becomes

  ∫− dyye y 32/ .
2

 = ∫− dttet )2(

          = –2(tet – ∫1.et dt)

          = –2et(t – 1) + c

           = e
y

2 2 1– –/y 2
2

2 d n+ c

 Substituting the above value in equation (9), 

    2/2yze  = 
2

2
/22 1

2
y y

e c
 

− − + 
 

c

     (or)

  2/21 ye
x

 = 
2

2
/22 1

2
y y

e c
 

− − + 
 

c

     \       
2/21 ye

x  = Cey y +− 2/2 2

)2( c  is the general solution.

Q33.	 Define	Riccati’s equation. Write the procedure	for	determining	the	Riccati’s	equation.
Answer :

Riccati’s Equation
 For answer refer Unit-2, Q11.
Procedure
Step 1
 Initially, the given equation is expressed in the form of,
      y' = Py2 + Qy + R
Step 2
 In this step, the particular solution v(x) is determined.
Step 3
 In next step, a linear differential equation (Leibnitz equation) is determined by substituting,

  y(x) = v(x) + 
1
( )z xStep 4

 Finally the required general solution is obtained.
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Q34.	 Find	the	general	solution	of	the	Riccati	equation
 y' = 3y2 – (1 + 6x) y + 3x2 + x + 1, if y = x is a particular solution.

(Model Paper-2, Q12(b) | Dec.-12, Q11(b))

OR
 Solve y' = 3y2 – (1 + 6x)y + 3x2 + x + 1, y = x is particular solution.
Answer : 
 Given differential equation is,
         y' = 3y2 – (1 + 6x)y + 3x2 + x + 1

 Þ   23y
dx

dy = – (1 + 6x)y + 3x2 + x + 1 ... (1)

   The particular solution is, y = x
      y = v(x)
 ⇒        v(x) = x   (a  y = x)

 Let, y = v (x) + 
z

1
      

 ⇒   y = x + 
z

1
      ... (2)

 Differentiating equation (2) with respect to ‘x’,

       
dx

dz

zdx

dy
2

1
1−=             ... (3)

 Substituting equation (3) in equation (1), 

       1 – 
dx

dz

z2

1
 = 13

1
)61(

1
3 2

2

+++



 ++−



 + xx

z
xx

z
x

 ⇒ 2

1 dz

dxz
−  = ( ) ( )x

z z

x
x x x

z
x x3

1 2
1 6 1 6

1
3– –2

2
2+ + + + + +

R

T

SSSSS

V

X

WWWWW

 ⇒ 2

1 dz

dxz
−  = – –x

z z

x
x x

z z

x
x x3

3 6
6

1 6
3– –2

2
2 2+ + + +

 ⇒    2

1 dz

dxz
−  = 

zz

13
2

−

 ⇒        
dx

dz
 = z – 3

 ⇒  3−=− z
dx

dz
 = – 3           ... (4)

 The  general linear differential equation is, 

  
dx

dy
 + P(x) = Q(x)        ... (5)

 Comparing equation (4) with equation (5), 

  P(x) = – 1, y = z and Q(x) = – 3

 The integral factor is, 

   = 
∫− dxe = e–x

    The general solution is, y (I.F.) = ∫ )I.F( Q dx + c

               z ∫ +−= −− cdxee xx )3(
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 ⇒      z e–x = 3e– x + c
 \      z  = 3 + c ex    ... (6)
 Substituting equation (6) in equation (2), 

   y = x + xce+3

1

     \ The general solution is  y = x + xce+3

1
.  

Q35.	 Find	the	general	solution	of	the	Riccati	equation 
y' = 4xy2 + (1 – 8x)y + 4x – 1, y = 1 is a particular 
solution. 

Answer :    Jan.-12, Q12(a)

 Given differential equation is,
     y' = 4xy2 + (1 – 8x)y + 4x – 1

 ⇒  
dx

dy
 = 4xy2 + (1 – 8x)y + 4x – 1  ... (1)

 The particular solution is,
      y = 1
      y = v(x)
 \      v(x) = 1

      Let, y = v(x) + 
z

1

 ⇒     y = 
z

1
1+   ... (2)

 Differentiating equation (2) w.r.t. ‘x’, 

   
dx

dy
 = 

dx

dz

z2

1−
  ... (3)

 Substituting equations (2) and (3) in equation (1), 

     
dx

dz

z2

1−
 = 14

1
1)81(

1
14

2

−+



 +−+



 + x

z
x

z
x

   ⇒     
dx

dz

z2

1−
  = 14

1
1)81(

21
14

2
−+



 +−+



 ++ x

z
x

zz
x

   ⇒        
dx

dz

z2

1−
 = 14

8
8

1
1

84
4

2
−+−−++++ x

z

x
x

zz

x

z

x
x

  ⇒     
dx

dz

z2

1−
 = 

zz

x 14
2

+

  ⇒              
dx

dz  = 



 +−

zz

x
z

14
2

2

  ⇒               
dx

dz  = 



 +−

2
2 4

z

zx
z

  ⇒               
dx

dz
 = –[4x + z]

   ⇒             
dx

dz
 = –4x – z

				\    
dx

dz
+ z  = –4x  ... (4)

 Equation (4) is a linear differential equation of the form,

  yxP
dx

dy
)(+  = Q(x)  ... (5)

 Comparing equation (4) with equation (5), 
  P(x) =1,  y = z and Q(x) = – 4x

 The integral factor is, ∫ dxxP
e

)(

   = ∫ dx
e

.1
 = ex

   \   I.F  = ex

    \ The general solution is,

      y(I.F) = ∫ + cdxxQFI )()..(

 Substituting the corresponding values in the above 
equation,

   z.ex = ∫ +− cxdxex 4.(–4x)dx + c

 ⇒  z.ex = ∫ +− cxdxex4

 ⇒  z.ex = 4 . 1x xx e e dx dx c  − − × +    ∫ ∫ ∫
 ⇒  z.ex = cexe xx +−− ][4

 ⇒  z.ex = cxex +−− ]1[4   

 ⇒  z.ex = 4ex[1 – x] + c

 ⇒     z = x

x

e

cxe +− ]1[4

 \     z = 4[1 – x] + ce–x ... (6)

 Substituting equation (6) in equation (2), 

      y = 
1

1
4[1 ] xx ce−+

− +

 The general solution is, y = 
1

1
4[1 ] xx ce−+

− +

Q36.		Define	Clairaut’s	 equation.	write	 the Steps 
involved	in	determining	the	Clairaut’s	equation.

Answer :

Clairut’s Equation
 For answer refer Unit-2, Q12.

Procedure
Step 1
 Initially, the given equation is expressed in the form,

 If, y = px + f(p) ... (1)

Step 2
 In this step, equation (1) is differentiated with respect 
to ‘x’.
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 i.e.,  
dy

dx
 = ( ) ( )

d d
px f p

dx dx
+

   = '( )
dx dp dp

p x f p
dx dx dx

+ +

 ⇒  
dx

dy
 = '( )

dp dp
p x f p

dx dx
+ +

   = 
dx

dp
( '( ))

dx
x f p p

dx
+ +

       p = ( '( ))
dp

x f p p
dx

+ +   
dy

p
dx

 =  


 ⇒ ( '( ))
dp

x f p
dx

+  = 0

 ⇒     0
dp

p c
dx

= ⇒ =

Step 3
 Substituting, p = c in equation (1), 

       y = cx + f(c)

 Thus, the required general solution is obtained.

Q37.	 Find	 the	 general	 solution	 and	 the	 singular	
solution	of	 the	Clairaut’s	 equation	y = xy' + 
(y')2. 

Jan.-10, Q11(b)

OR

 Solve ( )2y'xy'y += .

Answer : 
 Given differential equation is,
  y = xy' + (y')2 

 Þ  y = xy' + f(y')
 Where,
   f(y') = (y')2 Þ f(c) = (c)2

 The general solution is,

    )(cfxcy +=

       y  = xc + c2 ... (1)
 The singular solution is obtained by differentiating 
equation (1) with respect to ‘x’,

     
dx

dy
 = .x

dx

dc
)()( 2c

dx

d
x

dx

d
c

dx

xdc ++            





 ′+′= uvvuvu

dx

d
.

 ⇒ 
dx

dy
 = 

dx

dc
cc

dx

dc
x .21.. ++

 ⇒ 
dx

dy  = 
dx

dc
cc

dx

dc
x 2. ++

 ⇒ 
dx

dy
 = ccx

dx

dc ++ )2(

 ⇒     c  = ccx
dx

dc ++ )2(          




 = c

dx

dy


 ⇒ )2( cx
dx

dc + = 0

 ⇒  x + 2c = 0

 ⇒ cx 2−=∴  ... (2)

 Substituting equation (2) in equation (1), 

       y = (–2c) (c) + c2

 ⇒      y = –2c2 + c2

 ⇒      y = –c2

     yc −=∴ 2
 ... (3)

 From equation (2)   c = 
2

x−

 Squaring on both sides, 

      c2 = 
4

2x
   ... (4)

 Comparing equations (3) and (4), 

    – y = 
4

2x

 ⇒  – 4y = x2 

 ⇒ x2 + 4y = 0

 \ The general solution is, y = xc + c2 and the singular 
solution is, x2 + 4y = 0.

Q38.	 Find	the	general	and	the	singular	solution	of	
Clairaut’s	equation	y	=	xy'	–	(y')3.

Answer :  (Model Paper-3, Q12(b) | June-13, Q12(a) | June-11, Q12(a))

 Given differential equation is,
      y = xy' – (y')3

 The above equation is in the form of,
      y = px + f(p)
 \     y = xy' – f(y')
 Where,
   f(y') = (y')3 

 Þ    f(c) = (c)3   (a  y' = c)
 The general solution is, y =  xc + f(c)
      y = xc – c3 ... (1)
 The singular solution is obtained by differentiating 
equation (1) with respect to ‘x’.
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dx

dy
 = x

dx

dc
 + c

dx

d
(x) – 

dx

d
(c3)              . ' '

d
u v uv vu

dx
 = +  


 ⇒  
dx

dy
 = x.

dx

dc  + c.1 – 3c2

dx

dc

 ⇒  
dx

dy
 = x.

dx

dc
 + c – 3c2

dx

dc

 ⇒  
dx

dy
 = 

dx

dc
[x – 3c2] + c

 ⇒     c = 
dx

dc
[x – 3c2] + c   



 = c

dx

dy


 ⇒  
dx

dc
[x – 3c2] = 0

 Þ x – 3c2 = 0

 Þ x = 3c2 ... (2)

 Substituting equation (2) in equation (1), 

        y = 3c2.(c) – c3

 ⇒     y = 3c3 – c3

 ⇒     y = 2c3

 ⇒    c3 = 
2

y
 .... (3)

 From equation (2) c2 = 
3

x

 ⇒     c = 
3

x
 ... (4)

 Substituting the value of c in equation (3), 

    
3

3 








 x
 = 

2

y

 Squaring on both sides, 

 ⇒      
3

3 



 x

= 
y
2

2

d n

 ⇒   
27

3x
 = 

4

2y

 ⇒     y2 = 
27

4 3x

   \ The general solution is y = xc – c3  and the singular solution is, y2 = 
27

4 3x
. 
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2.5  orthoGonal trajeCtories of a Given family of Curves

Q39.	 Define	orthogonal	trajectory	and	write	the	procedure	to	obtain	equation	of	orthogonal	trajectory	for	
Cartesian	and	polar	curves.

Answer :

Orthogonal Trajectory

 For answer refer Unit-2, Q13.

Procedure to Find Equation of Orthogonal Trajectories of an Cartesian Curves

 Consider the Cartesian curve,

       f(x, y, c) = 0 ... (1)

 Where,

 c is the arbitrary constant.

Step (i)

 The first step is to differentiate equation (1) with respect to x,

Step (ii)

 In this step, eliminate the arbitrary constant ‘c’ by substitution method which forms a differential equation of the form.

 F , ,
dy

x y
dx

 
  

 = 0 ... (2)

Step (iii)

 By replacing 
dy

dx
 with 

dx

dy

−
 in the equation (2), 

 F , ,
dx

x y
dy

 −
 
 

 = 0 ... (3)

Step (iv) 

 Finally, by solving equation (3) the required orthogonal trajectories are obtained. 

Procedure to Find Equation of Orthogonal Trajectories of Polar Curves

 Consider a polar curve,

  f(r, θ, c) = 0 ... (4)

 Where,

  c = Arbitrary constant.

Step (i)

 Initially differentiate equation (4) with respect to θ, 

Step (ii)

 In this step, eliminate the arbitrary constant ‘c’ by substitution method which forms a differential equation of the form,

  F , ,
dr

r
d

 θ θ 
 = 0 ... (5)

Step (iii)

 By replacing 
dr

dθ
 with 2 d

r
dr

θ−  in equation (5), 

  f 2, ,
d

r r
dr

θ θ −  
= 0 ... (6)

Step (iv)

 Finally, by solving equation (6) required orthogonal trajectories are obtained.
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Q40.	 Find	the	orthogonal	trajectories	of	the	family	of	curves	r	=	c(sec	θ + tan θ).

Answer : June-10, Q11(b) 

 Given family of curves,

         r  = c (sec θ + tan θ)  ... (1)

 Differentiating equation (1) with respect to ‘θ’,

   
θd

dr
 = c (sec θ tan θ + sec2 θ)

 ⇒  c  = 
θθ+θθ d

dr
.

)tan(secsec

1
  ... (2)

 Substituting equation (2) in equation (1),

        r  = θ
θ+θ×

θ+θθ d

dr
).tan(sec

)tan(secsec

1

   = θθ d

dr
.

sec

1

       r = cos θ
θd

dr

 Replace 
θd

dr
 by 

dr

d
r

θ− 2

     \      r = – cos θ.
dr

d
r

θ2

 ⇒ dr
r

1
 = – cos θ dθ

 ⇒ θθ+ ddr
r

cos
1  = 0 ... (3)

 Integrating both sides of equation (3), 

  ∫∫ θθ+ ddr
r

cos
1  = log c

 ⇒ logr + sin θ = log c

 ⇒ logr – log c + sin θ = 0

 ⇒ log
r

c
 
  

 + sin θ = 0

   \       The equation of the orthogonal trajectories is log 




c

r
 + sin θ = 0.

Q41.	 Find	the	orthogonal	trajectories	of r = ceθ,	where	c	is	the	parameter.

Answer :    June-14, Q11(a))

 Given,

      r = ceθ ... (1)
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 Differentiating equation (1) with respect to θ, 

  
dr

dθ  = c.eθ ... (2)

 ⇒      c = 
1

. .
dr

e
d

θ

θ θ.e–q ... (3)

 Substituting equation (3) in equation (1), 

       r = .
d

dr
e e–

θ 
θ θ

R

T

SSSSS

V

X

WWWWW

 ⇒      r = 
1

.
dr

dθ θ
 This is the differential equation of the family of curves.

 Replace 
dr

dθ  by –r2 
dr
dθ 

 ⇒     r = r dr
d1 – 2

θ
θd n

      r = –r2
dr
dθ 

  r dr1  = –dq

 Integrating on both sides

  r dr d1 1– θ θ= ## dq

  log r = –q + log c

 ⇒ log
c

rJ

L

KKKK
N

P

OOOO= –q

 ⇒ 
c

r
 = e–q

 ⇒ r = ce–q

 \ r = ce–q is the required orthogonal trajectory.

Q42.	 Find	the	orthogonal	trajectories	of	the	family	of	curves 1
λ

2 2

2 2
x y

+ =
a + b + λ

, λ	being	a	parameter.

Answer :     Dec.-13, Q11(b)

 Given, 

 
λ+

+
λ+ 2

2

2

2

b

y

a

x
 = 1   ... (1)

 Differentiating with respect to x, 

 λ+2

1

a
(2x) + 

λ+2

1

b
(2y)

dx

dy
 = 0 

 ⇒    λ+2b

y

dx

dy
 = 

λ+
−
2a

x

 ⇒ (a2 + λ)y
dx

dy  = – x (b2 + λ) 
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 Let, 1y
dx

dy =

 ⇒        (a2 + λ)yy1  = – x(b2 + λ)

 ⇒      a2yy1 + λyy1 = – xb2 – xλ

 ⇒          λyy1 + λx  = – b2x – a2yy1 

 ⇒          λ(x + yy1)  = – b2 x – a2 yy1

   \   λ = – 
1

1
22 )(

yyx

yyaxb

+
+

   Consider, 

     a2 + λ = a2 – 
1

1
22 )(

yyx

yyaxb

+
+

 ⇒   a2 + λ = 
1

1
22

1
22

yyx

yyaxbyyaxa

+
−−+

 \	 			a2 + λ = 
1

22 )(

yyx

xba

+
−

   ... (2)

 Consider,

           b2 + λ = b2 – 
1

1
22 )(

yyx

yyaxb

+
+

     = 
1

2
1

2
1

22

yyx

xbyyayybxb

+
−−+

      \								  b2 + λ = – 
1

1
22 )(

yyx

yyba

+
−

  ... (3)

 Substituting equation (2) and equation (3) equation (1),

 

1
)()(

1

1
22

2

1

22

2

=












+
−−

+












+
−

yyx

yyba

y

yyx
xba

x

 

    ⇒        
1

22
1

2

22
1

2

)(

)(

)(

)(

yyba

yyxy

xba

yyxx

−
+−

−
+

 = 1

    ⇒          (x2 + x yy1) – 
1

1
2 )(

y

yyxy +  = a2 – b2 

    ⇒          1
22

1
2

1 yyxyyyxxy −−+  = )( 22
1 bay −    

       \ (x + yyl) (xy1 – y) = y1 (a
2 – b2), ... (3)

 \ Equation (3) is the Differential Equation (DE) of the given family.
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 For orthogonal trajectory replace 
dx

dy
 by – 

dy

dx  in equation (3), 

               







−−








− y

y

x

y

y
x

11

= – [ ]22

1

1
ba

y
−

 ⇒     






 −−







 −

1

1

1

1

y

yyx

y

yxy
= 

1

22 )(

y

ba −−

 \             [xy1 – y] [x + yy1] = y1(a
2 – b2)  ... (4)

 Equation (4) and equation (3) are same, i.e., D.E of the given family and equation of the O.T are same. Therefore, the 

given family of curves 
λ+

+
λ+ 2

2

2

2

b

y

a

x
 = 1 is self orthogonal.

Q43. Show	that	the	family	of	curves	
c
x2

 + 
2c

y2

+
	+	1	=	0	is	self	orthogonal.

Answer :     (Model Paper-1, Q16(a) | June-11, Q11(b))

 Given that,

     
c

x2

 + 
2

2

+c

y
 + 1 = 0 ... (1)

 Differentiating the above equation with respect to ‘x’,

             
c

x2  + 
dx

dy

c

y

2

2

+
  = 0

 ⇒      2
2

x y dy

c c dx
 + + 

  = 0

 ⇒         
2

x y dy

c c dx
+

+
 = 0

 Let,  
dx

dy  = y1

 \          
c

x
 + 

2+c

y
y1 = 0

 ⇒            x(c + 2) + cyy1 = 0

 ⇒  xc + 2x + cyy1 = 0

 ⇒        c[x + yy1] = –2x

   \              c = 
1

2x

x yy

−
+

 ... (2)

 Substituting equation (2) in equation (1), 

    

 ⇒  
2 2

1 1

1

( ) ( )
1 0

2 2 2( )
x x yy y x yy

x x x yy

+ ++ + =
− − + +

 ⇒  
2 2

1 1

1

( ) ( )
1 0

2 2 2 2
x x yy y x yy

x x x yy

+ ++ + =
− − + +
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 ⇒    
x

yyxx

2

)( 1
2

−
+

 + 
1

1
2

2

)(

yy

yyxy +
 + 1 = 0

 ⇒    
2

)( 1yyxx +
 – 

1

1

2

)(

y

yyxy +
 = 1

 ⇒    
1

111

4

)(2)(2

y

yyxyyyxxy +−+
 = 1

 ⇒        (x + yy1) (2xy1 – 2y) = 4y1

 ⇒    (x + yy1) (xy1 – y) = 2y1

 ⇒     x2y1 – xy + xy y1
2  – y2y1= 2y1 ... (3)

 Replacing  y1 by = 
1

1

y

−
 and y1

2  by 
2

1

1





 −
y

 we get the required orthogonal trajectories (O.T)

       i.e., x2





 −

1

1

y
 –xy + xy

2

1

1





 −
y

 – y2 




 −

1

1

y
 = 2 




 −

1

1

y

 ⇒   
1

2

y

x−  – xy + 2
1y

xy
 + 

1

2

y

y
 = 

1

2

y

−

 ⇒     2
1

1
22

11
2

y

yyxyxyyyx ++−−
  = 

1

2

y

−

 ⇒          










 −−+−

1

1
22

11
2

1

1

y

yyxyxyyyx

y
 = 

1

2

y

−

 ⇒             
1

1
22

11
2

y

yyxyxyyyx −−+
 = 2

 \     x2y1 + xy 2
1y  – xy – y2y1 = 2y ... (4)

 Equations (3) and (4) are same i.e., D.E of the given family and equation of the O.T are same. Hence, the given equation 
is self orthogonal. 

Q44.	 Show	that	the	family	of	parabolas	x2	=	4a(y	+	a)	is	self	orthogonal.

Answer :   April-16, Q11(a)

 Given family of parabolas,

     x2 = 4a(y + a)

 ⇒    x2  = 4ay + 4a2 ... (1)

 Differentiating equation (1) with respect to ‘y’

       2x dy
dx = 4a + 0

 ⇒    x
dy
dx

4
2  = a

 ⇒   x
dy
dx

2  = a ... (2)
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 Substituting equation (2) in equation (1)

      x2 = 4 x
dy
dx

2

2

< F + 4y x
dy
dx

2< F  

  ⇒     x2 = x2 dy
dx

2

d n + 2xy dy
dxd n   ... (3)

 Replacing, dy
dx  by dx

dy–
 we get the required orthogonal trajectory,

 i.e.,    x2 = x2 dx
dy– 2

d n + 2xy dx
dy–d n

 ⇒    x2 = x2 dx
dy 2

d n  – 2xy dx
dyd n

 Multiplying both sides by dy
dx

2

d n

         x2
dy
dx

2

d n = x2
dx
dy 2

d n
dy
dx

2

d n  – 2xy dx
dyd n

dy
dx

2

d n

 ⇒     x2
dy
dx

2

d n = x2 – 2xy dy
dxd n

 ⇒ x2
dy
dx

2

d n  + 2xy dy
dx  = x2

 ⇒ x2 = x2 dy
dx

2

d n + 2xy dy
dxd n   ... (4)

 Equations (3) and (4) are same.

     \ The given equation is self orthogonal.
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Part-a

Short QueStionS with SolutionS
Q1. solve y" – 5y' + 6y = 0.

Answer :  

 Given differential equation is,

  y" – 5y' + 6y = 0

  (D2 – 5D + 6)y = 0

 Let,
  f(D) = D2 – 5D + 6

 The auxiliary equation is f(m) = 0

  m2 – 5m + 6 = 0

 ⇒ m2 – 3m – 2m + 6 = 0

 ⇒ (m – 3) (m – 2) = 0

 ⇒ m = 2, 3

 The roots are real and distinct

 ∴ The general solution is y = c1 e
2x + c2 e

3x

Q2. state the nth order homogeneous differential equation of type f(D)y = 0.

Answer :

 A linear differential equation of the form 
n

n

dx

yda0  + 1

1
1

−

−

n

n

dx

yda
 + ... + any = 0, is known as nth order homogeneous differential 

equation.

 The symbolic form of above equation is, 

 (a0D
n + a1D

n–1 + ... an)y = 0

   or 

     f (D)y = 0

 Where,

  f(D) polynomial of nth order.

Q3. solve (D4 + D2 + 1) y = 0.

Answer :   (Model Paper-1, Q5 | May/June-12, Q3)

 Given differential equation is,

  (D4 + D2 + 1)y = 0

unit

3 Differential equations 

of HigHer orDers
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 Auxiliary equation is,
      f (m) = 0

 i.e., m4 + m2 +1 = 0

⇒  m4 +2m2 +1– m2 = 0

⇒   (m2 + 1)2 – m2 = 0

⇒ (m2 + m + 1) (m2 – m + 1) = 0

⇒  m2 + m + 1 = 0 or m2 – m + 1 = 0

 m = 
2

411 −±−
 or m = 2

411 −±

 m = 
2

31 −±−
 or m = 

2

31 −±

 m = 
2

3

2

1
i±−  or m =

2

3

2

1
i±

 ∴ The roots are complex, hence the general solution is,

                   y = 2
x

e
−












+ xCxC

2

3
sin

2

3
cos 21  + 2

x

e











+ xCxC

2

3
sin

2

3
cos 43

Q4. solve y" – y = 0, when y = 0 and y' = 2 at x = 0.
June-14, Q3

or
 solve y" – y = 0, y(0) = 0, y'(0) = 2.
Answer :   (June-13, Q3 | June-11, Q4 | May/June-09, Q4)

 Given differential equation is,
              y" – y  = 0  ... (1)
 Initial  conditions are,
  y(0) = 0; y'(0) = 2 
 Equation (1) in symbolic form is represented as,
      D2y – y  = 0 Þ (D2 – 1)y  = 0
 Let,
       f(D) = D2 – 1
 The auxiliary equation is f(m) = 0
 ⇒ m2 – 1 = 0 ... (2)
 ⇒ (m + 1)(m – 1) = 0
 ⇒ m = 1, m = –1
    ∴ The roots of equation (2) are m = 1, –1.
 Since the roots are real and distinct, the general solution of equation (1) is,
       y = C1e

–.x + C2 e
1.x

                   \   y = C1e
–x + C2e

x         

 Where, C1 and C2 are constants

 ⇒      y(x) = C1e
–x + C2e

x   ... (3)

 Substituting x = 0 in the above equation,

            y(0) = C1e
–0 + C2 e

0  

  ⇒   21)0( CCy +=
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 But, y(0) = 0

 021 =+∴ CC  ... (4)

 Differentiating equation (3) with respect to ‘x’,
           y'(x) = –C1e

–x + C2.e
x 

           y'(x) = C2e
x – C1.e

–x 
 Substituting x = 0 in the above equation,
           y'(0) = C2 e

0 – C1.e
–0 

           y'(0) = C2 – C1 
 But, y'(0) = 2
                         2 = C2 – C1

           ⇒        C1 = C2 – 2 ... (5)
 Substituting equation (5) in equation (4),

       C2 – 2 + C2 = 0 Þ C2 = 1

   ∴ C1 = –1 and C2 = 1

 Substituting the values of C1 and C2 in equation (3),

 \ y(x) = ex – e–x

Q5. solve y" + y' – 2y = 0, y(0) = 0, y'(0) = 3. 
Answer :    (Model Paper-2, Q5 | Jan.-12, Q4)

 Given differential equation is,

      y" + y' – 2y = 0 

 ⇒ y
dx

dy

dx

yd
2

2

2

−+  = 0   ... (1)

 Initial conditions are,

       y(0) = 0,  

      y'(0) = 3

 Equation (1) in symbolic form is represented as,

  D2y + Dy – 2y = 0

 ⇒ (D2 + D – 2)y = 0

 Auxiliary equation is f(m) = 0

 i.e., m2 + m – 2 = 0

 ⇒ m2 + 2m – m – 2 = 0

 ⇒ (m + 2)(m – 1) = 0

 ⇒ m = 1, –2

 ∴ The roots of the equation (1) are real and distinct,

 Hence, the general solution of equation (1) is given as,

   y(x) = c1e
x + c2e

–2x  ... (2)

 Substituting x = 0 in equation (2),

   y(0) = c1e
(0) + c2e

–2(0)

 ⇒ y(0) = c1e
0 + c2e

0

 ⇒ y(0) = c1(1) + c2(1)

 ⇒     0 = c1 + c2            [  y(0) = 0] ... (3)

 Differentiating equation (2), with respect to ‘x’,

 ⇒ y'(x)  = 2
1 2[ ]x xd

c e c e
dx

−+

 ⇒ y'(x)  = 2
1 2[ ] [ ]x xd d

c e c e
dx dx

−+

 ⇒ y'(x) = –[ ( )] [ ( )]cc e e1 2–x x
1 2

2+

 ⇒ y'(x) = c1e
x – 2c2e

–2x  ... (4)

 Substituting  x = 0, in equation (4),

         y'(0) = c1.e
(0) – 2c2e

–2(0)

 ⇒ y'(0) = c.e0 – 2c2e
0

 ⇒ y'(0) = c1(1) – 2c2(1)

 ⇒    y'(0) = c1 – 2c2

 ⇒ c1 – 2c2 = 3    [  y'(0) = 3]  ... (5)

 Solving equations (3) and (5),
   Þ c2 = –1

 Substituting c2 value in equation (2),

    c1 + c2 = 0

 ⇒     c1 – 1 = 0

         ⇒   c1 = 1

 Substituting c1, c2 values in equation (2),

  y(x) = (1)e–x + (–1)e–2x = e–x – e–2x  

  
xx eexy 2)( −− −=∴

Q6. if y1 = ex is one of the solutions of y" + 3y' – 4y = 
0, then find general solution, by reducing order 
of differential equation.

Answer :   Jan.-12, Q13(b)
 Given differential equation is,
    y" + 3y' – 4y = 0
 ⇒      (D2 + 3D – 4)y = 0
 ∴ f(D) = D2 + 3D – 4
 The auxilliary equation is f(m) = 0
 ⇒ m2 + 3m – 4 = 0
 ⇒ m2 + 4m – 1m – 4 = 0
 ⇒ (m + 4)(m – 1) = 0
 ⇒ m = –4, 1
   ∴ The general solution is y = c1e

1x + c2e
–4x 

 Þ y = c1e
x + c2e

–4x

 Given that  y1 = ex is one solution, then the second linearly 
independent solution is y2 = e–4x.

       
xey 4

2
−=∴
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Q7. Find the particular integral of (D2 + 1) y = 8 e–x.
Answer :    June-14, Q4

 Given differential equation is,
     (D2 + 1)y = 8e–x

 ... (1)
 Equation (1) is a non-homogeneous linear differential 
equation of the form,
           f (D)y = X ... (2)
 Comparing equation (2) with equation (1),
   f (D) = D2 + 1 and X = 8e–x

 The particular integral (P.I ) = 
( )

X

f D

  Þ     yp  = 
1

8
2 +

−

D

e x

    = 
1)1(

8
2 +−

−xe
 

    = e
2

8 –x

= 4e–x [


 D = – 1]

 ∴ Particular integral is 4e–x

Q8. Find the particular integral of 
2

2

dx

yd  + y = cosh 3x 
Answer :      Dec.-13, Q3

 Given differential equation is,

  
2

2

d y
y

dx
+  = cosh 3x

 Equation in symbolic form is given as,
     (D2 + 1)y = cosh 3x ... (1)
  Particular integral is given as,

              P. I = yp = 2

cosh 3

1

x

D +

                 = 
3 3

22( 1)

x xe e

D

−+
+       cosh

2

x xe e
x

− += 
  


    = 
3 3

2 2

1

2 1 1

x xe e

D D

− 
+ 

+ +  

    = 
3 3

2 2

1

2 3 1 ( 3) 1

x xe e− 
+ 

+ − +  
   

 [


 D = 3 and –3]

    = 2
1

10 10
e e3 –3x x

+< F

    = 
3 31

2 10

x xe e− +
 
  

    = 3 31
[ ]

20
x xe e−+

          
3 31

[ ]
20

x x
py e e−∴ = +

Q9. Find the particular integral of (D2 – 1)y = 8e3x. 
Answer :        June-13, Q4

 Given differential equation is,
  (D2 – 1) y = 8e3x     ... (1)
 Equation (1) is a non-homogeneous linear differential 
equation  of the form,
  f(D) y = X    ... (2)
 Comparing equation (2) with equation (1),
   f(D) = D2– 1, X = 8 e3x

  f(D) = D2 – 1  = 0 
  Þ       D2 = 1
  ⇒     D = + 1
 The particular integral of the given differential equation is,

       yp = 
( )

X

f D

  ⇒    yp = 
)1–(

8
2

3

D

e x

 = 
1–)3(

8
2

3xe

      = 
8

8 3xe
 = e3x

        
x

p ey 3=∴

Q10. Find the particular integral of (D2 + 1) y = cos x.
Answer :    Dec.-12, Q4

 Given differential equation is,
  (D2 + 1)y = cosx ... (1)
 Particular integral is given as,

     P. I = yp = 2

cos

1

x

D +

   = 
sin(1)

2(1)

x x
        

( )
cos sinso

D f D

D b
bx

b
x bx

1 0

2

–2

2 2

&a = =

+
=

R

T

SSSSSSSS

V

X

WWWWWWWW
⇒

   = 
sin

2

x x

          
sin

2p
x x

y∴ =

Q11. solve (D2 + 4D + 5)y = 2e–2x. 
Answer :    (Model Paper-3, Q5 | Dec.-13, Q4)

 Given differential equation is,
  (D2 + 4D + 5)y = 2e–2x

 Auxiliary equation is m2 + 4m + 5 = 0

        m = 
24 (4) 4(1)(5)

2(1)

− ± −

    = 
4 4

2

− ± −
 = 

4 2

2

i− ±

    = – 2 ± i
 ∴       m = –2 – i, – 2 + i
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 The complimentary function C.F  = c1e
–2x cosx + c2e

–2x sinx

   = e–2x(c1cosx + c2sinx)

          
2

1 2( cos sin )x
cy e c x c x−∴ = +

 The particular integral (P.I) is,

       yp  = 
2

2

2

4 5

xe

D D

−

+ +

   = 
2

2

2

( 2) 4( 2) 5

xe−

− + − +
 = 2e–2x     [


 D = – 2]

         
22 x

py e−∴ =

 The general solution is given as,

         y = yc + yp

    = e–2x (c1cosx + c2sinx) + 2e–2x

    = e–2x (c1cosx + c2sinx + 2)

   \   y = e–2x (c1cosx + c2sinx + 2)

Q12. solve (D2 + 9) y = sin 3x.
Answer :    May/June-12, Q4

 Given differential equation is,

  (D2 + 9)y = sin 3x

 Auxiliary equation is f(m) = 0

 i.e., m2 + 9 = 0 Þ m2 = – 9

     m = ±3i

 ∴ The roots are complex conjugate.

 Hence, complementary function is given as,

      yc = eαx (c1 cos βx + c2 sin βx)

     Þ     yc = e0.x (c1 cos 3x + c2 sin 3x) 

(Here α = 0, β = 3)

         cos siny c x c x3 3c 1 2` = +

 The particular integral is given as,

     yp = 
9

1
2 +D

sin 3x

 ⇒    yp = 22 3

1

+D
sin 3x

   = 2

x− 






x3cos
3

1
 

– (– )
sin cos

D f

D a

ax

a

x ax
9 3

2
–

2 2

2 2

"

&

a =

+
=

R

T

SSSSSSSS

V

X

WWWWWWWW
 

       
cos3

6p
x

y x
−

∴ =

 The general solution of given differential equation is,
       y = yc + yp

 \  y = c1 cos 3x + c2 sin 3x – 
6

x
 cos 3x.

Q13. Find a particular integral of 
dx
d y

– y3

3

 = (ex + 1)2.
Answer :   Model Paper-3, Q6

 Given differential equation is,

  
dx
d y

y–3

3

 = (ex + 1)2

 The given equation can be written in symbolic form as,

  (D3 – 1)y = (ex + 1)2 …(1)

 Equation (1) is a non - homogeneous linear differential 
equation of the form,

  f(D)y = X …(2)

 Comparing equation (2) with equation (1),

  f(D) = D3 – 1 and X = (ex + 1)2

 The auxiliary equation is (m3 – 1) = 0

 Þ (m – 1) (m2 + m + 1) = 0

 Þ (m – 1) = 0, m2 + m + 1 = 0

  m = 1, m = 2
1 1 4– –!

      = i
2

1 3– !

      = – i2
1

2
3

!

 The complementary function is,

  C.F = yc = C1e
x + cos sine C

x
C

x
2
3

2
3x

2 2 3
– +d dn n> H

 Particular integral, 

      yp = ( ) .f D X1

      yp = 
( )

. ( )
D

e
1

1 1
–

x
3

2+

   = 
( )D

e e
1

2 1
–

x x

3

2 + +

   = 
( ) ( ) ( )

.
D

e
D

e
D

e
1

1 2
1

1
1

1
– – –

x x x
3

2
3 3

0+ +

   = 
( ) ( )e

D
e

2 1
1 2

3
1

0 1
1

– –
x x

3
2

2+ +

   = e e7 3
2 1–

x
x

2

+

 The complete solution is y = yc + yp 

   y = C1e
x + cos sine C

x
C

x
2
3

2
3x

2 2 3
– +d dn n> H  + e e7 3

2 1–
x

x
2

+
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Q14. Solve by the method of variation of parameters 
y'' + y = sec x.

Answer :   Model Paper-1, Q6

 Given differential equation is,

  y'' + y = secx

 Þ 
dx
d y

2

2

+ y = secx

 Þ (D2 + 1) y = secx   ... (1)

 Equation (1) is a non homogeneous linear differential 
equation of the form,

  f(D)y = Q(x)

 Comparing equations (1) and (2),   ... (2)

  f (D) = D2 + 1, Q(x) = sec x

 General solution is given as,

  y = yc + yp   ... (3)

 Auxiliary equation is, f(m) = 0

   Þ m2 + 1 = 0

   Þ m = ± i

 Roots are complex conjugate of the form a ± ib

 The complementary function is given as,

  yc = c1cosx + c2sinx   ... (4)

 The particular integral (P.I) is,

  yp = Pf1 + Rf2  ... (5)

 Where,

  f 1 = cosx, f 2 = sinx

  'f1  = – sinx, 'f2 = cosx

      ' 'f f f f–2 211  = sin2x + cos2x

      = 1

      P = 
' '

( )
f f f f

f Q x
dx–

–
2

1 22 1
#

   = – .sin secx x dx1#  

   = – cos
sin

x
x dx#  

   = – tan xdx#  

   = – (– log (cosx)) = log (cosx)

      R = 
' '

( )
.

f f f f
f Q x

dx
–21

1

1 2
#

   = .cos secx x dx1#

   = dx1#
   = x

 Substituting the corresponding values in equation (5),
  yp = log (cosx) cosx + x.sinx
 Þ yp = cosx. log (cosx) + xsinx
 Substituting the corresponding values in equation (3)
  y = c1cosx + c2 sinx + cosx log (cosx) + xsinx.

Q15. Using the method of variation of parameters 
solve (D2 + 1) y = x.

Answer :  [Model Paper-2, Q6 | June-14, Q12(a)]
 Given differential equation is,
  (D2 +1)y = x
 Let, f (D) = D2 + 1, Q(x) = x
 The auxiliary equation is,
  f (m) = 0
 ⇒ m2 + 1 = 0
 ⇒ m2 = – 1
 ⇒ m = ± i
 ⇒ m = i, – i
 The complimentary function is given as,
  yc = c1cosx + c2sinx
 \ yc = c1cosx + c2sinx 
 The particular integral is given as,
  yp = Pf1 + Rf2   ... (1)
 Where,
  f1 = cos x, f2 = sinx
  ' – , 'sin cosf x f x= =1 2

          f1 f '2 – f2 f '1 = cosx(cosx) – (sinx)(sinx)

    = cos2x + sin2x

    = 1

         P = –
' –

( )
f f f f

f Q x
dx

'
2

2

1 2 1
#

    = .sinx x dx– #
    = .cos cosx x x dx– – – –] g

R

T

SSSS
V

X

WWWW#
    = –[– xcosx + sinx]

    = xcosx – sinx

         R = 
' – '

( )
f f f f

f Q x

1

1

2 12
# dx

          = 
cos

1

x x
dx∫

    = cosx x dx∫
    = sin 1.sinx x x dx− ∫
    = sin ( cos )x x x− −

    = sin cosx x x+  
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 Substituting the corresponding values in equation (1),
        yp = [xcosx – sinx] cosx + [xsinx + cosx] sinx
   = x cos2x – sinx cosx + xsin2x + cosx sinx
         = x(sin2x + cos2x)
  \  yp = x
 The general solution is given as,
        y = yc + yp

 \        y = c1cosx + c2sinx + x.

Q16. Find the particular integral of 

  x
dx
d y

x dx
dy

– 9y 10
x
52

2

2

2+ = + .

Answer :  

 Given differential equation is,

  x
dx

d y
x

dx
dy

y
x

9 10
5

–2
2

2

2+ = +

 ⇒ x D xD y
x

9 10
5

–2 2
2+ = +^ h   ... (1)

 Let,

  x = ez ⇒ z = log x

 ⇒ xD ≡ D '

  x2 D2 ≡ D '  (D '  – 1), D '  ≡ 
dz
d

  ... (2)

 Substituting equation (2) in equation (1)

  (D '  (D '  – 1) + D '  – 9)y = 10 + 5e–2z

 ⇒ [(D ' )2 – 9]y = 10 + 5e–2z

 The particular integral is given as,

      P.I = 
'D

e

9

10 5

–

– z

2

2+
] g

   = 
' 'D

e

D

e

9

10

9

5

– –

. –z z

2

0

2

2

+] ]g g

   = 
e

0 9
10

2 9

5
– – –

– z

2

2

+ ] g

   = e
9

10
– – – z2

 \ Particular integral is, e
9

10
– – – z2

 Where, z = log x.

Q17. Find the particular integral of 

  x 2
dx
d y

– x 2
dx
dy

y 3x 42
2

2

+ + + = +] ]g g .
Answer :

 Given differential equation is,

  –x
dx

d y
x

dx
dy

y x2 2 3 42
2

2

+ + + = +] ]g g  

  x D x D y x2 2 1 3 4–2 2+ + + = +] ]g g7 A  ... (1)

 Let,

  x + 2 = ez ⇒ z = log (x + 2)

⇒   (x + 2)D ≡ D ' , (x + 2)2 ≡ D ' (D '  – 1), D '  ≡ 
dz
d

  ... (2)

 Substituting equation (2) in equation (1),

  [D ' (D '  – 1) – D '  + 1]y = 3[ez – 2] + 4

 ⇒ [(D ' )2 – 2D '  + 1]y = 3ez – 2

 The particular integral is given as,

      P.I = 
' 'D D

e

2 1

3 2

–

–z

2 +] g

  = 
' ' ' 'D D

e

D D

e

2 1

3

2 1

2

–
–

–

.z z

2 2

0

+ +] ]g g

  = 
e

1 2 1
3

0 0 1
2

–
–

–

z

+ +

  = 
e
0

3
1
2

–
z

  = 
'
.

D
z e

2 2
3

2
–

–
z

  = 
ze
0

3
2–

z

 = 
z e
2

3
2–

z2

 \ The particular integral is, 
z e
2

3
2–

z2

 Where, z = log (x + 2).
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Part-b

eSSay QueStionS with SolutionS

3.1  solutions of seconD anD HigHer orDer linear Homogeneous equations 
witH constant coefficients

Q18. Write about homogeneous second order differential equations of the type f(D)y = 0.

Answer : 

 A linear differential equation is of the form,

  ya
dx

dy
a

dx

yd
a 212

2

0 ++  = 0   ... (1)

 Where, right hand side (R.H.S) of the equation is zero and is known as a homogeneous second order differential equation.

 Where,

  a0 a1 and a2 – Constant coefficients

 If the terms 2

2

dx

d
, 

dx

d  are replaced with D2 and D respectively, then equation (1) becomes,

  a0 D
2y + a1 Dy + a2 y = 0

 ⇒ (a0 D
2 + a1D + a2)y = 0   ... (2)

 Equation (2) is the symbolic (operator) form of equation (1), and is of the type f(D)y = 0.

 Therefore, f(D)y = 0 is the standard form of second order homogeneous linear differential equations. 

 The steps involved in solving a second order homogeneous differential equation of type f(D)y = 0 are,

(i) In the first step, write the equation  212

2

0 a
dx

dy
a

dx

yd
a ++  = 0 in the symbolic form, (a0 D

2 + a1D + a2)y = 0 

(ii) In the next step, determine the auxiliary equation (A.E), taking f(D) = 0 i.e., (a0 D
2 + a1D + a2) = 0

(iii) Determine the roots of auxiliary equation and write its corresponding general solutions (or) complementary functions.

 Depending on the nature of roots, different forms of general solutions are shown in table below.

S.No.            Nature of Roots         General Solution

1. Real and equal roots (m, m) y = (c1 + c2x) emx

2. Real and distinct roots (m1, m2) y = 1 2
1 2

m x m xc e c e+

3. Complex conjugate roots (α ± iβ) y = eαx (c1 cos βx +c2 sin βx)

4. A pair of surd roots )( β±α y = ( )cosh sinhe c x c xx
1 2β β+α 

 Table 

Q19. solve (D2– 6D + 18)y = 0

Answer : 

 Given differential equation is,

    (D2 – 6D + 18)y = 0



3.9Unit-3  Differential Equations of Higher Orders

SIA PUblishers AND DistribUtors PVt. ltD.

   Auxiliary equation is f(m) = 0

       m2 – 6m + 18 = 0

        m 
a

acbb

2

42 −±−=

   12

18146)(6)( 2

×
××−−±−−

=

   = 
2

366 −±

      m 
2

66 i±=  

 ⇒      m  = 3 ± 3i

      m  = 3 + 3i, 3 – 3i

 The roots are complex conjugate of the form α ± i β

 The general solution is given as,

  y(x) = eax(c1cosbx + c2sinbx)

   ∴         y = xe3 (c1 cos 3x + c2sin 3x).

Q20. Solve the initial value problem y" – 2y' + 3y = 0 with y(0) = 1, y'(0) = 0.

Answer :         (Model Paper-1, Q13(a) | June-14, Q16(b))

 Given differential equation is,

  y " – 2y ' + 3y = 0 ... (1)

 Initial points, y(0) = 1, y '(0) = 0

 Equation (1) can be represented in symbolic form as,

   f(D) = D2y – 2Dy + 3y = 0

 ⇒     (D2 – 2D + 3) y = 0

 Auxiliary equation is, f(m) = 0 i.e., m2 – 2m +3 = 0

 The roots of above equation are, 

     m = 
a

acbb

2
42 −±−

   = 
)1(2

)3)(1(4)2()2( 2 −−±−−

   = 
2

82 −±

   = 2
242 ×−±

   = 2
222 i±

           m = 1 ± 2i

           ⇒     m = 21,21 ii −+
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      ∴ The roots are complex conjugate of the form α ± iβ

 Hence, the general solution of equation (1) is given as,

    y(x) = eαx(c1 cos βx + c2 sin βx)

      ⇒   y(x) = ex(c1cos 2 x + c2 sin 2 x) ... (2)

 Substituting the initial condition y(0) = 1 in equation (2),

    y(0) = 
(0)

1 2[ cos 2(0) sin 2(0)]e c c+

         1= 1 21[ (1) (0)]c c+

            1 1c∴ =

 Differentiating equation (2) with respect to ‘x’,

 y '(x) = [ ( cos sin )]dx
d e c x c x2 2x

1 2+

  = ( cos sin )e dx
d c x c x2 2x

1 2+< F cos sinc x c x dx
d e2 2 x

1 2+ +8 B

  = –( sin ( ) cos ( ))e c x c x2 2 2 2x
1 2+8 B+ cos sinc x c x e2 2 x

1 2+8 B

            y '(x) = sin cose c x c x2 2 2 2–x
1 2+8 B cos sine c x c x2 2x

1 2+ +8 B

 Substituting y'(0) = 0 in the above equation,

 y '(0) = sin ( ) cos ( )e c c2 2 0 2 2 0–0
1 2+8 B  + cos ( ) sin ( )e c c2 0 2 00

1 2+8 B

       0 = ( ) ( )c c1 0 2 1 1 1 02 1+ + +8 8B B

       0 = 122 cc +        (


 c1 = 1)

 Þ 22c + 1 = 0 ⇒ 22c = – 1

         2

1
2 −=∴ c

 Substituting the values of c1 and c2 in equation (2),

   y(x) = .cos sine x x1 2
2
1 2–x + df n p

       –( ) cos siny x e x x2
2

1 2x` = d n

Q21. solve the initial value problem y'"– 5y" + 7y' – 3y = 0, y(0) = 1, y'(0) = 0, y"(0) = –5.

Answer :         June-13, Q12(b)

 Given differential equation is,

  y"' – 5y" + 7y' – 3y = 0    ... (1)

 Initial points, y(0) = 1, y'(0) = 0, y"(0) = – 5  
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 Equation (1) in symbolic form can be expressed as,

  (D3 – 5D2 + 7D – 3)y = 0

 ∴ f(D) = D3 – 5D2 + 7D – 3

 Auxiliary equation is f(m) = 0 m3 – 5m2 + 7m – 3 = 0

 By trial and error method,

03– 41

3– 410

– 37– 511

03– 41

3– 410

– 37– 511m = 

 ⇒ (m – 1)(m2 – 4m + 3) = 0

 ⇒ (m – 1)(m2 – 3m – m + 3) = 0

 ⇒ (m – 1)(m(m – 3) – 1(m – 3)) = 0

 ⇒ (m – 1)(m – 1)(m – 3) = 0

 ⇒ m = 1, 1, 3

 ∴ Roots of auxiliary equations are, m1 = 1, 1; m2 = 3

 The solution is given as,

      yc = (c1 + c2 x) xme 1 + c3
xme 2  = (c1 + c2 x)ex + c3e

3x

       ∴   y(x) = (c1 + c2 x)ex + c3e
3x   ... (2)

 Substituting y(0) = 1 i.e., x = 0, y = 1 in equation (2),

 ⇒ y(0) = (c1 + 0 c2)e
0 + c3e

0

 ⇒ y(0) = c1 + c3

 ⇒ c1 + c3 = 1    ... (3)

 Differentiating equation (2) with respect to x,

           y'(x) = exc2 + (c1 + xc2)e
x + c33e3x ... (4)

   Substituting y'(0) = 0 i.e., x = 0, y' = 0 in equation (4),

       0 = e0c2 + (c1 + 0.c2)e
0 + c3 3.e0

       0 = c2 + c1 + 3c3    ... (5)

 Differentiating equation (4) with respect x,

           y"(x) = c2e
x + c2e

x + (c1 + xc2)e
x + c39e3x ... (6)

 Substituting y"(0) = – 5 i.e., x = 0 and y" = – 5 in            
equation (6),

             – 5 = c2e
0 + c2e

0 + (c1 + 0.c2)e
0 + c39e(0)

    – 5 = c2 + c2 + (c1) + 9c3

    – 5 = c1 + 2c2 + 9c3    ... (7)

 Solving equations (5) and (7),

  2 × (c1 + c2 + 3c3) = 0

          

2c1 + 2c2 + 6c3 = 0
  c1 + 2c2 + 9c3 = –5
–    –       –          +________________
      + c1 – 3c3   =  5  ... (8)

 Solving equations (3) and (8), 

  

 c1 +   c3 = 1
 c1 – 3c3 = 5
–   +          – ___________
        4c3 = – 4

      ∴ 1–3 =c

 Substituting c3 value in equation (8),

    c1 – 3c3  = 5

       c1 – 3(–1) = 5

             Þ 21 =c

 Substituting c3 and c1 values in equation (5),

      c1 + c2 + 3c3  = 0

    2 + c2 + 3(–1) = 0

         c2 – 1 = 0

        Þ 12 =c

 ∴ c1 = 2, c2 = 1, c3 = –1

 The general solution is given as,

           yc  = (2 + x(1))ex + (–1)e3x

        
xx

c eexy 3)2( −+=∴

Q22. Solve the initial value problem y"' – 2y" – 5y' 
+ 6y = 0, y(0) = 0, y'(0) = 0, y"(0) = 1.   

Answer : (Model Paper-2, Q13(a) | Dec.-12, Q12(b) | Jan.-12, Q12(b))

 Given differential equation is,

  y"' – 2y" – 5y' + 6y = 0

  y(0) = 0, y'(0) = 0, y"(0) = 1

 Symbolic form of given differential equation is,

  (D3 – 2D2 – 5D + 6)y = 0

  f(D) = D3 – 2D2 – 5D + 6

 Auxiliary equation,

  f(m) = m3 – 2m2 – 5m + 6

 Substitute m = 1

    f(1) = 1 – 2 – 5 + 6 = – 7 + 7 = 0

   ∴ m = 1 is one root
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 By trial and error method,

1

0

–2

1

–5

–1

6

–6

1 –1 –6 0

1 1

0

–2

1

–5

–1

6

–6

1 –1 –6 0

1 m = 1

 ∴   m2 – m – 6  = 0
 Þ  m2 – 3m + 2m – 6 = 0
      (m + 2)(m – 3) = 0
  m = – 2,  3
 ∴ m = 1, – 2, 3

   \    y = c1e
x + c2e

–2x + c3e
3x  ... (1)

 Differentiating equation (1) with respect to ‘x’,

       y' = c1e
x(1) + c2e

–2x (–2) + c3e
3x(3)

       y' = c1e
x – 2c2e

–2x + 3c3e
3x ... (2)

 Differentiating equation (2) with respect to ‘x’,

      y" = c1e
x(1) – 2c2e

–2x (–2) + 3c3e
3x(3)

      y" = c1e
x + 4c2e

–2x + 9c3e
3x ... (3)

 Given conditions are,

(i) y(0) = 0

 x = 0 and  y = 0

 Substituting the corresponding values in equation (1),

      0 = c1e
0 + c2e

0 + c3e
0

 ⇒    c1 + c2 + c3 = 0  ... (4)

(ii) y'(0) = 0  

 x = 0 and y' = 0

 Substituting the corresponding values in equation (2),

  0 = c1e
0 – 2c2e

0 + 3c3e
0

 ⇒ c1 – 2c2 + 3c3 = 0 ... (5)

(iii) y"(0) = 1

 x = 0 and y" = 1

 Substituting the corresponding values in equation (3),

  1 = c1e
0 + 4c2e

0 + 9c3e
0

 ⇒  c1 + 4c2 + 9c3 = 1  ... (6)

 Solving equations (4), (5) and (6),

     c1 = 
6

1−
, c2 = 

15

1
, c3 = 

10

1

 Substituting c1, c2 and c3 values in equation (1),

       y = xxx eee 32

10

1

15

1

6

1 ++− −

  
xxx eeey 32

10

1

5

1

6

1 ++−=∴ −
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3.2  metHoD of reDuction of orDer for tHe linear Homogeneous seconD 
orDer Differential equations witH variable coefficients

Q23. Discuss about the method of reduction of order.

Answer :

 A higher order differential equation can be reduced to equation of lower order only when one solution of a differential 
equation is known. This method is called the reduction of order process. For instance, consider a second-order differential equation 
of the form.

  
2

2 ( ) ( )
d y dy

P x Q x y
dxdx

+ +  = R(x) ... (1)

 Let y1(x) be a solution of equation (1).

 Let y(x) = v(x) y1(x) be the general solution where v(x) is to be determined.

   y(x)  = v(x) y1(x) ... (2)

 Differentiating equation (2) with respect to ‘x’,

 
   

dy

dx
 = 1 1( ) ( ) ( ) ( )v x y x v x y x+′ ′  ... (3)

  Differentiating equation (3) with respect to ‘x’, 

  
2

2

d y

dx
 = 

   =  ... (4)

 Substituting equations (2), (3) and (4) in equation (1) 

   + 

 ⇒   + 1 1 1( ) ( ) ( ) ( ) ( ) ( )v x y x P x y x Q x y x+ +′′ ′    = R(x)

 Since, y1(x) is a solution of equation (1),

 \         1 1 1( ) ( ) ( ) 2 ( ) ( ) ( ) ( )v x y x v x y x P x y x R x+ + =′′ ′ ′    ... (5)

 Substituting v '(x) = u(x) in the equation (5), 

             
1 1 1( ) ( ) 2 ( ) ( ) ( ) ( ) ( )u x y x y x P x y x u x R x+ + =′ ′       ... (6)

 It can be observed from the equation (6) that, it is a linear differential equation of first order.

 It can be solved easily and the general solution can be obtained by integration of u(x) = v' (x). The v(x) value is substituted 
in y(x) = v(x) y1(x) which is the required solution of differential equation.

 Thus, a higher order (i.e, a second order) differential equation can be reduced to lower order (first order) equation.
Q24. if y1 = e–2x is the one of the solutions of y" – y' – 6y = 0, find other solution by reducing the order of the 

differential equations.
Answer :     June-11, Q13(b)

 Given differential equation is,
   y" – y' – 6y = 0 
 ⇒      (D2 – D – 6) = 0 
 ∴    f (D) = D2 – D – 6
 The auxiliary equation is f (m) = 0
 ⇒  m2 – m – 6 = 0
 ⇒  m2 – 3m + 2m – 6 = 0
        ⇒  (m + 2) (m – 3) = 0
 ⇒  m = –2, 3
 The roots are real and distinct.
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    ∴  The general solution is y = c1 e
–2x + c2 e

3x

 Given that,  y1 = e–2x is one solution, the second linearly 
independent solution is y2 = e3x.

    
3x

2 ey =∴

Q25. if y1 = x
1

 is one of the solutions of the 

differential equation x2y" + 4xy' + 2y = 0 then 

find the general solution of this differential 
equation by reducing its order.      

Dec.-12, Q17(b)
or

 if 
x
1

 is a solution of the differential equation 

x2y" + 4xy' + 2y = 0. Find the second linearly 

independent solution.              

Answer :  Jan.-10, Q12(b))

 Given differential equation is,

   x2y" + 4xy' + 2y = 0           ... (1)

 Equation (1) is of the form a0 y" + a1y' + a2y = 0

 Since,

              y1 = 
x

1

  P(x) = 
xx

x

a

xa 44)(
2

0

1 ==

 But,   v(x) = 
∫∫ −−

=
dx

x
dxxP

e
y

e
y

4

2
1

)(

2
1

11

   v(x) = 
44log 2 log 2 –4

2

1
1

x xe x e x x

x

−− = =

    Þ  v(x) = 2

1

x
 Let,
   u(x) = ∫ dxxv )(

 ⇒  u(x) = ∫ dx
x2

1

   u(x) = 
x

1−

           y2(x)= u(x).y1(x) = 










 −

xx

11

          y2(x) = 2

1

x

−

 The general solution is y(x) = Ay1(x) + By2(x)

            y(x) = 2x

B

x

A −

 As y1(x) = 1/x is one solution, the second linearly 

independent solution is y2(x) = 2

1

x

−

3.3  solutions of non-Homogeneous 
linear Differential equations

Q26. Write the solution of nth order differential 
equation of the type f(D)y = X.

Answer :

 A linear differential equation of the form,

  

1

0 1 1
.....

n n

nn n

d y d y
a a a y X

dx dx

−

−+ + + =
      ... (1)

 Where, the right hand side (R.H.S) of the equation is 
non-zero, is known as nth - order non-homogeneous linear           
differential equation.
 The symbolic form of equation (1) is,
  (a0 D

n + a1 D
n–1 +  - - -  + an)y = X      ... (2)

 i.e., f(D)y = X
 Where,
   f(D) – Polynomial of nth order.
      X – Function of the form K, eax, sin ax, cos ax, xn

 The general solution of an nth order non-homogeneous 
differential equation is,
 General solution = Complementary function + Particular 
                  integral
 i.e.,      y = C.F + P.I
 Where,

    P.I =
)(Df

X

 And,
      X = K, eax, sin ax, cos ax, xn

 Depending on the type of X, the different particular 
integrals can be obtained as,

S.No. Function type (X) Particular Integral 
(P.I)

1. Constant = K                             P.I  = f D
1 .K] g

Let, D = 0 in f(D)

P.I  =
f(0)

k
; f(0) ≠ 0

2. (a) eax; f(a) ≠ 0   
P.I = axe.

f(D)

1

Let, D = a in f(D)

⇒  P.I = axe.
f(a)

1



3.15Unit-3  Differential Equations of Higher Orders

SIA PUblishers AND DistribUtors PVt. ltD.

(b) eax; f(a) = 0
 P.I  = f ' (D)

xe
f ' (a)
xeax ax

=

(c) eax; f'(a) = 0
P.I  = f '' (D)

x e
f '' (a)
x e2 ax 2 ax

=

3. (a) sin ax; f(– a2) ≠ 0 P.I = 
f (D )

1
2  sin ax

Let, D2 = – a2

P.I = axsin.
)af(

1
2−

(b) sin ax;f(– a2) = 0
P.I = 0acos(ax);

a2

x ≠−

(c) cos ax; f(– a2) ≠ 0 P.I =
f (D )

1 cosax2

      Let, D2 = – a2

P.I = axcos
)a(

1
2−f

(d) cos ax; f(– a2) = 0 
P.I = 

a2

x
 sin ax; a ≠ 0

4. xn
P.I = f (D)

1 xn  = [f(D)]–1 

xn

Where, [f(D)]–1 = [1 ± 

g(D)]–1 is expanded in 
ascending powers of D, 

using binomial theorem

upto the term Dn.  Since 

Dn+1 (xn) = 0, Dn+2 (xn) 

= 0,..

Q27. solve (D2 – 5D + 6)y = 3e5x

Answer :

 Given differential equation is,
  (D2 – 5D + 6)y = 3e5x ... (1)
 Equation (1) is a non - homogeneous linear differential 
equation of the form,
  f(D)y = X ... (2)
 Comparing equation (2) with equation (1),
  f(D) = D2 – 5D + 6 and X = 3e5x

 The general solution of a non-homogeneous linear 
differential equation is,
       y = C.F + P. I ... (3)

 The auxiliary equation is, f(m) = 0

 i.e., m2 – 5m + 6 = 0

 Þ m2 – 2m – 3m + 6 = 0

 Þ m(m – 2) – 3(m – 2) = 0

 Þ (m – 2) (m – 3) = 0

 Þ m1 = 2, m2 = 3

 \ Roots are real and distinct.

 Hence the complementary function is, 

  C.F = c e c em x m x1 2+ 21

 Þ C.F = c1e
2x + c2e

3x ... (4)

 The particular integral is,

    P.I  = ( )f D
X  

   = 
D D

e
5 6

3
–

x

2

5

+

 Here, X is of the form eax

 Let D = a i.e., D = 5

 Þ  P.I = 
( )
e

5 5 5 6
3

–

x

2

5

+
 = e

6
3 x5

 = e
2

x5
    ... (5)

 Substituting equations (4) and (5) in equation (3),

 \ y = c1e
2x + c2e

3x + e
2

x5
.

Q28. solve : (D2 + D – 6)y = e–2x + 5.
Answer :

 Given differential equation is,

  (D2 + D – 6)y = e–2x + 5  ... (1)

 Equation (1) is a non-homogeneous linear differential 
equation of the form,

   f(D)y = X ... (2)

 Comparing equation (2) with equation (1),

  f(D) = D2 + D – 6 and X = e–2x + 5
 The general solution of a non-homogeneous linear 
differential equation is,
  y = C.F + P.I ... (3)
 The auxiliary equation is, f(m) = 0
 i.e,  m2 + m – 6 = 0
 Þ  m2 + 3m – 2m – 6 = 0
 Þ  m(m + 3) – 2(m + 3) = 0
 Þ  (m + 3) (m – 2) = 0
 \  m1 = 2 and m2 = –3
 The roots are real and distinct
 Hence, the complementary function is,
  C.F = 2c e c em x m x

1 21 +

 \  C.F = c1e
2x + c2e

–3x ... (4)
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 The particular integral is,

    P.I = ( )f D
X  = 

D D
e

6
5
–

– x

2

2

+
+

      = 
D D

e
D D6 6

5
– –

x

2

2

2

–

+
+

+
  

 Þ    P.I = P.I1 + P.I2   ... (5)

 Consider,

    P.I1 = 
D D

e
6–

x

2

2–

+

 Here, X is of the form eax

 Let, D = a i.e., D = –2

 Þ   P.I1 = 
( ) ( )

e
2 2 6– – –

x

2

2–

+

   = e
4 2 6– –

x2–

 Þ   P.I1 = e
4

– x2–
 ... (6)

 Consider,

 Þ   P.I2 = 
D D 6

5
–2 +

 Here, X is of the form K,

 Let, D = 0

 Þ   P.I2 = 0 0 6
5

–+

 Þ   P.I2 = 6
5–  ... (7)

 Substituting equations (6) and (7) in equation (5),

 Þ    P.I = e
4 6

5– –
x2–

 ... (8)

 Substituting equations (4) and (8) in equation (3),

 \      y = c1 e
2x + c2e

–3x – –e4
1

6
5– x2

Q29. solve (D2 – 1)y = cosh 2x.
Answer :  

 Given differential equation is,
  (D2 – 1)y = cosh 2x ... (1)
 Equation (1) is a non-homogeneous linear differential 
equation of the form,
         f(D)y = X ... (2)
 Comparing equations (1) and (2),
  f(D) = D2 – 1 and X = cosh 2x
 The general solution of a non-homogeneous linear 
differential equation is,
       y = C.F + P.I ... (3)
 The auxiliary equation is, f(m) = 0
 i.e.,  m2 – 1 = 0
 Þ (m – 1) (m + 1) = 0
 Þ m1 = 1, m2 = –1

 The roots are real and distinct.

 Hence, the complementary function is,

       C.F = c1e
m1x + c2e

m2x

 Þ  C.F = c1e
x + c2e

–x  ... (4)

 The particular integral is,

             P.I = ( )f D
X

   = cosh
D

x
1
2

–2

   = 
( )D

e e
2 1–

x x

2

2 2–+

   = 
( ) ( )D

e
D
e

2 1 2 1– –

x x

2

2

2

2–
+

 Þ    P.I = P.I1 + P.I2 ... (5)

 Consider,

    P.I1 = 
( )D

e
2 1–

x

2

2

 Here, X is of the form eax

 Let, D = a i.e., D = 2

 Þ   P.I1 = 
(( ) )

e
2 2 1–

x

2

2

   = ( )
e

2 4 1–
x2

 Þ   P.I1 = e
6

x2

 Consider, 

 Þ   P.I2 = 
( )D
e

2 1–

x

2

2–

 Here, X is of the form eax

 Let, D = a i.e., D = –2

 Þ   P.I2 = 
(( ) )

e
2 2 1– –

x

2

2–

   = ( )
e

2 4 1–
x2–

 Þ   P.I2 = e
6

x2–
 ... (7)

 Substituting equations (6) and (7) in equation (5),

     P.I = e e
6 6

x x2 2–
+  ... (8)

 Substituting equations (4) and (8) in equation (3),

       y = c e c e e e
6 6

x x
x x2 2

–
–

+ + +1 2

Q30. solve (D2 + 5D + 6)y = sin 5x.

Answer :

 Given differential equation is,

  (D2 + 5D + 6)y = sin 5x  ... (1)
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 Equation (1) is a non-homogeneous linear differential 
equation of the form,

  f(D)y = X ... (2)

 Comparing equation (1) with equation (2),

  f(D) = D2 + 5D + 6 and X = sin 5x
 The general solution of a non-homogeneous linear 
differential equation is,
  y = C.F + P.I ... (3)
 The auxiliary equation is f(m) = 0
 i.e., m2 + 5m + 6 = 0
 Þ m2 + 2m + 3m + 6 = 0
 Þ m(m + 2) + 3(m + 2) = 0
 Þ (m + 2) (m + 3) = 0
 Þ m1 = – 2, m2 = – 3
 \ Roots are real and distinct
 The complementary function is given as,
   C.F = c e c em x m x+ 2

1 2
1

 Þ  C.F = c e c ex x2 3– –+ 21    ... (4)
 The particular integral is given as,

     P.I = f D
X
] g  = sin

D D
x

5 6
5

2 + +

 Here, X is of the form, sin ax

 Let       D2 = – a2 i.e., D2 = –52 = –25

     P.I = sin
D
x

25 5 6
5

– + +

   = sin
D

x
19 5

5
– +

   = sin
D

x
D
D

5 19
5

5 19
5 19

– × +
+

   = . sin sin
D

D x x
5 19

5 5 19 5
–2 2
+]

] g
g

   = cos sin
D

x x
25 361

5 5 5 19 5
–2
+] g

   = cos sinx x
25 25 361

25 5 19 5
– –

+
] g

   = cos sinx x
986

25 5 19 5
–

+

 Þ    P.I = cos sinx x986
1 25 5 19 5– +5 ?  ... (5)

 Substituting equations (4) and (5) in equation (3),

  \   y = [ ]cos sinc e c e x x986
1 25 5 19 5–– x x

1
2

2
3–+ +  

Q31. solve : (D2 + 8)y = sin2x.
Answer :  

 Given differential equation is,
        (D2 + 8)y = sin2x ... (1)

 Equation (1) is a non-homogeneous linear differential 
equation of the form,
      f(D)y = X ... (2)
 Comparing equation (2) with equation (1),
        f(D) = D2 + 8 and X = sin2x
 The general solution of a non-homogeneous linear 
differential equation is,

     y = C.F + P.I  ... (3)

 The auxiliary equation is, f(m) = 0

 i.e,  m2 + 8 = 0

 Þ  m2 = – 8

 \  m = ! i2 2

 The roots are complex conjugate of the form i!a b

 Here ,0 2 2a b= =

 Hence, the complementary function is,

   C.F = eax(c1 cosbx + c2 sin bx) 

    = ( )cos sine c x c x2 2 2 2x0
1 2+  

 \   C.F  = cos sinc x c x2 2 2 21 2+  ... (4)

 The particular integral is,

    P.I = ( )f D
X  = sin

D
x
82

2

+
 

   = 
( )

cos
D

x
2 8
1 2–

2 +
     [a  cosx = 2sin2x – 1]

        = 
( )

–
( )
cos

D D
x

2 8
1

2 8
2

2 2+ +

 Þ    P.I = P.I1 + P.I2  ... (5)

 Consider, 

            P.I1 = 
( )D2 8

1
2 +

 Here, X is of the form K,

 Let D = 0

          P.I1 = 
( )2 0 8

1
2 +

 = 16
1  ... (6)

 Consider, 

    P.I2 = 
( )
cos
D

x
2 8

2–
2 +

 

 Here, X is of the form cos ax,

      Let, D2 = – a2 i.e., D2 = –22 = – 4

 ⇒  P.I2 = ( )
cos x

2 4 8
2

– +  = cos x
8

2  ... (7)

 Substituting equations (6) and (7) in equation (5),

           P.I = cos x
16
1

8
2–  ... (8)
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 Substituting equations (4) and (8) in equation (3),

 \     y = c1cos2 2 x + c2sin2 2 x + cos x
16
1

8
2–

Q32. solve (D2 + 5D + 6)y = e2x + sin x.
Answer :  Model Paper-3, Q13(a)

 Given differential equation is,

  (D2 + 5D + 6)y = e2x + sin x ... (1)

 Equation (1) is the non-homogeneous linear differential 
equation of the form,

           f(D)y = X    ... (2)

 Comparing equations (1) and (2),

  f(D) = D2 + 5D + 6 and X = e2x + sin x

 The general solution of a non-homogeneous linear 
differential equation is,

          y  = C.F + P.I    ... (3)

 The auxiliary equation is, f(m) = 0,
  i.e., m2 + 5m + 6 = 0
 Þ m2 + 3m + 2m + 6 = 0
 Þ m(m + 3) + 2(m + 3) = 0
 Þ (m + 2) (m + 3) = 0
 Þ m1 = –2, m2 = –3
 \ The roots are real and distinct
 The complementary function is,

  C.F = c e c ex x2 3– –+1 2    ... (4)
 The particular integral is,

     P.I = f D
X
] g

   = sin
D D
e x

5 6

x

2

2

+ +
+

   = sin
D D

e
D D

x
5 6 5 6

x

2

2

2+ +
+

+ +

 Þ    P.I = P.I1 + P.I2 ... (5)

 Consider,

    P.I1 = 
D D

e
5 6

x

2

2

+ +

 Here, X is of the form eax

 Let, D = a i.e., D = 2

    P.I1 = 
( ) ( )

e
2 5 2 6

x

2

2

+ +

   = e
4 10 6

x2

+ +

 Þ   P.I1 = e
20

x2
 ... (6)

 Consider,

    P.I2 = sin
D D

x
5 62 + +

 Here, X is of the form sinax,

 Let  Let, D2 = –a2 i.e., D2 = –12 = –1

    P.I2 = sin
D
x

1 5 6– + +

   = ×sin
D

x
D
D

5 5 5 5
5 5

–
–

+

   = 
( ) ( )
( )sin sin

D
D x x

5 5
5 5

–
–

2 2

   = . cos sin
D
x x

25 25
5 5

–
–
2

   = ( )
[ ]cos sinx x
25 1 25

5
– –

–

   = 
( )cos sinx x

25 25
5

– –
–

   = 
( )cos sinx x

50
5

–
–

 Þ        P.I = ( )cos sinx x10
1– –  ... (7)

 Substituting equations (6) and (7) in equation (5),

     P.I = ( )cos sine x x20 10
1– –

x2
 ... (8)

 Substituting equations (4) and (8) in equation (3),

 \ y = ( )cos sinc e c e e x x20 10
1– –– x x

x
2 3

2
–+ +1 2

Q33. solve : (D2 + 3D + 2)y = 5 + 2x.
Answer :

 Given differential equation is,

  (D2 + 3D + 2)y = 5 + 2x  ... (1)

 Equation (1) is a non-homogeneous linear differential 
equation of the form,

      f(D)y = X ... (2)

 Comparing equation (2) with equation (1),
        f(D) = D2 + 3D + 2,  X = 5 + 2x
 The general solution of a non-homogeneous linear 
differential equation is,
      y = C.F + P.I ... (3)
 The auxiliary equation is, f(m) = 0
  i.e, m2 + 3m + 2 = 0
    Þ m2 + 2m + m + 2 = 0
    Þ (m + 2) (m + 1) = 0
    Þ m1 = –1, m2 = –2 
 The roots are real and distinct
 Hence, the complementary function is, 
   C.F  = c e c em x m x

1 2+1 2

 ⇒   C.F = c1e
–x + c2e

–2x ... (4)
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 The particular integral is,

       P.I = ( )f D
X  = 

D D
x

3 2
5 2

2 + +
+

    = 
D D D D

x
3 2
5

3 2
2

2 2+ +
+

+ +
 

 ⇒    P.I = P.I1 + P.I2  ... (5)
 Consider,

    P.I1 = 
D D3 2

5
2 + +

 

 Here, X is of the form K
 Let, D = 0 

    P.I1 = 
( )0 3 0 2
5

2 + +

 Þ   P.I1 = 2
5  ... (6)

 Consider,

    P.I2 = 
D D

x
3 2
2

2 + +

   = 
D D

x

2 1 2
3

2
2

+ +< F

   = x D D1 2
3

–2 1

+ +< F     [a (1 + D)–1  = 1 – D + D2 – D3 + .....]

   = ......x D D D D1 2
3

2
3– –

2 2 2
+ + +d dn n> H

   = .....x D D D D D1 2 2
3

4 4
9

4
6– – –

2 4 2 3

+ + +< F

   = ( ) ( ) ( ) ( ) ( ) ....x D x D x D x D x D x2 2
3

4 4
9

4
6– – –

2 4 2 3

+ + +< F

   = – ( )x D x2
3

   = x – 2
3  (1) 

 Þ   P.I2 = x – 2
3  ... (7)

 Substituting equations (6) and (7) in equation (5),

     P.I = 2
5 + x – 2

3  

 Þ    P.I = x + 1 ... (8)

 Substituting equations (4) and (8) in equation (3),

 \ y = c1 e –x + c2e
–2x + x + 1

Q34. solve : (D2 + 1)y = x2 + 3x.
Answer :

 Given differential equation is,
  (D2 + 1)y = x2 + 3x  ... (1)
 Equation (1) is a non-homogeneous linear differential equation of the form,
        f(D)y = X ... (2)



MatheMatics-ii3.20

SIA PUblishers AND DistribUtors PVt. ltD.

 Comparing equation (2) with equation (1),

         f(D) = D2 + 1 and X = x2 + 3x
 The general solution of a non-homogeneous linear 
differential equation is given as,

             y = C.F + P.I ... (3)

 The auxiliary equation is, f(m) = 0, 

 i.e,  m2 + 1 = 0

   Þ  m2 = – 1

 Þ m i!=

 The roots are complex conjugate of the form i!a b ;

   Here a = 0, b = 1 

 Hence, the complementary function is, 

      C.F = ( )cos sine c x c xx
1 b b+a 

2

   = ( )cos sine c x c xx0
1 + 2

 \       C.F = c1cosx + c2sinx ... (4)

 The particular integral is,

        P.I = ( )f D
X  

   = 
D
x x

1
3

2

2

+
+

     = 
D

x
D

x
1 1

3
2

2

2+
+

+

 ⇒       P.I = P.I1 + P.I2    ... (5)

 Consider,

            P.I1 = 
D

x
12

2

+

   = x2[1 + D2]–1 

   = x2[1 – D2 + D4 – D6 + .....]

   = x2 – D2(x2) + D4 (x2) – D6 (x2) + .....

 Þ       P.I1 = x2 – D2(x2)

 Þ       P.I1 = x2 – 2  ... (6)

 Consider,

    P.I2 = 
D

x
1

3
2 +

   = 3x[1 + D2]–1 

   = 3x[1 – D2 + D4 – D6 + .....]

   = 3[x – D2(x) + D4 (x) – D6 (x) + .....]

 Þ       P.I2 = 3x  ... (7)

 Substituting equations (6) and (7) in equation (5),

 Þ    P.I = x2 – 2 + 3x ... (8)

 Substituting equations (4) and (8) in equation (3),

 \ y = c1 cosx + c2 sinx + x2 – 2 + 3x.

Q35. solve (D2 + D – 2)y = x + sinx.

Answer :

 Given differential equation is,

  (D2 + D – 2)y = x + sin x ... (1)

 Equation (1) is a non-homogeneous linear differential 
equation of the form

  f(D)y = X ... (2)

 Comparing equation (2) with equation (1),

  f(D) = (D2 + D – 2) and X = x + sin x

 The general solution of a non-homogeneous linear 
differential equation is,

      y = C.F + P.I ... (3)

 The auxiliary equation is, f(m) = 0

 i.e., m2 + m – 2 = 0

 Þ m2 + 2m – m – 2 = 0

 Þ m(m + 2) – 1(m + 2) = 0

 Þ   (m + 2) (m – 1) = 0

 Þ m1 = –2; m2 = 1

 \  The roots are real and distinct.

 Hence the complementary function is, 

  C.F = c e c em x m x1 2+ 21

 \ C.F = c1 e
–2x + c2 e

x  ... (4)

 The particular integral is,

     P.I = ( )f D
X  = sin

D D
x x

2–2 +
+

   = sin
D D

x
D D

x
2 2– –2 2+

+
+

 

 Þ    P.I = P.I1 + P.I2  ... (5)

 Consider,

    P.I1 = 
D D

x
2–2 +

   = 
D D

x

2 1 2– –
2 +` j> H

   = x D D
2 1 2
– –

2
1–

+d n> H   

 ......D D D D1 1–
1 2 3–

a = + + + +` j< F

   = .......x D D D D
2 1 2 2
– 2 2 2

+ + + + +d dn n> H
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   = .....x D D D D D
2 1 2 2 4 4

2
4

– 2 4 3 4
+ + + + + +< F

   = ( ) ( ) ( ) ( ) ( ) .....x D x D x D x D x D x2
1

2 2 2 4
2

4
– 2 4 3 2

+ + + + + +< F

   = ( )x D x2
1

2
– +
R

T

SSSS

V

X

WWWW

   = ( )x2
1

2
1 1– +

R

T

SSSS

V

X

WWWW

 Þ        P.I = x
2 4

1– –  ... (6)

 Consider 

    P.I2 =
sin

D D
x

2–2 +

 Here, X is of the form sin ax

      Let D2 = – a2 i.e., D2 = –(1)2 = –1

            P.I2 = sin
D
x

1 2– –+

   = sin
D

x
D
D

3 3
3

– × +
+  

   = 
( )sin

D
x D

9
3

–2
+

   = 
( )sin sinD x x

1 9
3

– –
+

 

   = cos sinx x
10
3

–
+

 ⇒       P.I2 = sin cosx x10
1 3– +8 B   ... (7)

 Substituting equations (6) and (7) in equation (5),

  P.I = sin cosx x x2 4
1

10
1 3– – – +8 B  ... (8)

 Substituting equations (4) and (8) in equation (3),

 \ y = c1 e
–2x + c2 e

x sin cosx x x2 4
1

10
1 3– – – +8 B

Q36. solve (D2 – 4D + 4)y = 8(x2 + e2x + sin2x).

Answer :

 Given differential equation is,

  (D2 – 4D + 4)y = 8(x2 + e2x + sin 2x)  ... (1)

 Equation (1) is a non-homogeneous linear differential equation of the form,

        f(D)y = X   ... (2)

 Comparing equations (1) and (2),

  f(D) = D2 – 4D + 4

      X = 8(x2 + e2x + sin 2x)   

 The general solution is,

       y = yc + yp   ... (3)
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 The auxiliary equation is, f (m) = 0

 Þ m2 – 4m + 4 = 0 

 Þ (m – 2)2 = 0    

 Þ m = 2, 2

 The roots are real and equal

 Complementary function is, yc = [c1 + c2x]emx

 Þ yc = [c1 + c2x]e2x     ... (4)

 Particular integral is, 

  yp = )(Df

X
 = 

)44–(

1
2 +DD

 8(x2 + e2x + sin2x) 

 Þ yp = 8 sin
D D

x
D D

e
D D

x
4 4 4 4 4 4

2
– – –

x

2

2

2

2

2+
+

+
+

+
< F  ... (5)

 Consider,

  
D D

x
4 4–2

2

+
 = 

D D
x

4 1 4
4–2

2

+; E

             = D D x4
1

1 4
4–2 1

2
–

+; E

             = – .....D D D D x4
1

1 4
4

4
4– –2 2 2

2+c cm m< F

         = D D D D x4
1

1 4 4
4

16
16

16
8– –

2 2 3
2+ +; E

         = ( ) ( ) ( ) ( ) ( )x D x D x D x D x4
1

1 4 4
4

16
16

16
8– –2

2
2 2 2 2

3
2+ +; E

         = ( )x x4
1

4
1 2 2 2 0– –2 + +: D

         = x x4
1

2
1 2 2–2 + +: D

        = x x4
1 2 2

32 + +: D

 Þ  
D D

x
4 4–2

2

+
 = x x4

1 2 2
32 + +: D

 Consider,

  
D D

e
4 4–

x

2

2

+
 = 

( )D
e

2–

x

2

2

        = !
.e x

2
x2 2

 
( ) !D a

e
n
x e

– n

ax n
axa == G

        = x e
2

x2 2
 

 Þ 
D D

e
4 4–

x

2

2

+
 = x e

2
x2 2

 Consider,

  sin
D D

x
4 4
2

–2 +
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 Here, X is of the form sinax

 Let, D2 = –a2 i.e., D2  = – 22 = –4

 Þ   sin
D D

x
4 4
2

–2 +
  = sin

D
x

4 4 4
2

– – +  

      = sin
D
x

4
2

–

             = . ( )sinD x4
1 1 2–

      = sin cosxdx x
4
1 2 4

1
2

2– – –=
J

L

KKK
N

P

OOOy

      = sin cosxdx x
4
1 2 4

1
2

2– – –=
J

L

KKK
N

P

OOOy

      = cos x
8

2

 \   sin
D D

x
4 4
2

–2 +
  = cos x

8
2

 Substituting the corresponding values in equation (5)

      yp = 8 cosx x x e x
4
1 2 2

3
2 8

2x
2

2 2
+ + + +b l; E

   = . cosx x x e x
4
8 2 2

3
2

8
8

8 2x
2

2 2
+ + + +b l

      yp = cosx x x e x2 2 2
3 4 2x2 2 2+ + + +b l  ... (6)

 Substituting equations (4) and (6) in equation (3),

 \      y = ( ) cosc c x e x x x e x2 2 2
3 4 2x x2 2 2 2+ + + + + +1 2 b l

Q37. solve (D3 + 1) y = cos(2x – 1) + x2 e–x.

Answer :  Model Paper-3, Q13(b)

 Given differential equation is,

  (D3 + 1)y = cos (2x – 1) + x2 e–x   ... (1)

 Equation (1) is of the form

   f(D)y = X    ... (2)

 Comparing equations (1) and (2),

  f(D) = D3 + 1 and X = cos (2x – 1) + x2e–x

 Auxiliary equation is, f(m) = 0

  Þ m3 + 1 = 0

  Þ (m + 1) (m2 –  + 1) = 0

  Þ m = – 1, i
2

1 3!

 The complementary function is given as,

   C.F = cos sinc e e c x c x2
3

2
3x

x
2– + +1 2 3: D

 The particular integral is given as,

     P.I = f D X1
] g

   = cos
D

x x e
1

1 2 1– –x
3

2

+
+^ ] g h

 ⇒    P.I = 
( )cos

D
x

D
x e

1
2 1

1
– x

3 3

2 –

+
+

+
   ... (3)

 Consider,

    P.I1 = cos
D

x
1

1 2 1–3 +
] g

 Substituting D2 = –4 in above equation,

    P.I1 = cosD x1 4
1 2 1– –] g

 Þ   P.I1 = cosD D
D x1 4 1 4

1 4 2 1– –+
+

] ] ]g g g

 Þ   P.I1 = cos
D
D x

1 16
1 4 2 1
–

–2
+ ] g

 Substituting D2 = – 4 in above equation,

    P.I1 = cosD x
1 16 4

1 4 2 1
– – –+
] ^ ]g gh

 Þ   P.I1 = cos cosx D x65
1 2 1 4 2 1– –+] ^ ]g gh6 @

 Þ   P.I1 = cos sinx x65
1 2 1 4 2 2 1– × – –+] ^ ]g gh6 @

 \   P.I1 = cos sinx x65
1 2 1 8 2 1– – –] ]g g6 @  ... (4)

 Consider,

    P.I2 = 
D
x e

1

x

3

2 –

+^ h

     = 
D

e x
1 1–

–x

3

2

+] g

   = 
D D D

e x
3 3 1 1– –

–x

3 2

2

+ +

   = 
D D D

e x
3 3–

–x

3 2

2

+

   = 
D D D

e x
3 3–

–x

2

2

+^ h

   = 
D D D

e x

3 1 3
3–

–x

2

2

+; E

   = D
e x D D
3 1 3

3–x 2 2 1– –

+; E
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   = ....D
e D D D D D D x3 1 3

3
3

3
3

3– – – – –
x 2 2 2 2 3

2
–

+ +c cm m< F

   = D
e D D D D D x3 1 3

3
9

6 9–
– –x 2 4 3 2 2

–

+ +^ h; E

   = D
e

x D x Dx D x D x D x
3 3 3

3
9

6 9– ––x
2

2 2 2 4 2 3 2 2 2
+ + +; E

   = D
e x Dx x Dx3 3

2 2 0 0 2– –
–x

2 + + +: D

   = D
e x x3 3

2 2 2–
–x

2 + +: D

   = D
e x x3 2 3

4–x
2 + +: D

   = e x x dx3 2 3
4x

2
–

+ +: D#

   = e x x x
3 3 2

2
3
4–x 3 2

+ +; E

   = e x x x
3 3 3

4x 3
2

–

+ +; E

   = e
x x x9 3 4

–x
3 2+ +6 @

 \   P.I2 = e
x x x9 3 4

–x
3 2+ +6 @      ... (5)

 Substituting equations (4) and (5) in equation (3),

     P.I = cos sinx x e
x x x65

1 2 1 8 2 1 9 3 4– – –
x

3 2
–

+ + +] ]g g6 6@ @     ... (6)

 The general solution is given as,

       y = C.F + P.I     ... (7)

 Substituting the corresponding values in equation (7)

 \      y = cos sin cos sinc e e c x c x x x e
x x x2

3
2
3

65
1 2 1 8 2 1 9 3 4– – –x

x x
2 3 2–

–
+ + + + + +1 2 3

] ]g g; 6 6E @ @

Q38. solve (D2 + 2D + 1) y = xex cos x. 

Answer : Model Paper-2, Q16(b)

 Given differential equation is,

  (D2 + 2D + 1) y = x ex cosx

 Let,  f(D) = D2 + 2D + 1 and X = xex cosx

 The auxiliary equation is,

  f(m) = 0

 ⇒ m2 + 2m + 1 = 0

 ⇒ (m + 1)2 = 0

 ⇒ m = – 1, –1

 The roots are real and equal.

 The complementary function (C.F) is,

  yc = (c1 + c2 x) e–x
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 The particular integral (P.I) is given by,

   yp = X
Df

.
)(

1

       = xex
DD

x cos.
12

1
2 ++

       = xex
D

x cos.
)1(

1
2+

       = 2)11(

cos
.

++D

xx
ex  = 2)2(

cos
.

+D

xx
ex

       = 22 )2(

cos

)2(

)2(2
–.

+











+
+

D

x

D

D
xex

       = 
DD

x

D
xex

44

cos

2

2
–.

2 ++





+

       = D

x

D
xex

441–

cos

2

2
–

++





+  = 
34

cos

2

2
–

+





+ D

x

D
xex

       = x
D

D

D
xex cos

9–16

)3–4(

2

2
–

2





+  = 
25–

cos)3–4(

2

2
–

xD

D
xex







+

       = )cos3–)sin(–4(
2

2
–

25–
xx

D
x

ex







+

       = )cos3–sin4(–
2

2
–

25–
xx

D
x

ex







+

       = 






+
+

2

cos3–sin4–

25

2
)cos3–sin4(–

25– D

xxe
xxx

e xx

       = 
2

)cos3sin4(

25

2
–)cos3sin4(

25

.

+
++

D

xxe
xx

xe xx

       = sin cos
sin cose x

x x
e

D

e D x x
25

4 3
25
2

4

2 2 4 3
–

–

–x x x

2+
+]

] ]g
g g

       = 
)4–1(–

)cos3sin4)(2–(

25

2
–)cos3sin4(

25

. xxDe
xx

xe xx ++

       = 
.

sin cos sin cos
e x

x x
e

D x x
25

4 3
125
2

2 4 3–
x x

+ + +] ] ]g g g

       = 
. 2

( 4sin 3cos ) (4cos – 3sin – 8sin – 6cos )
25 125

x xe x e
x x x x x x+ +

       = )sin11–cos2(–
125

2
)cos3sin4(

25

.
xx

e
xx

xe xx

++

  ∴ yp = )sin11cos2(
125

2
–)cos3sin4(

25

.
xx

e
xx

xe xx

++
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 The general solution is given by,

   y = yc + yp

 ∴ y = (c1 + c2x) e–x + )sin11cos2(
125

2
–)cos3sin4(

25

.
xx

e
xx

xe xx

++

3.4  metHoD of variation of Parameters, solution of euler-caucHy equation

Q39. Determine the solution of second order differential equation using method of variation of parameters.
Answer :

 A second order linear differential equation with constant coefficients is expressed as,

  ( )
dx

d y
a

dx
dy

a y Q x2

2

+ + =1 2

 Where,
  a1, a2 are constant coefficients
  Q(x) is a continuous function of x
  Q(x) ¹ 0 and a2 ¹ 0
 The complementary function is given as,
  C.F = c1f1 + c2f2

 Where,
  c1, c2 are constant and f1, f2 are functions of x
 The particular integral is given as,

  P.I = Pf1 + Rf2

 Where,

  P = –
'

( )
f f f

f Q x
–1

2

'12 f2
# dx

  R = 
( )

f f f f
f Q x

–'
1

2 '11 2
# dx

 \ The general solution is,

  y = C.F + P.I

 ⇒ y = c1 f1 + c2 f2 + Pf1 + Rf2.

Q40. solve (D2 + 1) y = sec2 x by the method of variation parameters.
Answer :  

 Given differential equation is,

  (D2 + 1)y = sec2x ... (1)

 Equation (1) is a non homogeneous linear differential equation of the form,

  f(D)y = Q(x)     ... (2)
 Comparing equations (1) and (2),
  f(D) = D2 + 1, Q(x) = sec2x
 General solution is given as,
       y = yc + yp    ... (3)
 Auxiliary equation is,
  f(m) = 0
  i.e., m2 + 1 = 0
  ⇒ m = ± i
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 Roots are complex conjugate of the form α + iβ
 The complementary function (C.F) is given as,
  yc = cos sinc x c x+ 21] g     ... (4)
 Particular integral (P.I) is given as,
      yp = Pf1 + Rf2   ... (5)
 Where,
       f1 = cosx, f2 = sinx

     ' – , 'sin cosf x f x= =21

  – cos sinf f f f x x 12 2= + =' ' 21 1 1

      P = –
' '

( )
f f f f

f Q x
dx

–
2

1 2 1 2
#

       = sin secx x dx1–
2#

   = .cos
sin secx

x x dx– #

   = tan secx x dx– #
   = – secx

     R = 
' '

( )
f f f f

f Q x
dx

–2 2

1

1 1
#

      = cos secx x dx1
2#

   = sec x dx#
   = log (sec x + tan x)

 Substituting the corresponding values in equation (5),

      yp = (– sec x)cos x + [log (sec x + tan x)] sin x

 \     yp = – 1 + sin x log (sec x + tan x)   ... (6)

 Substituting equations (4) and (6) in equation (3),

       y  = c1 cos x + c2sin x – 1 + sin x [log (sec x + tan x)]+c

  \      y  = c1 cos x + c2sin x – 1 + sin x [log (sec x + tan x)]+c.

Q41. solve 
dx
d y

2

2

+ y = cosecx by using method of variation of parameters.

Answer :

 Given differential equation is,

  
dx
d y

2

2

+ y = cosec x

 ⇒ (D2 + 1) y = cosec x         ... (1)

 Equation (1) is a non-homogeneous linear differential equation of the form,
   f(D)y = Q(x)         ... (2)
 Comparing equations (1) and (2)
  f(D) = D2 + 1
  Q(x) = cosec x 
 The general solution is given as,
      y = yc + yp       ... (3)
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 The auxiliary equation is,
         f(m) = 0
 Þ m2 + 1 = 0
 Þ m2 = – 1
 Þ m = ± i
 The roots are complex conjugate of the form a ± ib.

 The complementary function is given as
  yc = eax(c1cosbx + c2 sinbx)
 Here a = 0  ; b = 1
  yc = e0 (c1cosx + c2 sinx)
  yc = c1cosx + c2 sinx        ... (4)
 The particular integral is given by
  yp = Pf1 + Rf2       ... (5)
 Where, f1 = cosx      ;  f2 = sinx
    'f1 = – sinx    ; 'f2 = cosx
 f1 'f2  – 'f1 f2 = cosx(cosx) – (– sinx) (sinx)
      = cos2x + sin2x
             = 1

       P = – ' '
( )

f f f f
f Q x

–
2

1 22 1
# dx

   = –
( )sin cosecx x

dx1#

   = – .sin cosecx x dx#

   = – .sin sinx x dx1#

   = – dx#
  = – x
⇒       P = – x        ... (6)

       R = ' '
( )

f f f
f Q x

–
1

21 f21
# dx

  = 
. ( )cos cosecx x

dx1#

  = .cos sinx x dx1#

  = cot xdx#
  = log(sinx)
⇒       R = log(sinx)        ... (7)
 Substituting equations (6) and (7) in equation (5),
      yp  = – x(cosx) + log(sinx) sinx
⇒      yp  = – xcosx + log(sinx). sinx       ... (8)
 Substituting  equations (4) and (8) in equation (3),
  y = c1cosx + c2sinx – xcosx + log(sinx) sinx + c
     \ The general solution is,
  y = c1cosx + c2 sinx – xcosx + sinx.log(sinx) + c

Q42. solve 
dx
d y

y cot x2

2

+ = by using method of 

variation of parameter.

Answer :  Model Paper-1, Q13(b)

 Given differential equation is,

  cot
dx

d y
y x2

2

+ =

 The above equation can be written as,

  (D2 + 1)y = cot x   ... (1)

 Equation (1) is a non-homogeneous linear differential 
equation of the form,

  [f (D)]y = X   ... (2)

 Comparing equations (1) and (2)

  f (D) = D2 + 1

  X = cot x

 The general solution of a non-homogeneous linear 
differential equation is given as,

  y = C.F + P.I   ... (3)

 The auxiliary equation is given as,

  f (m) = 0

  i.e., m2 + 1 = 0

 ⇒ m2 = – 1

 ⇒ m2 = i

 ⇒ m = ± i

 The roots are complex conjugate of the form α ± iβ

 Here, α = 0, β = 1

 Hence, the complementary function is,

   C.F = eax (c1cosβx + c2sinβx)

   = e0x (c1cosx + c2sinx)

   = c1cosx + c2sinx

 \  C.F = c1cosx + c2sinx   ... (4)

 Here, f 1 = cosx  ; f 2 = sinx

  f 1
'  = – sinx ; f 2

'  = cosx

      f 1 f 2
'  – f 2 f 1

'  = (cosx) (cosx) – (sinx) (– sinx)

     = cos2x + sin2x

 \  f 1 f 2
'  – f 2 f 1

'  = 1

 The particular integral is given as,

   P.I = Pf1 + Qf 2   ... (5)
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       P = –
f f f f

f X
dx

– 121 2

2
''#

   = 
sin cotx x

dx
1

– #

   = .sin
sin
cos

x
x
x

dx–
J

L

KKK
N

P

OOO#

   = cos x dx– #
   = – sinx

 \      P = – sinx   ... (6)

      Q = 
f f f f

f X
dx

–2 1

1

1 2''#

   = 
.cos cotx x

dx
1#

   = cos
sin
cos

x
x
x

dx
J

L

KKK
N

P

OOO#

   = 
sin
cos

x
x

dx
2

#

   = 
sin

sin
x

x
dx

1 – 2^ h#

   = 
sin sin

sin
x x

x
dx

1
–

2J

L

KKKK
N

P

OOOO#

   = cosec sinx x dx–] g#
   = cosec sinxdx xdx– ##
   = log cosec cot cosx x x– +5 ?
 \     Q = log cosec cot cosx x x– +5 ?   ... (7)
 Substituting equations (6) and (7) in equation (5),
      P.I = – sin cos log cosec cot cos sinx x x x x x–+ +] g 6 5 ? @
 = – .sin cos sin log cosec cot sin cosx x x x x x x–+ +5 ?
 = log cosec cot sinx x x–5 ?
\   P.I = log cosec cot sinx x x–5 ?    ... (8)
 Substituting equations (4) and (8) in equation (3),
 \   y = c1cosx + c2sinx + log cosec cot sinx x x–5 ?  + c

Q43. solve (D2 + 2D + 5) y = e–x tanx.

Answer :

 Given differential equation is,
  (D2 + 2D + 5) y = e–x tanx     ... (1)
 Equation (1) is a non-homogeneous linear differential 
equation of the form 
       [f(D)]y = Q(x)     ... (2)
 Comparing equations (1) and (2),
  f(D) = D2 + 2D + 5
  Q(x) = e–x tanx

 The general solution is given as,
  y = yc + yp      ... (3)
 The auxiliary equation is given as,
  f(m) = 0
 Þ i.e., m2 + 2m + 5 = 0

 Þ    m = ( )
( ) ( ) ( )
2 1

2 2 4 1 5– –2!
 

    = 2
2 4 20– –!  

    = 2
2 16– –!  = i

2
2 4– !  

        m = – 1 ± 2i

 The roots are complex conjugate of the form a ± ib
 The complementary function is given as,
  yc = eax (c1cos bx + c2 sinbx)
 ⇒ yc = e–x (c1 cos2x + c2 sin2x)
  yc = c1e

–x cos2x + c2 e
–xsin2x      ... (4)

 The particular integral is given by,
  yp = Pf1 + Rf2  ... (5)
 Where, f1 = e–xcos2x
  'f1  = e–x(– 2sin2x) + cos2x (–e–x)

 ⇒ 'f1  = – 2e–x sin2x – e–x cos2x
  f2 = e–x sin2x

 ⇒  'f2  = e–x(2cos2x) + sin2x(– e–x)

 ⇒    'f2  = 2e–xcos2x – e–x sin2x

        f1 'f2  – 'f1 f2 = e–x cos2x (2e–xcos2x – e–x sin2x)   
      – (–2e–xsin2x – e–xcos2x) e–xsin2x

     = 2e–2x cos22x – e–2x sin2x cos2x    
      + 2e–2x sin22x + e–2x sin2x cos2x

     = 2e–2x cos22x + 2e–2x sin22x
     = 2e–2x (1)
     = 2e–2x

        P = – ' '
( )

f f f f
f Q x

–
1

1 2 1 2
# dx

   = – 
( )sin tan

e
e x e x

dx
2
2

x

x x

2–

– –

#

   = – .sin tan
e

e x x dx2
1 2

x

x

2

2

–

–#

   = – .sin tanx x dx2
1 2#

   = – ( ) .sin cos cos
sinx x x

x dx2
1 2#

   = – sin x dx2#
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   = – cos x dx2
1 2–b l#  

   = – ( )cos x dx2
1 1 2–#

   = cosdx x dx2
1 2– –: D##

    \       P = sinx x
2
1

2
2– –: D        ... (6)

           R = ' '
( )

f f f f
f Q x

–
1

1 2 1 2
# dx

   = 
( )cos tan

e
e x e x

dx
2
2

x

x x

2–

– –

#

   = cos tan
e

e x x dx2
1 2

x

x

2

2

–

–#
   = .cos tanx x dx2

1 2#
        = ( )cos cos

sinx x
x dx2

1 2 1–2#
   = cos cos

sin
cos
sinx x

x
x
x dx2

1 2 –2b l#

   = ( ) –sin cos cos
sinx x dx x

x dx2
1 2 2

1# #

   = 
( )

sin cos
sin

x dx x
x

dx2
1 2 2

1 –
+# #

   = ( )cos log cosx x2
1

2
2

2
1– +: D

 \      R = ( )cos log cosx x4
2

2
1– +         ... (7)

 Substituting equations (6) and (7) in equation (5)

      yp = ( )sin cos log cos cos sinx x e x x x e x2 4
2 2 2

1
4

2 2– –x x– –+ +: :D D

  = – ( )cos sin cos sin log cos sin cosx e x e x x e x x e x x
2 2 4

2 2
2
1 2 4

2 2–x
x

x
x

–
–

–
–

+ +

      = ( )cos sin log cosx e x e x x2 2 2
1 2– x x– –+

 \  yp = e
2
–x

[sin2x log(cosx) – xcos2x]      ... (8)

 Substituting equations (4) and (8) in equation (3),

      y = c1e
–x cos2x + c2 e

–x sin2x + e
2

x–
[sin2x log(cosx) – xcos2x] + c.

Q44. Write the solution of nth order Cauchy-Euler equation.

Answer :  

 The nth order Cauchy’s-Euler equation is given by,

...........x
dx
d y

a x
dx
d y

a x dx
dy

a yn
n

n
n

n

n

n n1
1

1

1

1
–

–

–

–+ + + +  = Q(x) ... (1) 

 Where, a0, a1, ..... an – 1, an are constants.
 Consider,
  x = ez ... (2)
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 Applying logarithm on both sides,

   logx = logez

 ⇒ logx = z loge

 ⇒ logx = z    

 From equation (2),

       x = ez

 ⇒ dx = ezdz

 ⇒ dx
dz

e
1

z=

 ⇒ dx
dz

x
1=    ( )From equation 2a8 B  ... (3)

 Consider,

    dx
dy

 = .dx
dy

dz
dz

 ⇒ dx
dy

 = .dx
dz

dz
dy

 

 ⇒ dx
dy

 = x dz
dy1 e o   [a  From equation (3)]

 ⇒ x dx
dy

dz
dy

=    ... (4)

 ⇒   x dx
dy

 = D'y   ... (5)

 Where, D' ≡ 
dz
d

 Differentiating equation (4) with respect to ‘x’,

 x
dx
d y

dx
dy

dx
d

dz
dy

2

2

+ = e o

 Multiplying both sides by x,

          x
dx
d y

x dx
dy

x dz
d

dx
dy2

2

2

+ = e o

         = x dz
d

x dz
dy1= G   [ ( )]From equation 4a

           x
dx
d y

x dx
dy

dz
d y2

2

2

2

2

+ =

 ⇒ x
dx
d y

dz
dy

dz
d y2

2

2

2

2

+ =  [ ( )]From equation 4a

 ⇒ –x
dx
d y

dz
d y

dz
dy2

2

2

2

2

=

 ⇒ ' 'x
dx

d y
D D y–2

2

2
2= ^ h

 Where, 'D
dz
d

/

 ⇒ ' 'x
dx

d y
D D y1–2

2

2

= ] g    ... (6)

 Similarly

 ⇒ ' ' 'x
dx

d y
D D D y1 2– –3

3

3

= ] ]g g    ... (7)

 ⇒ ' ' ' 'x
dx

d y
D D D D y1 2 3– – –4

4

4

= ] ] ]g g g  ... (8)

 Substituting equations (5), (6), (7) and (8) in equation (1) 
to obtain a linear differential equation with constant coefficients.

Q45. solve (x2D2 – 3xD) y = x + 11.

Answer :    Model Paper-1, Q16(b)

 Given differential equation is,
  (x2D2 – 3xD) y = x + 11       ... (1)
 Let x = ez

 Þ z = logx
 Then xD ≡ D'
  x2D2 ≡ D'(D' – 1)

  Where, 'D
dz
d

/

  Equation (1) becomes,

  (D'(D' – 1) – 3D') y = ez + 11

 ⇒ ((D')2 – D' – 3D') y = ez + 11

 ⇒ [(D')2 – 4D'] y = ez + 11         ... (2)

 Equation (2) is a non-homogeneous linear differential 
equation of the form,

  [f (D)] y = X       ... (3)

 Comparing equation (2) and (3),

  f(D) = (D')2 – 4D'

  X = ez + 11

 The general solution is given as,

  y = C.F + P. I         ... (4)

 The auxiliary equation is given as,
  f(m) = 0
 Þ m2 – 4m = 0
 Þ m(m – 4) = 0
 Þ m = 0, m = 4
 The roots are real and distinct.
 The complementary function is given as,
  C.F = c1e

m1z + c2 e
m2z

 ⇒ C.F = c1 e
0.z + c2 e

4z

 \ C.F = c1 + c2 e
4z      ... (5)

 The particular integral is given as,

    P.I = ( )f D
X   =

( ') 'D D
e

4
11

–

z

2
+

    P.I = 
( ') ' ( ') '

.
D D

e
D D

e
4 4

11
– –

.z z

2 2

0
+    ... (6)
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 Consider, 
( ') 'D D

e
4–

z

2

 Here X is of the form eax

 Let, D = a i.e., D = 1

  
( ') ' ( ) ( )D D

e e
4 1 4 1– –

z z

2 2=

     = e
1 4–

z
  

  
( ') 'D D

e e
4 3– –

z z

2 =    ... (7)

 Consider, 
( ') 'D D

e
4

11
–

.z

2

0

 Here X is of the form eax,

 Let, D = a i.e., D = 0

  
( ') ' ' .
D D

e
D

z e
4

11
2 4 11

– –
.

.
z

z
2

0
0=  

( )
( )

. ' ( )

f D D
f D

P I f D
X e

0
0

at

ax

&

a =
=

=

R

T

SSSSSSSSSS

V

X

WWWWWWWWWW

 Let D = a i.e., D = 0

   = ( )
. ( . )z e
2 0 4

11
–

.z0

 

  = ze4
11– .z0

 
( ') '

.
D D

e
4

11
–

.z

2

0
 = z4

11–      ... (8)

 Substituting equations (7) and (8) in equation (6),

     P.I  = – e z3 4
11–

z
       ... (9)

 Substituting equations (5) and (9) in equation(4),

  y = c1 + c2 e
4z – e z

3 4
11–

z
 

 ⇒ y = c1 + c2 e
4logx – 

logx x
3 4

11
–

 ⇒ y = c1 + c2 x
4 – 

logx x
3 4

11
–

 \ The general solution is,

  y = c1 + c2 x
4 – logx x3 4

11–

Q46. solve x2y'' – xy' + y = log x + p.

Answer :  

 Given differential equation is,

  x2 y'' – xy' + y = logx + p

 The above equation can be written as,

  (x2D2 – xD + 1) y = logx + p     ... (1)

 Let x = ez   Þ z = log x

 Then x D ≡ D'

  x2D2 ≡ D' (D' – 1)

 Where D' ≡ dz
d

 Equation (1) becomes

 Þ (D'(D' – 1) – D' + 1) y = z + p

 Þ [(D')2 – D' – D' + 1] y = z + p

 Þ [(D')2 – 2D' + 1] y = z + p     ... (2)

 Equation (2) is a non-homogeneous linear differential 
equation of the form,

  [(f(D)] y = X      ... (3)

 Comparing equations (2) and (3)

  f(D) = (D')2 – 2D' + 1

  X = z + p

 The general solution is given as,

  y = C.F + P. I      ... (4)

 The auxiliary equation is given as,

  f(m) = 0

 Þ m2 – 2m + 1 = 0

 Þ (m – 1) (m – 1) = 0

 Þ m = 1, 1

 The roots are real and equal

 The complementary function is given as,

  C. F = (c1 + c2z) ez     ... (5)

 The particular integral is given as,

     P.I = ( )f D
X

   = 
( ') 'D D

z
2 1–2
p 

+
+

   = 
[( ') ']

( )
D D

z
1 2

1
–2 p 

+
+

   = [ ') '] ( )D D z1 2–2 1–
p + +7 A

    = [1 – [(D')2 – 2D'] + ... ](z + p)

   = [1 + 2D'] (z + p)

   = z + p + 2D' (z + p)

   = z + p + 2(1 + 0)

 \       P. I = z + p + 2       ... (6)

 Substituting equations (5) and (6) in equation (4),

  y = (c1 + c2 z) ez + z + p + 2

 ⇒ y = (c1 + c2 logx) x + logx + p + 2

 \ The general solution is,

  y = (c1 + c2 logx) x + logx + p + 2.
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Q47. solve the equation x2
dx
d y

4x dx
dy

2y2

2

+ + = sin(logx). 

Answer :    Model Paper-3, Q16(b)

 Given differential equation is,

  x2

dx
d y

x dx
dy

y4 22

2

+ + = sin (logx)

 The above equation can be written as,

  (x2 D2 + 4x D + 2) y = sin (logx)     ... (1)

 Let, x = ez   Þ z = logx

 Then, xD ≡ D'

  x2D2 ≡ D'(D' – 1)

 Where, D' ≡ dz
d  

 Equation (1) becomes,

  [D'(D' – 1) + 4D' + 2] y = sin z

 Þ [(D')2 – D' + 4D' + 2] y = sin z

 Þ [(D')2 + 3D' + 2] y = sin z       ... (2)

 Equation (2) is a non-homogeneous linear differential equation of the form,

  [f(D)] = X       ... (3)

 Comparing equations (2) and (3),

  f(D) = (D')2 + 3D' + 2

       X = sin z

 The general solution is given as,

  y = C. F + P. I           ... (4)

 The auxiliary equation is given as,

  f(m) = 0

 Þ m2 + 3m + 2 = 0

 Þ m2 + m + 2m + 2 = 0

 Þ m(m + 1) + 2(m + 1) = 0

 Þ (m + 1) (m + 2) = 0

 Þ m = – 1, – 2

 The roots are real and distinct

 The complementary function is given as,

  C. F = c1 e
–z + c2 e

– 2z      ... (5)

 The particular integral is given as,

  P. I = ( )f D
X

       = 
( ') '

sin
D D

z
3 22 + +

 Here X is in the form sin ax

 Let (D')2 = – a2 i.e., (D')2 = – 1
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      P. I = '
sin

D
z

1 3 2– + +

    = '
sin
D

z
3 1+

    = ' '
' sinD D

D z3 1
1

3 1
3 1× –

–
+: D

    = 
( ') ( )

'
sin

D
D

z3 1
3 1

–
–

2 2< F

    = 
( ')

'
sin

D
D

z9 1
3 1

–
–
2< F

 Let (D')2 = – 1

    = ( )
' sinD z9 1 1

3 1
– –

–

    = ' sinD z10
3 1

–
–

    = [ ' ( ) ]sin sinD z z10
1 3– –

      P. I = [ – ]cos sinz z10
1 3–       ... (6) 

 Substituting equations (5) and (6) in equation (4),

  y = c1 e
–z + c2 e

–2z –
10
1 [3cosz – sinz]

 ⇒ y = c1 –x c
x

1 1
10
1

2 2+ [3cos(logx) – sin(logx)] 

 ⇒ y = c1 x
–1 + c2 x

–2 – [ ( ) ( )]cos log sin logx x
10

3 –

 \ The general solution is,

  y = c1 x
–1 + c2 x

–2 –
10
1 [3cos(logx) – sin(logx)].

Q48. solve x
dx
d y

x dx
dy

y log x sin log x2
2

2

+ + = ^ h .

Answer :     Model Paper-2, Q13(b)

 Given differential equation is,

  x2 
dx
d y

x dx
dy

y2

2

+ + = log x sin (logx)

 The above equation can be written as,

  [x2 D2 + x D + 1] y = log x sin (log x)    ... (1)

 Let, x = ez  Þ z = log x
 Then xD ≡ D'

  x2 D2 ≡ D'(D' – 1)

 Where D' ≡ dz
d

 Equation (1) becomes

  (D'(D' – 1) + D' + 1] y = z sin z       ... (2)

 Equation (2) is a non-homogeneous linear differential equation of the form

  [f(D)] y = x     ... (3)
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 Comparing equations (2) and (3)

  f(D) = D'(D' – 1) + D' + 1

   = (D')2 – D' + D' + 1

   = (D')2 + 1

      X  = z sin z

 The general solution is given as,

       y  = C.F + P. I       ... (4)

 The auxiliary equation is given as,

  f(m) = 0

 Þ m2 + 1 = 0

 Þ m2 = – 1

 Þ m = ± i

 Since the roots are complex conjugate of the form a ± ib

 The complementary function is given as, 

  C.F = e0.z (c1 cos z + c2 sin z)

 ⇒ C.F = c1 cos z + c2 sin z       ... (5)

 The particular integral is given as,

  P.I = ( )f D
X

 ⇒ P.I = 
( ')

( )sin
D

z z
1

1
2 +

      = Imaginary part of 
( ')

( )
D

ze
1

1 iz
2 +

      = I.P of eiz 
( ')D

z
1

1
2 +

             Let, D' = D' + i

     P.I  = I.P of eiz 
( ' )D i

z
1

1
2+ +

   = I.P of eiz

( ') ( ) 'D i D i
z

2 1
1

2 2+ + +
 

      = I.P of eiz.
( ') 'D D i

z
1 2 1

1
–2 + +

 

  = I.P of eiz 
( ') '

.
D D i

z
2

1
2 +

  = I.P of eiz  
'

'
( ')

.
D i

D i
D

z
2 1 2

1
2

+< F

  = I.P of eiz 
' . 'D i i

D z2
1

1 2

1

+> H

  = I.P of 
'

'
e

D i i
D

z
2

1
1

2
iz

1–

+
R

T

SSSS
V

X

WWWW
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  = I.P of eiz .
' . ' .D i i

D z2
1 1 2–: D

  = I.P of eiz .
' .

' ( )
D i z i

D z
2

1
2–; E

  = I.P of eiz .
' .D i z i2

1
2
1–: D   

  = I.P of eiz .
' ( ) ' ( )i D z i D2

1 1
2
1 1 1–: D

      = I.P  of eiz . ( )i
z

i z2
1

2 2
1–

2
; E  = I.P  of eiz .

i
z

i
z

4 4
–

2

2< F  

  = I.P of (cos z + i sin z) ( )
z

i
z

4
1

4 1– –
2
b l< F  

  = I.P of (cos z + i sin z) ( )z i z
4 4–
2

+; E

  = I.P of (cos z + i sin z) i z z
4 4–
2

+; E  

  = I.P of cos cos sin sini z z z z i z z i z z
4 4 4 4– –
2

2
2

+ +c bm l< F

  = I.P of cos cos sin sini z z z z z z i z z4 4 4 4–
2 2

+ + +; E

    P. I = – cos sinz z z z4 4
2

+        ... (6)

 Substituting equations (5) and (6) in equation (4),

       y  = c1 cos z + c2 sin z – cos sinz z z z4 4
2

+  

⇒          y  = c1 cos (logx) + c2 sin (logx) – ( )
( ) ( )

log
cos log

log
sin log

x
x

x
x4 4

2

+

 \ The general solution is,

    y  = c1 cos (logx) + c2 sin (logx) – 
( )

( ) ( )
log

cos log
log

sin log
x

x
x

x4 4

2

+   
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Part-a 

Short QueStionS with SolutionS 

Q1.	 Define	Gamma	function	and	list	its	important	formulae.
Answer:	 	 Model	Paper-1,	Q7

Gamma Function

	 The	definite	integral	 ∫
∞

−−

0

1.. dxxe nx 	(for	n	>	0),	is	termed	as	Gamma	function.	It	is	a	function	of	‘n’	and	is	denoted	by	‘Γ’.	

        Γ(n) = ∫
∞

−−

0

1.. dxxe nx   (n > 0)  

	 It	is	also	known	as	‘Euler’s	integral	of	the	second	kind’.
Formulae

(i)	 Γ(n + 1) = nΓ(n)			or		Γ(n) = (n – 1) Γ(n – 1)

(ii)	 Γ(n) = (n	–	1)!		or	Γ(n + 1) = n!

(iii)	 Γ(n) = 
n

n )1( +Γ

(iv)	 Γ(n).Γ(1 – n) = π
π
nsin

(v)	 2
1

π Γ =d n

Q2.	 Find	the	value	of	  Γ   
7

2
. 

Answer:	 	 	 	 	 June-11,	Q7

	 Given	function	is,

  

7

2

 Γ   

	 Gamma	function	interms	of	n	is	given	by,
      )(nΓ  = (n – 1)Γ(n – 1)  

	 Substituting	n = 
2

7
	in	above	equation,

    
7

2

 Γ     = 





 −Γ






 − 1

2

7
1

2

7

    = 





Γ

2

5

2

5

    = 













 −Γ






 − 1

2

5
1

2

5

2

5

    = 





















Γ

2

3

2

3

2

5

Special function

unit

4
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    = 





















 −Γ






 − 1

2

3
1

2

3

2

3

2

5

    = 













Γ×

2

1

2

1

2

3

2

5

    = 



 π××

2

1

2

3

2

5
   








π=






Γ

2

1

    = 
8

15 π

        \    2
7

8
15 π 

Γ =d n

Q3.	 Find	the	value	of	 
2
9

G d n .
Answer	:   Dec.-12,	Q10

 Given	function	is,

  2
9

G d n
	 The	above	function	can	be	written	as,

    2
9

G d n  = G 2
7

1+d n
	 From	the	property	of	Gamma	function,	

        Γ(n + 1) = nΓ(n)

\   2
9

G d n  = 2
7

1Γ +d n= 2
7

2
7

×Γ d n

⇒    2
9

G d n  = 2
7

2
7

Γ d n

   = 2
7

2
5

1Γ +d n

   = 2
7

2
5

2
5

× ×Γ d n  

   = × ×2
7

2
5

2
3

1Γ +d n

   = × ×2
7

2
5

2
3

2
3

×Γ d n    

   = × ×2
7

2
5

2
3

2
1

1×Γ +d n

   = × ×2
7

2
5

2
3

2
1

2
1

× Γ d n             

   = × ×2
7

2
5

2
3

2
1

× × π   
1

2

  Γ = π    


    =  
16

105 π
  

        \ 2
9

16
105 π 

Γ =d n

Q4.	 Show	that	 Γ  

Answer	:  Model	Paper-2,	Q7

	 Given	integral	is,

          ∫ −
1

0

1)/1(log n
e y dy 

	 Let,	 	log
e
 

y

1
 = t   

  ⇒ 
y

1
 = et    ⇒   y = e–t

	 Differentiating	on	both	sides	with	respect	to	‘t’, 

     dy = – e–t dt    

Limits

	 For	y =	0,	 log
e 0

1
 = t ⇒	log

e
 ∞ = t ⇒ t = ∞

 For	y	=	1,	log
e
 
1

1
 = t ⇒	log

e 
1 = t ⇒ t = 0

    \	 Limits	are	from	∞	to	0.

	 Then,

         ∫
−









1

0

1
1

log

n

e
y

dy = ∫
∞

0

(t)n–1.(–	e–t).dt

    = – ∫
∞

0

e–t.tn–1.dt 

    = ∫
∞

0

e–t.tn–1.dt

    = Γ(n)  










Γ=∫

∞
−−

0

1 )(.. ndxxe nx

            ∫
−









=Γ∴
1

0

1
1

log)( dy
y

n

n

e

Q5.	 Prove	that	Γ(n)	Γ(1	–	n)	=	
π

π
nsin

Answer	:	 	 Dec.-13,	Q8					

	 Given	that,

   Γ(n) Γ(1 – n) = π
π
nsin

	 The	 general	 expression	 of	 a	β-function	 in	 terms	 of										
(m, n)	is,

        β(m, n) = ∫
∞

+

−

+
0

1

.
)1(

dx
x

x
nm

n

	 	 ...	(1)

 Relation	between	‘Γ’	and	‘β’	function	is	given	by,

                β(m, n) = 
)(

)().(

nm

nm

+Γ
ΓΓ

	 	 ...	(2)
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	 Combining	equations	(1)	and	(2),	

        
)(

)()(

)1(
0

1

nm

nm
dx

x

x
nm

n

+Γ
ΓΓ

=
+∫

∞

+

−

	 ...	(3)

       Let,	m + n  = 1 ⇒  m = 1 – n

    \	 Equation	(3)	becomes,	

     
)1(

)()1(

)1(
0

1

1

Γ
Γ−Γ

=
+∫

∞ − nn
dx

x

xn

      = 
( ) ( )n n

1
1 –Γ Γ

  [  Γ(1) = 1]

      \ )()1(.
)1(

0

1

nndx
x

xn

Γ−Γ=
+

∴ ∫
∞ −

 ...	(4)

 Also,

 
n

m

n
dx

x

x
n

m

2

)12(
cosec

2)1(
0

2

2 π+π
=

+∫
∞

 

...	(5)

 Where,	m > 0, n	>	0	and	n > m

	 	 		Let	x2n  = t Þ ( )x t / n1 2= and	
n

m

2

)12( +
 = p  

 

	 Differentiating	with	respect	to	‘x’, 

   dx =
n2

1 1
2

1
−

nt .dt   

Limits

	 For	x = 0, 0 = )( 2
1

nt  ⇒ t = 0

	 For	x = ∞, ∞ = )( 2
1

nt  ⇒ t = ∞

 \				Limits	are	from	0	to	∞.
					 Substituting	the	corresponding	values	in	equation	(5),

  ∫
∞

0
)1(

)( 22/1

t

t mn

+
.

1
2

1

2

1 −
nt

n
 dt = 

n2

π cosec	pπ

 ⇒ ∫
∞ −

+
0

1
2

1

2

2

.
2

1
.

)1(
dt

t

t

nt

t nn

m

= 
n2

π
	cosec	pπ

 ⇒ dtt
tn

t
n

nm

∫
∞

−

+
0

1
2

1)2/2(

.
)1(2

 = 
n2

π
	cosec	pπ 

 ⇒ 
n2

1
dt

t

tt nn

m

∫
∞ −

+
0

1
2

1

2

2

)1(

.
 =

n2

π
	cosec	pπ 

 ⇒ ∫
∞ −






 +

+
0

1
2

12

1 t

t n

m

dt = π	cosec	pπ             





 +

=
n

m
p

2

12

 ⇒   ∫
∞ −

+
0

1

1
dt

t

t p

= 
π

π
psin

     				 ...	(6)

 Equation	(6)	can	also	be	expressed	interms	of	‘x’	as,

    ∫
∞ −

+
0

1

1
dx

x

x p

 = π
π
psin

   

 Let	p = n

        
π

π
=

+
∴ ∫

∞ −

n
dx

x

xn

sin)1(
0

1

	 ...	(7)
	 Combining	equations	(4)	and	(7),

  π
π

=−Γ(Γ
n

nn
sin

)1()

 \ 
π

π
=−Γ(Γ

n
nn

sin
)1()

Q6.	 Evaluate	 ∫
∞

−

0

x2 dxex
2

.

Answer	:	 	 	 (Model	Paper-1,	Q8	|	June-13,	Q9	|	June-10,	Q9)
	 Given	integral	is,

  
∫
∞

−

0

2 2

. dxex x

	 						Let,	x2 = t  

 ⇒      x = t

     dx = dt
t2

1
 

  \     ∫
∞

−

0

2 2

. dxex x
 = ∫

∞
−










0
2

1
. dt

t
et t

   = ∫
∞

−

0

..
2

1
dte

t

t t
 = ∫

∞
−

0

21 .
2

1
dtet t

   = ∫
∞

−−

0

1
2

3

.
2

1
dtet t

   = 





Γ×

2

3

2

1
              













Γ=∫

∞
−− )(.

0

1 ndxex xn

   = 





 −Γ






 − 1

2

3
1

2

3

2

1
  [ Γ(n) = (n – 1) Γ(n – 1)]

   = 
1 1 1

.
2 2 2

.Γ
 
  

   = π
4

1
                   

1

2
πΓ =

  
    



   = 
4

π

        \ ∫
∞

− π
=∴

0

2

4

2

dxex x

Q7.	 Evaluate	
−

∫
1

2
0

x
dx.

1 x
Answer	:	 	 	 Dec.-12,	Q9

	 Given	integral	is,

  
∫

−

1

0
21

dx
x

x

   

	 Let,		x	=	sin	θ ⇒  dx	=	cos	θ dθ
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Limits

	 	 For x = 0 ⇒  θ = 0

	 	 For x = 1  ⇒ θ = 
2

π

 \	 Limits	are	from	0	to	
2

π

	 Then,

                    ∫
−

1

0
21

dx
x

x
  = ∫

π

θθ×
θ−

θ2

0
2

cos
sin1

sin
d

          

     = ∫
π

θθ
θ
θ2

0

cos
cos

sin
d

     = ∫
π

θθ
2

0

1)(sin d

        a    ∫
π

θθ
2

0

)(sin dn
 = 







 +

Γ







 +

Γπ

2

2

2

1

2

1

n

n

 

     = 







 +

Γ







 +

Γπ

2

21
2

2

11

 = 







 +

1
Γ







Γπ

1
2

2

2

2

     = 







 +

1
Γ

Γπ

1
2

2

)1(.

     = 
.(1)

1
2.

2 2

π
1 Γ   

        








Γ=+Γ

=Γ
)()1(

1)1(

nnn



     = 







Γ

π

2

1

     = 
π
π

 = 1  







π=






Γ

2

1

  \ 1
1

1

0
2

=
−

∴∫ dx
x

x

Q8.	 Evaluate	 x e dx3

1
–x

0

2

3

# .

Answer	:	 	 Dec.-17,	Q7

	 Given	integral	is,

  
–x

x e dx3

1

0

2

3

#

	 Let	x2 = y Þ x = y

	 	 2xdx = dy

  dx = 
x

dy

2

  dx = 
y

dy
2

1

  U.L :	If	x	=	∞,	y	=	∞

  L.L :	If	x = 0, y = 0

	 Then,

     x e dxx3

1

0

– 2

3

#  = 
–y

y e
y

dy
2

1
3

1

0

3

^ h#

      = 
× –y

y e y dy
2

1 –

2

1

3

1

2

1

0

3

#

      = 
–

e y dy
2

1 –y 6

1

2

1

0

3

#

      = 
–

e y dy
2

1
y 3

1

0

–

3

#

      = 
– 1

e y dy
2

1 –y 3

2

0

3

#

      = 
2

1

3

2
Γ 

J

L

KKK
N

P

OOO

 \    x e dxx3

1

0

– 2

3

#  = 
2

1

3

2
Γ 

J

L

KKK
N

P

OOO .

Q9.	 Evaluate	 t .e .dt4 –2t

0

2

3

# .

Answer	:	 May/June-17,	Q7

	 Given	integral	is,

  t e dt– t4 2

0

2

3

#

	 From	the	property	of	gamma	function,

  x e–m ax

0

n

3

# dx = 

n a
n

m1 1

n

m 1 Γ 
+

+

J

L

KKK
N

P

OOO

	 Here,	m	=	4,	a	=	2,	n	=	2

        t e dt– t4 2

0

2

3

#  = 

2 2

1

2

1 4

2

4 1 Γ 
+

+

J

L

KKK
N

P

OOO

     = 

.2 2

1

2

5

2

5 Γ 

J

L

KKK
N

P

OOO
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     = 
2

5
1

2

5
1– –/5 2 1

1

Γ +2
J

L

KKK
J

L

KKK
N

P

OOO
N

P

OOO

   n n n1 1– –a Γ Γ=] ] ]g g g6 @
     = 

2

1

2

3

2

3

2

7 Cb l

     = 
1+

2

3

2

1

2

1

2

7 Γ 

J

L

KKK
J

L

KKK
N

P

OOO
N

P

OOO

     = 
1+

2

3

2

9 π    
2

1
a π Γ =
J

L

KKK
N

P

OOO
R

T

SSSSS

V

X

WWWWW

     = 

2

3

2

11 π 

     = 
5 +

2

3

2

1

π 

     = 
32 2

3 π 

     = 
32

3

2

π 

        t e dt– t4 2

0

2

3

#  = 
32

3

2

π 
.

Q10.	 Define	Beta	function.	State	its	formulae.
Answer	:	 	 Model	Paper-2,	Q8

Beta Function

	 The	definite	integral	 ∫ −− −
1

0

11 .)1.( dxxx nm  (m > 0, n	>	0)	is	

termed	as	Beta	function.	It	is	a	function	of	m, n and	is	denoted	
by	β.

           β(m, n) = ∫ −− −
1

0

11 )1.( dxxx nm
(m > 0, n > 0)

	 It	is	also	known	as	‘Euler’s	integral	of	the	first	kind’.

Other Forms of β Function

v	 Trigonometric	form	:

     β(m, n) = ∫
π

−− θθθ
2/

0

1212 .cos.sin2 dnm

  	 =	2.I2m–1,	2n–1

v	 Beta	function	in	terms	of	improper	integral	:

     β(m, n) = ∫
∞

+

−

+
0

1

.
)1(

dx
x

x
nm

m

Formulae

(i)	 β(m, n) = β(n, m)

(ii)	 β(m, n) = 
)!1(

)!1()!1(

−+
−−

nm

nm

(iii)	 β(m, n) = β(m + 1, n) + β(m, n + 1)

(iv)	
)(

)().(
),(

nm

nm
nm

+Γ
ΓΓ

=β

Q11.	 Show	that	β(m,	n)	=	β(n,	m).

Answer	:	 	 Model	Paper-3,	Q7

	 Given	that,

  β(m, n) = β(n, m)

	 The	general	expression	 for	Beta	 function	 in	 terms	of				
m, n	is,

       β(m, n) = ∫ −− −
1

0

11 )1( dxxx nm 	 ...	(1)

	 		Let,		1	– x = t  ⇒   x = (1 – t)

	 Differentiating	on	both	sides	with	respect	to	‘x’,

     dx = – dt

Limits

	 For	x = 0, 1 – 0 = t ⇒ t = 1

	 For	x = 1, 1 – 1 = t ⇒ t = 0

     \	 Limits	are	from	1	to	0.

	 Substituting	the	corresponding	values	in	equation	(1),

      β(m, n) = ∫ −− −−
0

1

11 )()1( dttt nm

   = ∫ −− −
1

0

11 )1( dttt mn

   = β(n, m)  [ 	From	equation	(1)]

      \      β(m, n) = β(n, m)

Q12.	 Find	the	value	of ,
2
9

2
7

b d n
Answer	:	 	 	 Jan.-12,	Q7

 Given	function	is,

  






β

2

7
,

2

9

 The relation	between	‘β’	and	Γ function	is,

  β(m, n) = 
( )

( ) ( )

m n

m n

Γ
Γ Γ

+

	 Substituting	m = 
2

9
	and	n = 

2

7
	in	above	equation,	

     β ,
2

9

2

7J

L

KKKK
N

P

OOOO  = 

2
9

2
7

2
9

2
7

Γ

Γ Γ

+d
d d

n
n n

         =   [aΓ(n) = (n – 1) Γ (n – 1)]
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        = 
( )8

2
7

2
7

2
7

Γ

Γ Γd dn n

 

        = 
( )8

2
7

2
7

2

Γ

Γd n> H

        = 
( ) !

– –

8 1

2
7

2
7

1 2
7

1

–

2

Γ d dn n> H
    [ Γ (n) = (n – 1)!]

  = !7

2
7

2
5

2
5

2

Γ d n> H

  = !7

2
7

2
5

2
5

×
2

2

Γ d dn n> H

  = 

–

7 6 5 4 3 2 1

2
7

4
25

2
5

1 2
5

1

× × × × × ×

× × –

2

Γ d dn n> H

          = 5040

2
7

4
25

2
3

2
3

×

2

Γ d n> H

  = 

2
7 25 9 3 3

1 1
2 4 4 2 2

5040

    × × × − Γ −        

  = 5040

2
7

4
25

4
9

2
1

2
1

× × ×

2

Γ d n> H

  = 5040

2
7

4
25

4
9

2
1

2
1

× × ×
2

2

Γ d dfn n p

  = 

( )
5040

4

1

4

9

4

25

2

7 2
π××××

        
2

1
a π Γ =
J

L

KKKK
N

P

OOOO
R

T

SSSSS

V

X

WWWWW  

   = 
5040

4

1

4

9

4

25

2

7
π××××

   = 
5040

4442

19257






×××
π××××

  = 
5040

128

1575




 π

  = 2048
5π 

   2048

5

2

7
,

2

9 π
=






β∴

Q13.	 Evaluate	 ∫
∞

+
0

6 )x(1

xdx using	β-Γ	functions.
Answer	: 

	 Given	integral	is,	

  ∫
∞

+
0

61 x

xdx
		 	 ...	(1)

       Let,			x =	tan	θ  ⇒  dx	=	sec2 θ dθ
Limits

	 For	x	=	0,	0	=	tanθ ⇒	tan0	=	tanθ ⇒ θ = 0

	 For x = ∞, ∞	=	tanθ ⇒	tan
2

π 	=	tanθ ⇒ θ = 
2

π

   \	 Limits	are	from	0	to	 .
2

π

 Substituting	the	corresponding	values	in	equation	(1),		

      ∫
∞

+
0

61 x

xdx
 = ∫

π

θ+
θ

2

0

6tan1

tan
		(sec2 θ).dθ  

   = ∫
π

θ+
θθθ

2

0

23

2

))(tan1(

sectan d

   = ∫
π

θ
θθ

2

0

23

2

)(sec

sectan
dθ    [ 	1	+	tan2 θ	=	sec2 θ]

   = ∫
π

θ
θ

2

0

4sec

tan
dθ = 

θθ
θ

∫
π

4

2

0
sec

1
.

cos

sin
dθ

   = ∫
π

θ
θ

2

0
cos

sin .	cos4	θdθ = ∫
π

θ
2

0

sin cos3	θdθ 

	 Since,	 ∫
π

θ
2

0

sin m cosn θ dθ = 
2

1
β 






 ++

2

1
,

2

1 nm
  	 ...	(2)

	 Substituting,	m	=	1	and	n	=	3	in	equation	(2),	

           ∫
π

θ
2

0

sin 	cos3	θ dθ  = 
2

1
 β 






 ++

2

13
,

2

11

     = 
2

1
β 








2

4
,

2

2
 =

2

1
β(1,	2)	

     = 
2

1

)21(

)2()1(

+Γ
ΓΓ

        

   
( ) ( )

( , )
( ) ( )

m n
m n

m n
β

 Γ Γ
=  Γ + 



     = 
2

1

)3(

)2(.)1(

Γ
ΓΓ

     = 
2

1
  [  Γ(n) = (n – 1)!]  

     = 
2

1

     = 
2

1
.

2

)1(Γ
 = 

2

1 .
2

1
 = 

4

1

  
∫
∞

=
+

∴
0

6 4

1

)1(

.

x

dxx
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Q14.	 Evaluate	 e (1– e ) dx–mx –x n

0

3

# ,	 where	m,	 n	 are	

positive	constants.

Answer	:	 	 	 May/June-17,	Q8

	 Given	integral	is,

  ( )e e dx1 ––mx x n

0

–

3

#

 ⇒ ( )e e dx1 ––mx x n

0

–

3

#  = ( ) ( )e e dx1 –– –x m x n

0

3

#

	 Let,	y = e–x   Þ   dy = – e–xdx

Limits:  x = 0 Þ y = e–0 = 1

    x = ¥ Þ y = e–¥ = 0

   ( )e e dx1 ––mx x n

0

–

3

#  = 
( )

y
y y

dy
1
–

–m n

1

0

#

      = ( )y y dy1 ––m n1

0

1

#

      = ( )y y dy1 –m n1 1 1

0

1

– –+#

      = b(m, n+1) 

Q15.	 Evaluate	 x 1–
m

xn
m – 1

0

n J

L

KKK
N

P

OOO# dx	 in	 terms	of	 beta	

function	where	m,	n	ÎN.

Answer	:	 	 Dec.-17,	Q8

Note:	 In	 equation	 x
m

x
1 –

–

n

m m

0

1J

L

KKK
N

P

OOO# dx	 is	 misprinted	 as	

x
m

x
1 –

n

n m

0

1–J

L

KKK
N

P

OOO# dx.

	 Given	integral	is,

  x
m

x
dx1 –

n

m m

0

1–J

L

KKK
N

P

OOO#

	 Let	
m

x
1 –
J

L

KKK
N

P

OOO  = t Þ x = m(1 – t)

  
m

dx
1–

 = dt

  dx = – mdt

  U.L :	If	x = m, t = 0

  L.L :	If	x = 0, t = 1

	 Then,

      x
m

x
dx1 –

n

m m

0

1–J

L

KKK
N

P

OOO#  = m t t mdt1 – –n m 1

1

0

–^ ] ]gh g#

       = .m m t t dt1– – –n n m 1

1

0

] g#

       = m m t t dt1 –n n m1 1 1

0

1

– –+] g#

       = .m m t t dt1 –n m n1 1 1

0

1

– –+] g#

       = ,m m n 1n 1β ++ ^ h

       x
m

x
dx1 –

n

m m

0

1–J

L

KKK
N

P

OOO#  = ,m m n 1n 1β ++ ^ h .

Q16.	 Define	error	function	and	complementary	error	
function.	List	their	properties.

Answer	: 

Error Function

	 The	error	function	or	the	probability	integral	is	defined	
by	the	relation,

  erf(x) = ∫ −

π

x

t dte

0

22

Complementary Error Function

	 The	complementary	error	function	is	defined	as,
  erfc(x) = 1– erf(x)

	 	 	 (or)

  erfc(x) = e dt
2 t

x

– 2

π 

3

#
Properties

(i)	 erf(– x) = – erf(x)

(ii)	 erf(0) = 0

(iii)	 erf(∞) = 1

(iv)	 erf(– ∞) = –erf(∞) = –1

(v)	 erf(x) + erf(–x) = 0

(vi)	 erfc(x) + erfc(–x)	=	2

Q17.	 Define	 error	 function.	 Prove	 that	 erf(–x)	 =															
–	erf(x).

Answer	:	 	 [Model	Paper-3,	Q8	|	May/June-15,	Q7]

Error Function

	 The	error	function	is	defined	by	the	integral,

  erf(x) = ∫π

x

t dte

0

– 22
, – ∞ < x < ∞

	 The	graphical	representation	of	error	function	is	shown	
in	below	figure.
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Figure

	 From	the	definition	of	error	function,		

      erf(x) = ∫π

x

t dte

0

– 22

													⇒  erf(– x) = ∫π

x

t dte

–

0

– 22

	 Let,
             t = – u  ⇒ dt  = – du

Lower Limit t = 0 ⇒ u = 0

Upper Limit t = – x ⇒ u = x

								∴         erf(– x) =
2–

0

2
(– )

x

ue du
π ∫

    = ∫π

x

u due

0

– 22–

    = ∫π

x

t dte

0

– 22–
 =  – erf(x)

             )(–)(– xerfxerf =∴  

Q18.	 Define	ordinary	point	of	a	differential	equation.
Answer	:

Ordinary Point

	 A	differential	equation	of	second	order	is	given	as,

    yxP
dx

dy
xP

dx

yd
xP )()()( 212

2

0 ++  = 0

	 Where,

   P
0
, P

1
, P2 - Polynomials	in	x

	 A	point	x = a	is	said	to	be	an	ordinary	point	of	differential	
equation	if	and	only	if	P

0
 (a) ≠	0.

Example

 (1 + x2) y
dx

dy
x

dx

yd
–

2

2

+ = 0  

	 Dividing	above	equation	with	(1	+	x2), 

  y
xdx

dy

x

x

dx

yd
222

2

1

1
–

1 ++
+  = 0

	 Here	x	=	0	is	an	ordinary	point	since (1 + x2) ≠	0.

Q19.	 Define	singular	and	regular	singular	points.

Answer	:	 	 	 	 June-11,	Q5

 A	differential	equation	of	second	order	is	given	as,

    yxP
dx

dy
xP

dx

yd
xP )()()( 212

2

0 ++  = 0

	 Where,

   P
0
, P

1
, P2 - Polynomials	in	x.

Singular Point

	 A	point	x = a is	said	to	be	singular	point	of	the	differential	
equation	if	and	only	if	P

0
 (a) = 0

Example

 y
dx

dy
xx

dx

yd
x ++ )–2( 2

2

2
2

 = 0   

	 Dividing	above	equation	with	‘x2	’,  

    
22

2

2

2 )–2(

x

y

dx

dy

x

xx

dx

yd
++  = 0

	 For	x = 0, x2 = 0

 ∴ x	=	0	is	a	singular	point	since	x2	=	0.

Regular Singular Point

	 A	singular	point	x = a	of	a	differential	equation	is	said	
to	be	regular	singular	if	it	is	in	the	form	of,

  y
ax

xQ

dx

dy

ax

xQ

dx

yd
2

21

2

2

)–(

)(

–

)(
++ = 0

 Where,

  Q
1
 (x), Q2 (x)	–	Derivatives	of	all	orders.

	 Alternatively,	a	singular	point	x = a	of	differential	equa-

tion	 )()(
2

2

yQ
dx

dy
xP

dx

yd
++ =	0	is	said	to	be	regular	if,

 (x – a) P(x), (x – a)2 Q(x)	are	analytic	(i.e.,	not	infinite).

Q20.	 Classify	 the	 singular	 points	of	 a	 differential	
equation.

Answer	:

	 The	singular	points	of	a	differential	equation	are	classi-
fied	as,
	 (i)	 Regular	singular	points	and
	 (ii)	 Irregular	singular	points.
(i)	 A	point	x = a,	is	said	to	be	regular	singular	if	for	x = a, 

the	values	(x – a)P	and	(x – a)2Q	are	not	equal	to	infinity	
(∞).

(ii)	 A	point	x = a,	is	said	to	be	irregular	singular	if	for	x = 

a,	the	values	(x – a)P	and	(x – a)2Q	are	equal	to	infinity	
(∞).
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Q21.	 Find	the	singular	points	of	x2	y''	+	xy'+	(x2	–	n2)	
y	=	0.	Classify	them. 

Dec.-12,	Q7

or

	 Classify	 the	 singular	 points	 of,	 x2y''	 +	 xy'	 +								
(x2	–	n2)y	=	0,	n	is	a	constant.	

Answer	: Dec.-09/Jan.-10,	Q7

 Given	differential	equation	is,

  x2y'' + xy' + (x2 – n2) y =	0		 	 	 ...	(1)

	 Equation	(1)	can	be	written	as,

  ynx
dx

dy
x

dx

yd
x )–( 22

2

2
2 ++ =	0	 	 	 ...	(2)

	 Equation	(2)	is	of	the	form,

 ⇒  P
0
 (x) 2

2

dx

yd
 + P

1
(x) 

dx

dy
 + P2 (x) y = 0 ...	(3)

	 Comparing	equation	(3)	with	equation	(2),	

     P
0
 (x) = x2

	 							For	P
0
 (x) = 0

 ⇒    0 = x2 ⇒    x = 0

 ∴ x	=	0	is	a	singular	point.

	 From	equation	(1),

  y
x

nx

dx

dy

x

x

dx

yd
2

22

22

2 –
++ = 0

 ⇒    y
x

nx

dx

dy

xdx

yd
2

22

2

2 –1
++ 		=	0	 	 	 ...	(4)

	 Equation	(4)	is	of	the	form,

       )()(
2

2

yQ
dx

dy
xP

dx

yd
++ 	=	0	 	 	 ...	(5)

	 Comparing	equation	(5)	with	equation	(4),	

  x
xP

1
)( =

, 
)–(

1 22

2
nx

x
Q =

	 For	x = 0,

  (x – a) P(x) = (x – 0) x
1

 = 1 ≠ ∞

          (x – a)2 Q(x) = (x – 0)2 
x

1
2  (x2 – n2) = x2 – n2 ≠ ∞

 ∴	 Equation	(1)	has	regular	singular	point	at	x	=	0.
Q22.	 Find	the	singular	points	of	x2y''	+	(x	+	x2)y'	–	y	

=	0	and	classify	them.
Answer	:	 	 	 	 Jan.-12,	Q5

	 Given	differential	equation	is,
  x2y'' + (x + x2)y' – y	=	0	 ...	(1)

	 Equation	(1)	can	be	written	as,

  
2

2 2

2
( )

d y dy
x x x y

dxdx
+ + − 	=	0	 ...	(2)

	 Equation	(2)	is	of	the	form,

  

2

0 1 22
( ) ( ) ( )

d y dy
P x P x P x y

dxdx
+ +  =	0	 	 ...	(3)

	 Comparing	equation	(3)	with	equation	(2),	

      P
0
 (x) = x2

      For	  P
0
 (x) = 0

   x2 = 0 Þ   x = 0

 ∴  x	=	0	is	a	singular	point.

	 From	equation	(1),

  

2 2

2 2 2

( ) 1d y x x dy
y

dxdx x x

+
+ +  = 0

 ⇒  

2

2 2

1 1
1

d y dy
y

x dxdx x

 + + +    = 0 	 ...	(4)

	 Equation	(4)	is	of	the	form,

    
2

2
( ) ( )

d y dy
P x Q x y

dxdx
+ + 	=	0		 	 	 ...	(5)

	 Comparing	equation	(5)	with	equation	(4),	

  

1
( ) 1P x

x

 = +   ,  2

1
( )Q x

x
=

	 	 	For	x = 0,

         (x – a) P(x) = (x – 0) 
1

1
x

 +   = 1 + x ≠	∞

                (x – a)2 Q(x) = (x – 0)2 2

1

x

 
   = 1 ≠	∞

 ∴	 The	given	differential	equation	has	regular	singular	
point	at	x = 0

Q23.	 Determine	the	nature	of	the	singular	points	of	
the	differential	equation	x2y''	+	9xy'	+	6y	=	0.

Answer	:	 	 May/June-17,	Q5

	 Given	differential	equation	is,

  " 'x y xy y9 6 02 + + = 	 	 	 ...	(1)

	 Equation	(1)	can	be	written	as,

  x
dx

d y
x

dx

dy
y9 6 02

2

2

+ + = 	 	 	 ...	(2)

	 Equation	(2)	is	of	the	form,

  P x
dx

d y
P x

dx

dy
P x y 02

2

+ + =0 1 2
] ] ]g g g 	 	 ...	(3)
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	 Comparing	equations	(2)	and	(3),

  P
0
(x) = x2

	 For	P
0
(x) = 0

  x2 = 0 Þ x = 0

 \ x	=	0	is	a	singular	point.

	 From	equation	(2),

  
dx

d y

x dx

dy

x
y

9 6
0

2

2

2
+ + = 	 	 	 ...	(4)

	 Equation	(4)	is	of	the	form,

  
dx

d y
P x

dx

dy
Q x y 0

2

2

+ + =] ]g g 	 	 	 ...	(5)

	 Comparing	equations	(4)	and	(5),

  P(x) = 
x

9
, Q(x) = 

x

6
2

	 For	a = 0

  (x – a) P(x) = (x – 0) 
x

9
 = 9 ¹ ∞

  (x – a)2 Q(x) = (x – 0)2 
x

6
2
	=	6	¹ ∞

 \	 Equation	(1)	has	regular	singular	point	at	x	=	0.

Q24.	 Determine	the	nature	of	the	singular	point	of	
the	differential	equation	x2y''	–	5y'	+	3x2y	=	0.

Answer	:	 	 Dec.-17,	Q5

	 Given	differential	equation	is,

  x2y''	–	5y'	+	3x2y = 0

 Þ –x
dx

d y

dx

dy
x y

5
3 02

2

2+ =
2

		 	 ...	(1)

	 Equation	(1)	is	of	the	form,

 p x
dx

d y
p x

dx

dy
p x y 02

+ + =0 1 2

2

] ] ]g g g 	 	 	 ...	(2)

	 Comparing	equations	(1)	and	(2),

  p
0
(x) = x2

	 For	p
0
(x) = 0, x2 = 0

 Þ x = 0

 \ x	=	0	is	a	singular	point

	 From	equation	(1)

  –
dx

d y

x dx

dy
y

5
3 0

2 2
+ =

2

	 	 	 ...	(3)

	 Equation	(3)	is	of	the	form,

  
dx

d y
p x

dx

dy
Q x y 0

2

2

+ + =] ]g g 	 	 	 ...	(4)

	 Comparing	equations	(3)	and	(4),

  p(x) = 
x

5–
2

, Q(x)	=	3

	 For	x = 0,

  (x – a) p(x) = x
x

0
5

–
–

2

J

L

KKKK]
N

P

OOOOg

     = 
x

5

0

5– –
3= =

        (x – a)2 Q(x) = (x – 0)2(3)

	 	 	 	 	 =	3x2	=	3(0)2	¹	∞.

 \ x	=	0	is	an	irregular	singular	point.

Q25.	 Give	the	equation	of	power	series	expansion.

Answer	:    

 The	power	series	expansion	is	given	as,

  y(x) = C
0
 + C

1
 (x – x

0
) + C2 (x – x

0
)2 + C3 (x – x

0
)3	+	....

	 	 	 	 	or

  y(x) = 2
0

0

( – )m

m

C x x

∞

=
∑

Q26.	 Find	the	value	of	 −'
nP ( 1) .

Answer	:	 	 	 May/June-12,	Q5

 The	Legendre’s	differential	equation	is	given	by,

   (1 – x2) 
2

2

dx

yd 	–	2x 
dx

dy
 + n(n + 1) y	=	0	 ...	(1)

	 Equation	(1)	can	be	written	as,

    (1 – x2) 
nP ′′ (x)	–	2x nP′ (x) + n(n +1) P

n
(x)	=	0	 ...	(2)

	 Substituting	x	=	–1	in	equation	(2),	

 ⇒ 	 0	+	2 nP′ (–1) + n(n + 1) P
n
(–1) = 0

 ⇒ 	 2
nP′ (–1) + n(n + 1) (–1)n P

n
(1) = 0     

       [P
n
(–1) = (–1)n P

n
(1)]

 ⇒ 	 2 nP′ (–1) + n(n + 1) (–1)n (1) = 0      

             [P
n
(1) = 1]

 ⇒ 	 2 nP′ (–1) = –n(n + 1) (–1)n

 ⇒ 	 2 nP′ (–1) = (–1)n–1 n(n +1)

 ⇒    nP′ (–1)  = )1(
2

)1( 1

+
− −

nn
n

       
)1(

2

)1(
)1(

1

+
−

=−′∴
−

nnP
n

n
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Q27.	 Write	the	expression	for	Rodrigue’s	formula.
Answer	:	     

 The	expression	for	Rodrigue’s	formula	is	given	as,

      P
n
(x) = 

n

n

n

n
x

dx

d

n
)1(.

!2

1 2 −

	 Substituting	different	values	for	n, 

	 (i)	      P
0
(x) =1

	 (ii)	      P
1
(x) = x

	 (iii)	      P2(x) = )13(
2

1 2 −x

	 (iv)	      P3(x) = )35(
2

1 3 xx −

	 (v)	      P4(x) = )33035(
8

1 24 +− xx

	 (vi)	      P5(x) = )157063(
8

1 35 xxx +−

Q28.	 Evaluate	4P
3
(x)	+	6P

2
(x)	+	3P

1
(x)	as	a	polynomial	

of	x.

Answer	:	 	 Dec.-17,	Q6

	 Given	expression	is,

	 	 4P3(x)	+	6P2(x)	+	3P
1
(x)

	 From	Legendre’s	polynomials,

 P
1
(x) = x, P2(x) = x

2

1
3 1–2^ h , P3(x) = 

x x

2

5 3–3

   ⇒	 4P3(x)	+	6P2(x)	+	3P
1
(x)

   = 
x x x

x4
2

5 3
6

2

3 1
3

– –3 2

+ + ] g
R

T

SSSSS

R

T

SSSSS

V

X

WWWWW

V

X

WWWWW

   = x x x x2 5 3 3 3 1 3– –3 2+ +^ ^h h

   = x x x x10 6 9 3 3– –3 2+ +

   = x x x10 9 3 3– –3 2+

 \	 4P3(x)	+	6P2(x)	+	3P
1
(x) = x x x10 9 3 3– –3 2+ .

Q29.	 Express	 1	 +	 x	 –	 x2	 in	 terms	 of	 Legendre’s	
polynomials	Pn(x).

Answer	:	 	 Dec.-13,	Q5

	 Given	function	is,

   f (x) = 1 + x – x2	 	 ...	(1)

	 From	Rodrigue’s	formula,

  P
0
(x)	=	1	 ...	(2)

  P
1
(x) = x	 ...	(3)

	 And		P2(x) = 
2

1
(3x2 – 1)

 ⇒		3x2	–	1	=	2P2(x)

 ⇒		3x2	=	2P2(x) + 1

 ⇒  x2	 = 
3

1)(2 2 +xP

 ⇒  x2	 = 
3

2
P2(x) + 

3

1
P

0
(x)   [  P

0
(x)	=	1]						...	(4)

	 Substituting	equations	(2),	(3)	and	(4)	in	equation	(1),	

   f (x) = P
0
(x) + P

1
(x) – 






 + )(

3

1
)(

3

2
02 xPxP

 ⇒  f (x) = P
0
(x) + P

1
(x) – 

3

2
P2(x) – 

3

1
P

0
(x)

 ⇒  f(x) = P
0
(x) + P

1
(x) – 

3

2
P2(x) – 

3

1
P

0
(x) 

 ⇒  f (x) = 





 −

3

1
1  P

0
(x) + P

1
(x) – 

3

2
P2(x)

 ⇒  f (x) = 
3

2
P

0
(x) + P

1
(x) – 

3

2
P2(x)

 
[ ]0 1 2

1
( ) 2 ( ) 3 ( ) 2 ( )

3
f x P x P x P x∴ = − −

Q30.	 Express	f(x)	=	5x3	+	6x2	+	4	in	terms	of	Legendre	
polynomials.

Answer	:	 	 May/June-17,	Q6

	 Given	function	is,

  f (x)	=	5x3	+	6x2	+	4	 	 	 ...	(1)

	 From	Legendre’s	polynomials,

  P
0
(x) = 1, P

1
(x) = x

  P2(x) = x
2

1
3 1–2^ h

 Þ x2 = P x P x
3

2

3

1
– 02

] ]g g

  P3(x) = x x
2

1
5 3–3^ h

 Þ x3 = P x P x
5

2

5

3
+ 13

] ]g g

	 Substituting	the	corresponding	values	in	equation	(1),

  f (x) = –P x P x P x P x P x5
5

2

5

3
6

3

2

3

1
4+ + +23 01 0

] ] ] ] ]g g g g g
R

T

SSSS
R

T

SSSS
V

X

WWWW
V

X

WWWW

 = P x P x P x P x P x10 3 4 2 4+ + + +23 1 00
] ] ] ] ]g g g g g

 = P x P x P x P x10 4 3 6+ + +23 01] ] ] ]g g g g

\ f (x) = P x P x P x P x10 4 3 6+ + +23 01] ] ] ]g g g g
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Part-b

eSSaY QueStionS with SolutionS

4.1  gamma functionS, beta functionS, relation between beta and gamma 

function

Q31.	 Define	Gamma	function.	What	is	its	reduction	formula?
Answer	:

Gamma Function

	 For	answer	refer	Unit-4,	Q.No.	1,	Topic:	Gamma	Function.

Reduction or Recurrence Formula

        Γ(n) = ∫
∞

−−

0

1.. dxxe nx

 Substituting	n = n	+	1	in	above	equation,

  Γ(n + 1) = ∫
∞

−+−

0

11 .. dxxe nx
 

    = ∫
∞

−

0

.. dxxe nx
          

    = ∫
∞

−

0

.dxex xn
 – ∫ ∫

∞ ∞
−−















0 0

1 .).( dxdxexn xn
  [Using	integration	by	parts]

    = ∫
∞ −

−
∞−












−
−

−
0

1

0
1

.
1

. dx
e

xn
e

x
x

n
x

n

         = ∫
∞

−−∞− +−
0

1

0
)(. dxexnex xnxn

        = 0 + ∫
∞

−−

0

1.. dxxen nx
        

Lim . Lim 0

0
Lim 0

0 1

n
xn x

x e xx x e
n

x
xx e

− = =
→∞ →∞

= =
→

 
 
 
 
 



    = ∫
∞

−−

0

1. dxxen nx

    = nΓ(n) 

          \ Γ(n + 1) = nΓ(n)

	 This	is	known	as	recurrence	or	reduction	formula	of	Gamma	function.

Q32.	 Express	 ∫ −
1

0

pnm )x(1x dx	in	terms	of	Gamma	function	and	evaluate	 ∫ −
1

0

835 )x(1x dx.

Answer	:     

	 Given	integral	is,

  
∫ −
1

0

.)1( dxxx pnm

 

	 Let,	xn = t   ⇒   x = t1/n

  dx = dtt
n

n
1

1
1 −
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\    ∫ −
1

0

.)1( dxxx pnm
 = ∫

−
−

1

0

1
1

.
1

.)1()( 2
1

dtt
n

tt npm

    = ∫ −
−

+1

0

1
1

.)1(
1

dttt
n

pn

m

    = ∫ −+−
+

−
1

0

1)1(
1

1

.)1(
1

dttt
n

pn

m

    = 













 +

+
β 1,

11
p

n

m

n
      











β=−∫ −− ),()1(

1

0

11 nmdxxx nm

         = 







 ++

+
Γ

+Γ





 +

Γ

1
1

)1(
1

.
1

p
n

m

p
n

m

n
     









+Γ
ΓΓ

=β
)(

)()(
),(

nm

nm
nm

      







 ++

+
Γ

+Γ





 +

Γ
=−∴∫

1
1

)1(
1

.
1

)1(

1

0 p
n

m

p
n

m

n
dxxx pnm 	 ...	(1)

  ∫ −
1

0

835 )1( dxxx  

	 Here, m	=	5,	n	=	3,	p = 8

	 Substituting	the	corresponding	values	in	equation	(1),	

  ∫ −
1

0

835 )1( dxxx  = 







 ++

+
Γ

+Γ





 +

Γ

18
3

15

)18(
3

15

.
3

1

      = ( )11

)9(
3

6

.
3

1

Γ

Γ





Γ

      = ( )11

)9()2(
.

3

1

Γ
ΓΓ

      = . !
! !

3
1

10
1 8

 ])!1()([ −=Γ nn

           = . !
!

3
1

10 9 8
1 8
× ×
×

 

      = 
270

1

         \         ∫ −
1

0

835 )1( dxxx  = 
270

1

Q33.	 Show	 that	 n n2
2
1

G +d n 	 =	 1.3.5...(2n	 –	 1) π  

Where	n	is	a	positive	integer.

Answer	:	 	 Model	Paper-1,	Q14(a)

	 Given	that,

  
π−=






 +Γ )12......(5.3.1

2

1
.2 nnn

	 ...	(1)

	 Gamma	function	in	terms	of	‘n’	is	given	by,

       Γ(n) = (n – 1)Γ(n	–	1)	 	 ...	(2)

	 					Substituting	n = n + 
2

1 	in	equation	(2),	

  





 +Γ

2

1
n  = 






 −+Γ






 −+ 1

2

1
1

2

1
nn

   = 





 −Γ






 −

2

1

2

1
nn

   = 





 −−Γ






 −−






 − 1

2

1
1

2

1

2

1
nnn      

   [ 	From	equation	(2)]

    = 





 −Γ






 −






 −

2

3

2

3

2

1
nnn        

     [ 	From	equation	(2)]

   = 





 −Γ






 −






 −






 −

2

5

2

5

2

3

2

1
nnnn ....	 	 	 	

     [ 	From	equation	(2)]

   = 





 −






 −






 −

2

5

2

3

2

1
nnn ...	 






Γ

2

1
.

2

1
.

2

3
.

2

5

   = π





 −







 −







 −

.
2

1
.

2

3
.

2

5
...

2

52

2

32

2

12 nnn
   

     







π=






Γ

2

1

      





 +Γ

2

1
n  = π

−−−
.

2

1.3.5)...52)(32)(12(
n

nnn

⇒     	2n 





 +Γ

2

1
n  =	(2n	–	1)	(2n	–	3)	(2n	–	5)	...	5.3.1	 π

        
π−=



 +Γ∴ )12...(5.3.1

2

1
2 nnn

Q34.	 Evaluate	 x e
–x

e

3

3

y
Answer	:	

 Given	integral	is,

  ∫
∞

−

0

3

dx.ex x
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	 Let,
      x3 = a 

 ⇒      x = a1/3

	 Differentiating	above	equation	with	respect	to	a, 

     dx = daa
1

3

1

3

1 −

        dx = daa 3

2

3

1
−

Limits

	 							For	x  = 0,  a = 0 

	 							For	x  = ∞,  a = ∞ 

     \	 Limits	of	a	are	from	0	to	∞

       \    ∫
∞

−

0

..
3

dxex x
 = ∫

∞
−− 








0

3/22/13/1

3

1
)( daaea a

    = ∫
∞ −

−

0

3

2

6

1

3

1
daaea a

    = ∫
∞

−−

0

3

2

6

1

3

1
daea a

    = ∫
∞

−
−

0

2

1

3

1
daea a

    = ∫
∞

−−

0

1
2

1

3

1
daea a

       

              = 





Γ

2

1

3

1
  ( )











Γ=∫

∞
−−

0

1 ndxex xn

    = π×
3

1
 = 3

p 

  







π=






Γ

2

1

              
3

0

3 π
=∴ ∫

∞
− dxex x

Q35.	 Prove	that	β(m	+	1,	n)	+	β(m,	n	+	1)	=	β(m,	n).	
or

	 Prove	that	β(m,	n)	=	β(m	+	1,	n)	+	β(m,	n	+	1). 
or

	 Show	that	β(m,	n	+	1)	+	β(m	+	1,	n)	=	β(m,	n).
Answer	:	 	 	 	 	 (Jan.-12,	Q16(a)	|	June-10,	Q16(b))

 Given	that,
  β(m, n) = β(m + 1, n) + β(m, n + 1)

	 Consider,
  β(m + 1, n) + β(m, n + 1)  

	 From	the	definition	of	beta	function,

  β(m, n) = ∫ −− −
1

0

11 )1( dxxx nm

  β(m + 1, n) + β(m, n + 1)  

   = ∫∫ −+−−−+ −+−
1

0

111

1

0

111 )1()1( dxxxdxxx nmnm

   = ∫∫ −+− −−
1

0

1

1

0

1 )1()1( dxxxdxxx nmnm

   = ∫ −+− −−
1

0

11 ])1()1([ dxxxxx nmnm

   = ∫ −+− −−
1

0

11 )]1([)1( dxxxxx nm

   = ∫ −− −
1

0

11 )1( dxxx nm
 = β(m, n)

     )1,(),1(),( +β++β=β∴ nmnmnm 

Q36.	 Show	that	β(m,	n)	=	 .dx
x)(1

x

0

nm

1m

∫
∞

+

−

+
Answer	:

	 Given	that,

   β(m, n) = ∫
∞

+

−

+
0

1

)1(
dx

x

x
nm

m

 The	general	expression	for β-function	is	given	by,

  β(m, n) = dxxx nm .)1( 1

1

0

1 −− −∫

    = dxxx mn .)1( 1

1

0

1 −− −∫ 		 																			...	(1)											

                        [  β(m, n) = β(n, m)] 

	 												Let,	x = 
y+1

1
  	 ...	(2)

 ⇒      1 – x = 1 – 
y+1

1

    = 
y

y

+
−+

1

11

 \     1 – x =
y

y

+
=

1
  	 ...	(3)

	 Differentiating	equation	(2),	with	respect	to	x, 

     dx = – dy
y

).1.(
)1(

1
2+

     ⇒    dy
y

dx .
)1(

1
2+

−
=     	 ...	(4)

Limits 

	 For	x	=	0,	equation	(2)	becomes,

                 0 = 
y+1

1
 

    ⇒     
0

1
 = 1 + y    ⇒   ∞ = 1 + y

 ∞=∴ y
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	 For	x	=	1,	equation	(2)	becomes,

            1 = 
y+1

1
 

    ⇒       
1

1
 = 1 + y    ⇒   1 = 1 + y

   0=∴ y

   \	 Limits	are	from	∞	to	0.	
		 Substituting	the	corresponding	values	in	equation	(1),	

             β(m, n) = ∫
∞

−−









+

−







+








+

0

2

11

.
)1(

1

11

1
dy

yy

y

y

mn

 

           = 










+
−

++∫
∞

−

−

−

−

2

0

1

1

1

1

)1()1(

)(

)1(

)1(

y

dy

y

y

y m

m

n

n

    = ∫
∞

+−+−

−

+
−×0

211

1

)1(

)(1
mn

m

y

dyy
 

    = ∫
∞

+−+

−

+
−0

22

1

)1(

.
nm

m

y

dyy
  

                    β(m, n) = ∫
∞

+

−

+
0

1

)1(

.
nm

m

y

dyy 	 ...	(5)

	 Equation	(5)	can	be	expressed	in	terms	of	‘x’	as,

          ∫
∞

+

−

+
=β

0

1

.
)1(

),( dx
x

x
nm

nm

m

 

 \ β(m, n) = 
( )x

x
dx

1 m n

m 1

0

–

+

3

+y  

Q37.	 Show	that ,m
2
1

β d n 	=	22m–1β(m,	n)
Answer	:	 	 	 April-16,	Q14(a)

	 Given	that,

  β=





β −122

2

1
, mm (m, n)

	 The	general	expression	for	‘β’	in	terms	of	‘θ’	is	given	by,

          β(m, n)		=	2 ∫
π 2/

0

sin2m–1θ	cos2n–1θ dθ	 	 ...	(1)

	 Substituting n = 
2

1
	in	equation	(1),	

      





β

2

1
,m 	 =	2 ∫

π 2/

0

sin2m–1θ	.	 θ








−








d
1

2

1
2

cos   

    = ∫
π

− θθ
2/

0

12 .sin2 dm

     \        





β

2

1
,m  = ∫

π
− θθ.

2/

0

12 .sin2 dm 	 	 ...	(2)

	 Substituting	n = m	in	equation	(1),

      β(m, m)	 =	2 ∫
π 2/

0

sin2m–1θ	cos2m–1θ dθ

  =	2 ∫
π 2/

0

(sinθ	cosθ)2m–1 dθ

  = ∫
π 2/

0

2(sinθ	cosθ)2m–1 dθ ...	(3)

  = 222

1
−m ∫

π 2/

0

(22m–2)	(2)	(sinθ	cosθ)2m–1 dθ

  = 222

1
−m ∫

π
−+− θθθ

2/

0

12122 .)cos(sin2 dmm

      = 
222

1
−m ∫

π 2/

0

22m–1	(sinθ	cosθ)2m–1 dθ

     = 222

1
−m ∫

π 2/

0

(2	sinθ	cosθ)2m–1 dθ

⇒  β(m, m) = 222

1
−m ∫

π 2/

0

(sin2θ)2m–1 dθ           ...	(4)

	 					Let,	2θ = φ 

	 Differentiating	above	equation	with	respect	to	‘θ’, 

       Limits: 

π=φ⇒φ=



 ππ

=θ

=φ⇒φ==θ

φ
=θ⇒

φ=θ

2
2,

2
For

0)0(2,0For:
2

.2

d
d

dd

 

   \	 Limits	are	from	0	to	π.
	 Substituting	the	corresponding	values	in	equation	(4),	

     β(m, m) = 
222

1
−m ∫

π

0

(sinφ)2m–1 





 φ

2

d

   = 
222.2

1
−m ∫

π

0

sin2m–1 φ dφ

   = 1222

1
+−m ∫

π

0

sin2m–1 φ dφ

        = 122

1
−m ∫

π

0

sin2m–1 φ dφ

            β(m, m) = 122

1
−m 	2 ∫

π 2/

0

sin2m–1 φ dφ      

     











θθ=θθ ∫∫

ππ 2/

00

sin2sin dd
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  ⇒ 22m–1 β(m, m)	=	2 ∫
π 2/

0

sin2m–1 φ dφ

 Replacing	φ	with	θ, 

	 						22m–1 β(m, m)		=	2 ∫
π 2/

0

sin2m–1 θ dθ 

⇒       22m–1 β(m, m) = 





β

2

1
,m     [a  From	equation	(2)]

                   ),(2
2

1
, 12 nmm m β=






β∴ −

Q38.	 Prove	that	β(m,	n)	=	
( )

( ) ( )

m n

m n

G

G G
+ .

or

	 Show	that	β(m,	n)	=	
( )

( ) ( )

m n

m n

G

G G
+ .

 

or

	 Derive	 a	 relation	 between	Beta	 and	Gamma	
function.

Answer	:	 [Model	Paper-3,	Q14(a)	|	June-14,	Q14(a)]

	 The	general	expression	for	‘Γ’	function	is	given	by,

       Γ(m) = ∫
∞

−−

0

1.. dxxe mx 		 ...	(1)

  				Let,	x = yt

	 Differentiating	above	equation	with	respect	to	‘x’,

   dx = y.dt

Limits

	 For	x = 0,  yt = 0 ⇒ y = 0 

	 For	x = ∞,  yt = ∞ ⇒ y = ∞

    \	 Limits	are	from	0	to	∞.
	 Substituting	the	corresponding	values	in	equation	(1),	

       Γ(m) = ∫
∞

−−−

0

11 .... dtytye mmyt

       Γ(m) = ∫
∞

−−

0

1... dttye mmyt 	 	 	 ...	(2)

			 Equation	(2)	can	also	be	expressed	in	terms	of	‘x’as,

       Γ(m) = ∫
∞

−−

0

1... dxxye mmyx

 ⇒    
my

m)(Γ
 = ∫

∞
−−

0

1.. dxxe myx 	 	 ...	(3)

	 Multiplying	on	both	sides	by	 ∫
∞

−+−

0

1.. dyye nmy , 

   my

m)(Γ ∫
∞

−+−

0

1. dyye nmy
 = ∫∫

∞
−+−

∞
−−

0

1

0

1 ).(. dyyedxxe nmymyx

⇒        ∫
∞

−−Γ
0

1.)( dyyem ny
 = ∫ ∫

∞ ∞
−−++−

0 0

11)1( .... dydxxye mnmxy

               )()( nm ΓΓ   = ∫ ∫
∞

−
∞

−++−













0

1

0

1)1( .. dxxdyye mnmxy
  

      

      = ∫
∞

−
++

+Γ

0

1..
)1(

)(
dxx

x

nm m

nm      

[ 	From	equation	(3)]

      = ∫
∞

+

−

+
+Γ

0

1

)1(
)( dx

x

x
nm

nm

m

                   = Γ(m + n).β(m, n)    















+
=β ∫

∞

+

−

0

1

)1(
),( dx

x

x
nm

nm

m



  ⇒			 Γ(m).Γ(n) = Γ(m + n).β(m, n)

     \      β(m, n) = 
)(

)().(

nm

nm

+Γ
ΓΓ

=

Q39. Show	that 
2
1

G d n  = π .

Answer	:	 	 	 April-16,	Q14(b)
	 Given	function	is,

  2
1

G d n
 The	relation	between	‘β’	and	‘Γ’	function	is,

  β(m, n) = 
)(

)().(

nm

nm

+Γ
ΓΓ

	 	 ...	(1)

	 Substituting m = n = 
2

1
	in	equation	(1),

    



β

2

1
,

2

1
  = 





 +Γ





Γ



Γ

2

1

2

1

2

1

2

1

= 
)1(

2

1
2

Γ













Γ

= 

2

2

1












Γ 	 ...	(2)

 The	general	expression	for	β-function	is,

      β(m, n) = ∫ −− −
1

0

11 )1( dxxx nm 	 	 	 ...	(3)

	 Substituting	m = 
2

1
	and	n = 

2

1
	in	equation	(3),

  





β

2

1
,

2

1
 = ∫

−−
−

1

0

1
2

1
1

2

1

)1( dxxx

⇒  





β

2

1
,

2

1
 = ∫

−−

−
1

0

2

1

2

1

)1( dxxx    ...	(4)
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	 							Let,	 x	=	sin2 θ ⇒ sin	θ = x ⇒ θ	=	sin–1 x

   ⇒            dx	=	2	sin	θ cos	θ

Limits		For	x = 0, θ	=	sin–1( 0 ) 

 ⇒     θ	=	sin–10 ⇒ θ	=	sin–1(sin0) ⇒ θ = 0

	 									For	x = 1, θ	=	sin–1( 1 ) ⇒ θ	=	sin–1(1) 

 ⇒ θ	=	sin–1 





 π

2
sin  ⇒ θ = 

2

π

   \	 Limits	are	from	0	to	
2

π .

	 Substituting	the	corresponding	values	in	(4),	

  β 







2

1
,

2

1
 = ∫

π
−− θθθθ−θ

2

0

212212 cossin2)sin1()(sin d

       = ∫
π

−− θθθθθ
2

0

2121 cossin2).(cos)(sin d

  = ∫
π

θθθ
θθ

2

0

cossin.
cos

1
.

sin

1
2 d

  = ∫
π

θ
2

0

2 d  = 2
0][2
πθ

  = 



 −

π
0

2
2  = 

2
.2
π

 = π

\ 





β

2

1
,

2

1
 = π	 	 ...	(5)

	 Comparing	equations	(2)	and	(5),	

          

2

2

1














Γ = π   ⇒    π=






Γ

2

1

           
π=



Γ∴

2

1

Q40.		Prove	that	β(n,	n)	=	
2 n

2
1

(n)
.

2n–1 +

r

C

C

b l
Answer	:	

	 Given	that,

  






 +Γ

Γπ
=β

−

2

1
.2

)(
),(

12 n

n
nn

n

	 The	general	expression	for	β-function	is	given	by,

     β(m, n) = ∫
π

−−
2

0

1212 )(cos)(sin2 dxxx nm 	 ...	(1)

 Substituting m = n in	equation	(1),	

     β(n, n) = ∫
π

−−
2

0

1212 ))(cos(sin2 dxxx nn

    = ∫
π

−
2

0

12]cos[sin2 dxxx n

    = ∫
π

−







2

0

12

2

)cossin2(
2 dx

xx
n

    = ∫
π

−
−

2

0

12

12
)2(sin

2

2
dxx n

n 	 ...	(2)

	 Let,	2x = θ

	 Differentiating	on	both	sides	with	respect	to	‘x’, 

       dx = 
2

θd

Limits

	 For	x = 0,   θ = 0

	 For	x = 
2

π
,  θ = π

   \	 Limits	are	from	0	to	π.
	 Substituting	the	corresponding	values	in	equation	(2),	

   β(n, n) = ∫
π

−
−

θ
θ

0

12

12 2
)(sin

2

2 dn

n

⇒  β(n, n) = ∫






 π

−
−

θθ×
2

2

0

12

12
)(sin

2

1

2

2
dn

n

⇒   β(n, n) = ∫
π

−
−

θθθ×
2

0

012

12
)(cos)(sin

2

2

2

2
dn

n   

 










=∫ ∫

a a

dxxfdxxf

2

0 0

)(2)(

⇒   β(n, n) = 






 ++−

Γ







 +

Γ





 +−

Γ

−

2

2012
2

2

10

2

112

.
2

2
12 n

n

n





 ++

Γ





 +

Γ



 +

Γ
=∫

π

2

2
2

2

1

2

1

cossin

2

0
qp

qp

xdxqp   

⇒   β(n, n) = 






 +Γ







ΓΓ

−

2

1

2

1
)(

.
2

1
12

n

n

n               

⇒   β(n, n) =







 +Γ

πΓ

−

2

1
2

)(

12 n

n

n

                 








π=






Γ

2

1  

		∴   β(n, n) =







 +Γ

πΓ

−

2

1
2

)(

12 n

n

n
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Q41.	 Prove	that	β(m,	m)β  + +  
1 1

m ,m
2 2

=	
π

−4m 1
m2

.

Answer	:	 	 Model	Paper-2,	Q14(a)

	 Given	that,

  



 ++ββ

2

1
,

2

1
).,( mmmm  = 142. −

π
mm

	 	 ...	(1)

 The	relation	between	‘β’	and	‘Γ’	function	is,

         β(m, n)  = 
)(

)()(

nm

nm

+Γ
ΓΓ

	 	 ...	(2)

 Substituting	m = n = m + 
2

1
	in	equation	(2), 

   β 





 ++

2

1
,

2

1
mm = 







 +++Γ







 +Γ






 +Γ

2

1

2

1

2

1

2

1

mm

mm

 

   = ( )12

2

1

2

1

+Γ







 +Γ






 +Γ

m

mm

 

   = 
)2(2

2

1

2

1

mm

mm

Γ







 +Γ






 +Γ

 

[Γ(m +1) = m Γ(m)]

   = 
)2(2)(

2

1

2

1
)(

mmm

mmm

ΓΓ





 +Γ



 +ΓΓ

 

   = 





 +Γ

Γ







 +ΓΓ

Γ 2

1
.

)2(

2

1
)(

.
)(2

1
m

m

mm

mm

   = 
)2(2

2

1
)2(

.
)(2

1
12 m

mm

mm m Γ







 +ΓΓπ

Γ −      

     










Γ

π
=






 +ΓΓ − )2(

22

1
)(

12
mmm

m


   = 





 +Γ

π
×

Γ − 2

1

2)(2

1
12

m
mm m

   = 





 +Γ

Γ
π

2

1

)(2. 2
m

mm m

 Multiplying	and	dividing	with	Γ(m), 

  = 
)

2

1
.)(

.
)(2. 2 m

mm

mm m (Γ







 +ΓΓ

Γ
π

  = )2(.
2

.
)(

1
.

)(2 122
m

mmm mm
Γ

π
ΓΓ

π
−     











Γ

π
=






 +ΓΓ − )2(

22

1
12

mmm
m



  = 
)()(

)2(
.

2 14 mm

m

m m ΓΓ
Γπ

−

  = 
),(

1
.

2 14 mmm m β
π

−  







Γ

ΓΓ
=β

)2(

)()(
),(

m

mm
mm

  ⇒ β 





 ++

2

1
,

2

1
mm  = 

),(

1
.

2 14 mmm m β
π

−

 \  β(m, m) β 





 ++

2

1
,

2

1
mm = 142 −

π
mm

Q42. Show	that β(m,	n)	=	2

 

π

θ θ θ− −∫
2

2m 1 2n 1

0

sin .cos d 	 and	 deduce	 that ,

π π π
θ θ θ θ

+ Γ   
= =

+ Γ   

∫ ∫
2 2

n n

0 0

n 1

2
sin d cos d

n 2
2

2

.

Answer	:	

	 Given	that,

   β(m, n) = ∫
π

−− θθθ
2/

0

1212 .cos..sin2 dnm

 The	general	expression	for	β-function	is	given	by,

  ∫ −− −
1

0

11 )1( dxxx nm
 = β(m, n)	 	 ...	(1)

  		Let,		
θθθ=

θ=
ddx

x

.cossin2

sin2

Limits

        For	x = 0, 0	=	sin2	θ ⇒	sin	θ = 0 ⇒	sin	θ	=	sin0		⇒ θ = 0

								For	x = 1,  1=	sin2	θ ⇒	sin	θ = 1 ⇒	sin	θ	=	sin
2

π
 ⇒ θ = 

2

π

   \	 Limits	are	from	0	to	
2

π

	 Substituting	the	corresponding	values	in	equation	(1),	

 ∫
π

−− θθθθ−θ
2

0

1212 cossin2)sin1()(sin dnm
 = β(m, n)

⇒ ∫
π

−− θθθθθ
2

0

1222 cossin)(cossin2 dnm
 = β(m, n)    

        [ 	1	–	sin2θ	=	cos2θ]

⇒    ∫
π

−− θθθθθ
2

0

2222 cos)(cossinsin2 dnm
= β(m, n)
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 ⇒ 2 ∫
π −−

θθ








θ
θ

θ








θ
θ

2

0

1212

cos
cos

cos
sin

sin

sin
d

nm

 = β(m, n)

 ⇒ 2 ∫
π

−− θθθ
2

0

1212 .cossin dnm
= β(m, n)

 \ β(m, n) = 2 ∫
π

−− θθθ
2

0

1212 .cossin dnm 		 ...	(2)

Deduction

	 			Let,	2m – 1  = n and	2n – 1 = 0  

 ⇒		 	 	2m = n	+	1	and	2n = 1

 ⇒  
2

1+
=

n
m 	and	

2

1
=n

 \ ∫
π

θθθ
2

0

0 .cossin dn
 = ),(

2

1
nmβ

 ⇒ ∫
π

θθ
2

0

.1.sin dn
= ),(

2

1
nmβ

 ⇒ ∫
π

θθ
2

0

sin dn
 = 

)(

)()(
.

2

1

nm

nm

+Γ
ΓΓ

      ( , )
( )

( ) ( )
m n

m n

m n
a β 

Γ

Γ Γ
=

+

R

T

SSSSS

V

X

WWWWW                         

     =






 +

+
Γ







Γ






 +

Γ

2

1

2

1

2

1

2

1

2

1

n

n

          

\      ∫
π

θθ
2

0

sin dn  = 







 +

Γ







 +

Γπ

2

2

2

1

2

1

n

n

 







π=






Γ

2

1 	 ...	(3)

 Similarly,

	 			Let,		2m – 1	=	0	and	2n – 1 = n  

   ⇒   m = 
2

1
	and	n = 

2

1+n
 

 \       ),(
2

1
nmβ   = ∫

π

θθθ
2

0

0 cossin dn
 = ∫

π

θθ
2

0

cos dn

	 ⇒        ),(
2

1
nmβ  = ∫

π

θθ
2

0

cos dn

	 ⇒    
)(

)()(

2

1

nm

nm

+Γ
ΓΓ

= ∫
π

θθ
2

0

cos dn
                 

  







 +

+Γ







 +

Γ





Γ

2

1

2

1

2

1

2

1

2

1

n

n

 = ∫
π

θθ
2

0

cos dn
     

⇒   







 +

Γ







 +

Γπ

2

2

2

1

2

1

n

n

 = ∫
π

θθ
2

0

cos dn     
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	 From	equations	(3)	and	(4),	

          ∫
π

θθ
2

0

sin dn  = ∫
π

θθ
2

0

cos dn
 =







 +

Γ







 +

Γπ

2

2

2

1

2

1

n

n

 \      ∫
π

θθ
2

0

sin dn  = ∫
π

θθ
2

0

cos dn
 =







 +

Γ







 +

Γπ

2

2

2

1

2

1

n

n

Q43. Show	that	
π

θ θ θ β
+ + =   ∫

2

p q

0

1 p 1 q 1
sin cos d ,

2 2 2

      or

	 Show	that	

Answer	:

	 Given	that,

    ∫
π

θθθ
2/

0

.cos.sin dqp
 = 






 ++

β
2

1
,

2

1

2

1 qp

	 	Consider,		 ∫
π

θθθ
2

0

cossin dqp
 = ∫

π

−− θθθθθ
2

0

11 )cos(sin][cos][sin dqp

        = ∫
π

−−

θθθθθ
2

0

2

1

22

1

2 )cos(sin][cos][sin d

qp

        = ∫
π

−−

θθθθ−θ
2

0

2

1

22

1

2 )cossin2(]sin1[][sin
2

1
d

qp

 ...	(1)

 Let,	sin2 θ = v 

	 Differentiating	with	respect	to	‘θ’, 

	 2	sin	θ cos	θ dθ = dv 

Limits

 For	θ = 0 ⇒ sin20 = v ⇒ v = 0

 For	θ = 
2

π
 ⇒ sin2

2

π
 = v ⇒ (1)2 = v ⇒ v = 1 

   \	 Limits	are	from	0	to	1.
	 Substituting	the	corresponding	values	in	equation	(1),	

         ∫
π

θθθ
2

0

cossin dqp
 = ∫

−−

−
1

0

2

1

2

1

)1(
2

1
dvvv

qp

      = ∫
−

+
−

+

−
1

0

1
2

1
1

2

1

)1(
2

1
dvvv

qp

 = ,
p q

2

1

2

1

2

1
β 

+ +J

L

KKKK
N

P

OOOO

  \         ∫
π

θθθ
2

0

cossin dqp
 = 






 ++

β
2

1
,

2

1

2

1 qp
        



















+
=

+
=

−=β ∫ −−

2

1
,

2

1
Where,

)1(),(

1

0

11

q
n

p
m

dxxxnm nm
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 The	relation	between	beta	and	gamma	function	is,

  β(m, n) = 
( )

( ) ( )

m n

m n

Γ
Γ Γ

+
		 ...	(2)

 Substituting	the	corresponding	values	in	equation	(2),

   ∫
π

θθθ
2

0

cossin dqp
 = 







 +

+
+

Γ







 +

Γ





 +

Γ

2

1

2

1
2

2

1

2

1

qp

qp

 





 ++

Γ







 +

Γ





 +

Γ
=θθθ∴ ∫

π

2

2
2

2

1

2

1

cossin

2

0
qp

qp

dqp

Q44.	 Express	the	integral	∫
−

1

0
4x1

dx 	in	terms	of	Gamma	

functions.
Answer	:	 	 	 	 June-11,	Q16(a)

	 Given	integral	is,	

   ∫
−

1

0
41 x

dx
 

      Let,  x4 = v  ⇒ x = 
4

1

v

	 Differentiating	on	both	sides	with	respect	to	x, 

     dx = 
4

1 1
4

1
−

v dv

     ⇒    dx = dvv 4

3

4

1
−

Limits

	 For	x = 0, v = (0)4 = 0

	 For	x = 1, v = (1)4 = 1

    \	 Limits	are	from	0	to	1.

    ∫
−

1

0
41 x

dx
 = ∫ 











−

−1

0

4

3

4

1

1

1
dvv

v
        

  = ∫ −−−
1

0

4321)1(
4

1
dvvv          

  = ∫
−−

−
1

0

1
2

1
1

4

1

)1(
4

1
dvvv        

  = 





β

2

1
,

4

1

4

1
        













β=−∫ −−

1

0

11 ),()1( nmdxxx nm

  = 







 +Γ







Γ






Γ

2

1

4

1

2

1

4

1

.
4

1
              








+(Γ
ΓΓ

=β
)

)()(
),(

nm

nm
nm

  = 









 +

Γ

π





Γ

4

21

4

1

.
4

1                    2
1

a π Γ =df n p

  = 






Γ

π





Γ

4

3
4

4

1

   







Γ

π





Γ

=
−

∴ ∫
4

3
4

4

1

1

1

0
4x

dx

Q45.	 Evaluate	 ∫
1

0

n n
1

)x(1

dx

–

Answer	:	 	 May/June-12,	Q16(a)

 Given	integral	is,

  
∫ −

1

0

1)1( nnx

dx

           

	 					Let,		xn	=	sin2 θ ⇒ x =	sin2/n θ

     dx = θ
−1

2

sin
2

n

n
.cos	θ dθ

Limits

	 For		 x = 0 ⇒ θ = 0

	 For		 x = 1 ⇒ θ = 
2

π

    \	 Limits	are	from	0	to	
2

π

  \        ∫ −

1

0

/1)1( nnx

dx
 = ∫

π

−
θθθ

θ−

2

0

1
2

/12
cos.sin

2
.

)sin1(

1
d

n
n

n

    = θθθ
θ∫

π
−

d
n

n
n

cos.sin
2

.
)(cos

1
2/

0

1
2

12  

   ∫ −

1

0

/1)1( nnx

dx
 = ∫

π
−−

θθθ
2

0

2
11

2

cos.sin
2

d
n

nn

	 From	the	definition	of	gamma	function,	

              ∫
π

θθθ
2

0

cossin dqp
 = 

p q

p q

2 2
2

2
1

2
1

Γ

Γ Γ

+ +

+ +

d
d d

n
n n

	 Here, p = 1
2

−
n

, q = 
n

2
1−

\    ∫ −

1

0

/1)1( nnx

dx
 = ×

– –

– –

n

n n

n n
2

2 2

2
1 1

2
2

2

2
1 1

2

1
2

1

Γ

Γ Γ

+ +

+ +

f
f f

p
p p

    = n

n n
n n

2

2 2
2

2
2

2
2

×

–

Γ

Γ Γ +

d
d d

n
n n

    = ×
( )n

n n
n

2
2 1

1
2

2 2–

Γ

Γ Γd dn n
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    ∫ −

1

0

/1)1( nnx

dx
 = ×n

n n
n

1
1

1 1–Γ Γd dn n
      [a Γ (1) = 1]

    =

n

n π
π

×
sin

1
 

–
sin

n n
n

1
1

1
a

π

π
Γ Γ =d dn n> H

    = 





 ππ

nn
cosec

  
∫ 






 ππ

=
−

∴
1

0

1
cosec

)1( nnx

dx
nn

 

Q46.	 Evaluate	 e x
–ax m – 1

0

3

# sin	bx	dx	interms	of	Gamma	

function.
Answer	:	 Jan.-12,	Q15(b)

	 Given	integral	is,

  
∫
∞

−−

0

1 sin dxbxxe max

	 From	the	property	of	gamma	function,	

      ∫
∞

−−

0

1 dxxe max
 = ma

m)(Γ
	 	 	 ...	(1)

	 Substituting	a = a + ib in	equation	(1),	

   
( ) 1

0

a ib me x dx

∞
− + −∫  = miba

m

)(

)(

+
Γ

	 Consider,	 ...	(2)

    e–(a+ib)x = e–ax.e–ibx

 ⇒   e–(a+ib)x = e–ax(cosbx – isinbx)		 ...	(3)

	 Substituting	equation	(3)	in	equation	(2),	

       ∫
∞

−− −
0

1)sin(cos dxxbxibxe max
 = miba

m

)(

)(

+
Γ

	 	 ...	(4)

	 Let,

  a = r cosθ ; b = r	sinθ

 ⇒ a2 + b2 = r2	cos2θ + r2	sin2θ

 ⇒ a2 + b2 = r2(cos2θ	+	sin2θ)

 ⇒ a2 + b2 = r2

	 And	θ = 





−

a

b1tan

   (a + ib)m = (r	cosθ + ir	sinθ)m

   = rm(cosθ + i sinθ)m

\   (a + ib)m = rm(cosmθ + i sinmθ)	 	 ...	(5)

	 Substituting	equation	(5)	in	equation	(4),	

 ∫
∞

−− −
0

1)sin(cos dxxbxibxe max
 = 

)sin(cos

)(

θ+θ
Γ

mimr

m
m

           = 
1)sin(cos

)( −θ+θ
Γ

mim
r

m
m

            = )sin(cos
)(

θ−θ
Γ

mim
r

m
m

	 Equating	real	and	imaginary	parts,	

  ∫
∞

−−

0

1 cos dxbxxe max
 = θ

Γ
m

r

m
m

cos
)(

		and	

  ∫
∞

−−

0

1 sin dxbxxe max
 = θ

Γ
m

r

m
m

sin
)(

       θ
Γ

=∴∫
∞

−− m
r

m
dxbxxe

m

max sin
)(

sin

0

1

 Where,

  r2 = a2 + b2	and	θ	=	tan–1 







a

b

Q47.	 evaluate	 sin cos d5 7

0

2

i i i

r

# using	 Beta	 and	

Gamma	functions.

Answer	:	 	 	 	 	 	 June-15,	Q14(a)
 Given	integral	is,

  
∫
π

θθθ
2

0

75 cossin d

	 From	the	property	of	beta	function,

  











 ++

β=θθθ∫
π

2

0
2

1
,

2

1

2

1
cossin

nm
dnm

  

 Here,	m	=	5,	n	=	7
	 Substituting	the	corresponding	values	in	above	integral,

         ∫
π

θθθ
2

0

75 cossin d  = 





 ++

β
2

17
,

2

15

2

1
  

    = 





β

2

8
,

2

6

2

1
 = )4,3(

2

1
β  

    = 
)43(

)4()3(

2

1

+Γ
ΓΓ

 ( , )
( )

( ) ( )
m n

m n

m n
a β 

Γ

Γ Γ
=

+

R

T

SSSSS

V

X

WWWWW

    = 
)7(

)4()3(

2

1

Γ
ΓΓ

 = 
2

1

( )!

( ) ! ( ) !

7 1

3 1 4 1

–

– –

[Γ(n) = (n – 1)!]

     = 
!

! !

2

1

6

2 3J

L

KKKK
N

P

OOOO  = 
2

1

720

2 6#J

L

KKKK
N

P

OOOO

    = 
120

1

				∴  ∫
π

θθθ
2

0

75 cossin d = 
120

1
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4.2  error functionS

Q48.	 Show	that	erf(x)	+	erfc(x)	=	1
Answer	:

	 The	error	function	is	defined	as,

          erf(x) = ∫ −

π

x

t dte

0

22
	 	 	 	 ...	(1)

	 The	complementary	error	function	is	defined	as,

        erfc(x) = ∫
∞

−

π
x

t dte
22

	 ...	(2)

 Adding	equations	(1)	and	(2), 

             erf(x) + erfc(x) = 











+

π ∫ ∫
∞

−−
x

x

tt dtedte

0

222

     = 

     = 
2

2 π
×

π
   e dt

2
t

0

– 2

a

π 
=

3R

T

SSSSSSS

V

X

WWWWWWW
y

     = 1

  1)()( =+∴ xerfcxerf

Q49.	 Evaluate 
dx
d

[erf(ax)] .

Answer	:	 	 	 [Model	Paper-1,	Q14(b)	|	April-16,	Q7]

	 The	error	function	is	given	as, 

  erf(x) = e dt
2

t

x

0

– 2

π 
y  

 Substituting	x = ax	in	above	equation,

        erf(ax) = e dt
2

t

ax

0

– 2

π 
y

 Differentiating	above	equation	with	respect	to	‘x’,

   ( ( ))
dx

d
erf ax  = 

dx

d
e dt

2
t

ax

0

– 2

π 
y

 ⇒  ( ( ))
dx

d
erf ax  = 

dx

d
e dt

2
t

ax

0

– 2

π 
y  

 Applying	rule	of	differentiation	under	integral	sign,

   ( ( ))
dx

d
erf ax  = ( ) ( ) ( ) .

x
e dt

dx

d
ax e

dx

d2
0 1–t a x

ax

0

– –2 2 2

2

2

π 
+

R

T

SSSSSSS

V

X

WWWWWWW
y

      = [ ]ae
2

0 0–a x– 2 2

π 
+  = 

ae2 a x– 2 2

π 

 \  ( ( ))
dx

d
erf ax  = 

ae2 a x– 2 2

π 
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Q50.	 Show	that	 erf x dx t erf t
1

e – 1

0

t

– t2 2
= +α α

α π

α ] ]g g R
T
SS V

X
WW# .

Answer	:	 	 [Model	Paper-3,	Q14(b)	|	May/June-17,	Q14(a)]

	 Given	integral	is,

      I = erf x dx

t

0

α ] g#  = erf x dx1

t

0

α ] g#

      = erf x dx
dx

d
erf x dx dx1 1–

t t

0 0

α α
J

L

KKKK] ^ ]
N

P

OOOOg gh# ##

      = 
t

–x erf x x
dx

d
erf x dx

t

0

α α
0

] ^ ]g gh
R

T

SSSS6 V

X

WWWW@ #

      = –t erf t x e dx
2 x

t

0

– 2 2

α
π

α
α ] g #    

dx

d
erf x e

2 – x
2 2

a α
π

α
= α ^ ] gh

R

T

SSSSS

V

X

WWWWW

  erf x dx

t

0

α ] g# = t erf t xe dx
2

– – x

t

0

2 2

α
π

α
α ] g #    erf x xe dt

2 –t

t

0

2

a α
π

=] g

R

T

SSSSSSS

V

X

WWWWWWW
# 	 ...	(1)

	 Consider,

  xe– x

t

0

2 2
α # dx

	 Let,

  y	=	α2x2

  dy	=	α22xdx

 Þ xdx = 
dy

2 2
α 

  L.L : x = 0 Þ y = 0,

  U.L : x = t Þ y = α2t2

 \   xe– x

t

0

2 2
α # dx = e

dy

2

y

t

2

0

–

2 2

α 

α 

#

      = e dy
2

1 –y

t

2

0

2 2

α 

α 

#

      = 
tα 

e
2

1
– –y

2

2 2

α 
0

6 @
      = e e

2

1–
–– t

2
02 2

α 

α 
R
T
SS

V
X
WW

      = e
2

1
1

–
–– t

2

2 2

α 

α 
R
T
SS

V
X
WW

 \   xe– x

t

0

2 2
α # dx = e

2

1
1

–
–– t

2

2 2

α 

α 
R
T
SS

V
X
WW 	 	 	 ...	(2)
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	 Substituting	equation	(2)	in	equation	(1),

    erf x dx

t

0

α ] g#  = t erf t e
2

2

1
1–

–
–– t

2

2 2
α

π

α

α

α ] g

R

T

SSSSS
R
T
SS

V
X
WW
V

X

WWWWW

      = t erf t e
1

1–– t
2 2

α
α π

+ α ] g
R
T
SS

V
X
WW

 \   erf x dx

t

0

α ] g#  = t erf t e
1

1–– t
2 2

α
α π

+ α ] g
R
T
SS

V
X
WW .

Q51. Show	that	
dx

d
erf x

2
e– x2 2

=α
π

α
α ] g" , .

Answer	:	 	 [Model	Paper-2,	Q14(b)	|	Dec.-17,	Q14(a)]

	 From	the	definition	of	error	function,

      erf(x) = e dt
2 –t

x

0

2

π 
#

 Þ   erf(αx) = e dt
2 t

x

0

– 2

π 

α 

#

    = 
! ! !

.....
t t t

dt
2

1
1 2 3

– –

x
2 4 6

0
π 

+ +

α J

L

KKKK
N

P

OOOO#

    = 
! ! !

.....t
t t t2

1

1

3 2

1

5 3

1

7
– –

x3 5 7

0π 
+ +

α R

T

SSSSS

V

X

WWWWW

    = ......t
t t t2

3 10 42
–

x3 5 7

0π 
+ + +

α R

T

SSSSS

V

X

WWWWW

    = .... ....x
x x x2

3 10 42
0

3

0

10

0

42

0
– – – – –

3 5 7

π
α

α α α
+ + + +

] ] ]g g g
R

T

SSSSS

R

T

SSSSS

R

T

SSSS

V

X

WWWWW

V

X

WWWW

V

X

WWWWW

    = – – .....x
x x x2

3 10 42
0–

3 3 5 5 7 7

π
α

α α α
+ +

R

T

SSSSS

R

T

SSSSS

V

X

WWWWW

V

X

WWWWW

    = .....x
x x x2

3 10 42
– –

3 3 5 5 7 7

π
α

α α α
+ +

R

T

SSSSS

V

X

WWWWW

    = .....x
x x x2

3 10 42
– –

2 3 4 5 6 7

π

α α α α
+ +

R

T

SSSSS

V

X

WWWWW

	 Differentiating	on	both	sides	with	respect	to	x.

  
dx

d
erf xα ^ ] gh  = .....dx

d
x

x x x2

3 10 42
– –

2 3 4 5 6 7

π

α α α α
+ +

J

L

KKKK
N

P

OOOO
R

T

SSSSS

V

X

WWWWW

    = – – .....x x x
2

1
3

3
10

5
42

7

2
2

4
4

6
6

π

α α α α
+ +

R

T

SSSSS

V

X

WWWWW

    = – ....x
x x2

1
2 6

–2 2
4 4 6 6

π

α

α
α α

+ +

R

T

SSSSS

V

X

WWWWW

    = –
! !

....x
x x2

1
2 3

–2 2
2 2 2 2 2 3

π

α

α
α α

+ +
^ ^h h

R

T

SSSSS

V

X

WWWWW

    = e
2 – x

2 2

π

α
α 

 \
dx

d
erf xα ^ ] gh  = e

2 – x
2 2

π

α
α .
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4.3  power SerieS method

Q52.	 Write	about	power	series	solution	of	a	differential	equation.
Answer	:

 If	the	equation	u
0
(x)y'' + u

1
(x)y' + u2(x)y	=	0	has	an	ordinary	or	regular	point	x = x

0
,	then	all	the	solutions	of	the	equation	

are	said	to	be	analytic	and	have	a	power	series	expansion	at	x = x
0
	of	the	form,

    y(x) = c
0
 + c

1
(x – x

0
) + c2(x – x

0
)2 + c3(x – x

0
)3 + …

	 	 	 	 or

				⇒    y(x) = ∑
∞

=

−
0

0 )(
m

m
m xxc

 Where,
  c

0
, c

1
, c2	....	=	Coefficients

  x
0
	=	Centre	of	expansion	of	power	series.

 ∴	 The	radius	of	convergence	of	the	power	series	is,

   1

m

m m

c
R Lt

c→∞ +
=

     
     or

   

1

m
m

m

R
Lt c
→∞

=

Note

	 The	series	converges	if	the	following	conditions	are	satisfied,

	 (i)	 | x – x
0 
|	<	R

	 (ii)	

	 (iii)	 The	value	of	R	is	infinity.

Q53.	 Write	the	steps	involved	in	finding	the	series	solutions	to	differential	equations	around	zero.
Answer	:

	 Let	the	differential	equation	be,

  yP
dx

dy
P

dx

yd
P 212

2

0 ++ 	=	0		 	 	 ...	(1)

	 Where,

  P
0
, P

1
, P2	-	Polynomials	in	x.

	 And	P
0
 ≠	0	at	x = 0

 The	sequence	of	steps	involved	in	finding	the	series	solutions	at	x	=	0	are,
Step 1

	 Write	the	solution	of	equation	(1)	as,
        y = c

0
 + c

1
 x + c2 x

2	+	....	+	c
n
 xn			 ....	(2)

Step 2

	 Obtain	the	expressions	for	
dx

dy
	and	

2

2

dx

yd 	from	equation	(2).

Step 3

	 The	values	of	‘y’, 
dx

dy
	and	

2

2

dx

yd
	are	substituted	in	equation	(1).

Step 4

	 Obtain	the	values	of	c2, c3, c4	...	in	terms	of	c0
	and	c

1
	by	equating	the	coefficients	of	powers	of	x to	zero.

Step 5

	 The	required	series	solution	is	obtained	by	substituting	the	values	of	c2, c3, c4	...	in	equation	(2).	
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Q54.	 Solve	by	series	solution	method	of	the	equation	 0xy
dx

dy

dx

yd
x

2

2

=++ ,	about	x	=	0 

Answer	:	 	 	 	 	 [Model	Paper-2,	Q17(a)	|	May/June-12,	Q13]

 Given	differential	equation	is,

  

2

2
0

d y dy
x xy

dxdx
+ + =

	 ...	(1)

	 At	x	=	0,	the	coefficient	of	
2

2
0

d y

dx
≠

	 Let	the	solution	of	equation	(1)	be,

       y = c
0
 + c

1
x + c2x

2 + c3x
3 + c4x

4	+…	 ...	(2)

	 Differentiating	equation	(2),	with	respect	to	‘x’

   
dy

dx
 = 0 + c

1
	+	2c2x	+	3c3x

2	+	4c4x
3	+…	 ...	(3)

 Differentiating	equation	(3),	with	respect	to	‘x’

        

2

2

d y

dx
	=	2c2	+	6c3x	+	12c4x

2	+…	 ...	(4)

	 Substituting	equations	(2),	(3)	and	(4)	in	equation	(1),	

  x (2c2	+	6c3x	+	12c4x
2 +…) + (c

1
	+	2c2x	+	3c3x

2	+	4c4x
3 +…) + x (c

0
 + c

1
x + c2x

2 + c3x
3 + c4x

4 +…) = 0

 	 2c2x+	12c3x
2	+	12c4x

3 +  c
1
	+	2c2x	+	3c3x

2 + + c
0
x +c

1
x2 + c2x

3 + c3x
4 + c4x

5 + … = 0

	 Equating	the	coefficients	of	constant	terms	to	zero,	
       c

1
	=	0		 ...	(5)

	 Equating	the	coefficients	of	x	terms	to	zero,	
	 		 		2c2	+	2c2 + c

0
  = 0 Þ 	4c2	+ c

0
 = 0

             ⇒       c2 = 
0

4

c−
	 ...	(6)

	 Equating	the	coefficients	of	x2	term	to	zero,	
	 		 12c3	+	3c3 + c

1
  = 0 Þ 15c3 = – c

1

   ⇒    c3	= 1

15

c−
 

....	(7)

   ⇒    c3 =	0		 (From	equation	(5))

	 Equating	the	coefficients	of	x3	term	to	zero,	

	 											12c4	+	4c4 + c2 = 0 Þ 16c4	+ c2 = 0

   ⇒    c4	= 

2

16

c−
	 ...	(8)

	 Substituting	equation	(6)	in	equation	(8),	

       c4 = 
0

64

c
		 	 	 	 ...	(9)

	 Substituting	equations	(5),	(6)	and	(9)	in	equation	(2),	

           y = 
2 3 40 0

0 0( ) 0( ) ..............
4 64

c c
c x x x x

−   
+ + + + +      

      = 
2 40 0

0 ...............
4 64

c c
c x x− + +

      = 
2 4

0

1 1
1 ...............

4 64
c x x

 − + +  

     ∴   y = 
2 4

0

1 1
1 ...............

4 64
c x x

 − + +  
	is	the	required	power	series	solution.
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Q55.	 Find	the	series	solution	about	x	=	0	of	the	differential	equation	(1	–	x2)y''	–	xy'	+	2y	=	0
Answer	:	 	 	June-13,	Q14

	 Given	differential	equation	is,
  (1 – x2)y'' – xy'	+	2y	=	0	 	 	 	 	 ...	(1)
	 At	x	=	0	the	coefficient	of	y'' ≠ 0

	 Let	the	solution	of	equation	(1)	be,

     y  = 
∞

=
Σ

0m
 c

m
 xm

 ⇒    y  = c
0
 + c

1
x + c2x

2 +	.	.	.	.	.	.		 	 	 ...	(2)

	 Differentiating	equation	(2)	with	respect	to	‘x’, 

   y’  = 
∞

=
Σ

1m
m c

m
 xm–1

 ⇒     y’  = 1 c
1
	+	2	c2x	+	3	c3x

2	+	.	.	.	.	.	.		 	 	 	 ...	(3)
	 Differentiating	equation	(3)	with	respect	to		‘x’, 

   y”  = 
∞

=
Σ

2m
m (m – 1)c

m
 xm–2

 ⇒   y”		=	2	c2	+	6	c3x	+	12	c4x
2	+	.	.	.	.	.	.	 	 	 	 	 ...	(4)

	 Substituting	equations	(2),	(3)	and	(4)	in	equation	(1),	

  (1 – x2)(2	c2	+	6	c3x	+	12	c4x
2) – x(c

1
	+	2c2x	+	3	c3x

2)	+	2(c
0
 + c

1
x + c2x

2) = 0

 ⇒ 	 2	c2	+	6	c3x	+	12	c4x
2	–	2	c2x

2	–	6	c3x
3	–	12	c4x

4 – c
1
x	–	2	c2x

2	–	3	c3x
3	+	2	c

0
	+	2	c

1
x	+	2	c2x

2 = 0

 ⇒ 	 2	c2	+	2	c0
	+	6	c3x c

1
x +	12	c4x

2	–	2	c2x
2 – 9 c3x

3	–	12	c4x
4 = 0

 ⇒ 	 2(c2 + c
0
)	+	(6	c3+ c

1
) x	+	(12	c4	–	2	c2)x

2 – (9 c3)x
3	–	(12	c4)x

4	=	0	 	 	 	 	 ...	(5)

	 Equating	constants,	coefficient	of	x, x2, x3, x4,	on	both	sides,	

Constants Coefficient of x Coefficient of x2 Coefficient of x3 Coefficient of x4

2(c
2 
+ c

0
) = 0 6c

3
 +c

1
 = 0 12c

4
 – 2c

2
 = 0 – 9c

3
 = 0 – 12c

4
 = 0

c
2 
+ c

0
 = 0 6c

3
 = –c

1
12c

4
 = 2c

2
c

3 
= 0 c

4
 = 0

c
2
 = – c

0 c
3 
= 

c
6

– 1 c
4
 = 

c

6
2

Þ c4 = – 
c
6
0

	 Substituting	the	values	of	c2, c3	and	c4	in	equation	(2),	

 	 				 y = c
0
 + c

1
x + (– c

0
)x2	+	.	.	.	.	.

 ⇒          y = c
0
 – c

0
x2 + c

1
x

 ⇒          y = c
0
 – x c x1 2

1+` j

        ∴           y = c
0
 – x c x1 2

1+` j 	is	the	required	power	series.

Q56.	 Find	the	series	solution	about	x	=	0	of	the	equation	(1	–	x2)y''	–	2xy'	+	6y	=	0.	 	

Answer	:	 	 	 	 Jan.-12,	Q14

	 Given	differential	equation	is,

  (1 – x2)y''	–	2xy'	+	6y	=	0	 ...	(1)
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	 Equation	(1)	can	be	written	as,

  

2
2

2
(1 ) 2 6

d y dy
x x y

dxdx
− − + 	=	0	 ...	(2)

	 At,	x = 0, the	coefficients	of	
2

2
0

d y

dx
≠

	 Let	the	solution	of	equation	(1)	be,

            y = c
0
 + c

1
x + c2x

2 + c3x
3 + c4x

4 + c5x
5	+…	 ...	(3)

	 Differentiating	equation	(3),	with	respect	to	‘x’

        
dy

dx
 = c

1
	+	2c2x	+	3c3x

2	+	4c4x
3	+	5c5x

4	+…	 ...	(4)

	 Differentiating	equation	(4),	with	respect	to	‘x’

     

2

2

d y

dx
	=	2c2	+	6c3x	+	12c4x

2	+	20c5x
3	+…	 ...	(5)

	 Substituting	equations	(5),	(4)	and	(3)	in	equation	(2),	

(1 – x2)(2c2	+	6c3x	+	12c4x
2	+	20c5x

3	+…)	–	2x(c
1
	+	2c2x	+	3c3x

2	+	4c4x
3	+	5c5x

4	+…)	+	6(c
0
 + c

1
x + c2x

2 + c3x
3 + c4x

4 + c5x
5 +…) = 0 

⇒ 	 [2c2	+	6c3x	+	12c4x
2	+	20c5x

3	–	2c2x
2	–	6c3x

3	–	12c4x
4	+	20c5x

5	+…]	+	[–	2c
1
 x –	4c2x

2	–	6c3x
3 – 8c4x

4 – 10c5x
5	+…] 

	 +	[6c
0
	+	6c

1
x	+	6c2x

2	+	6c3x
3	+	6c4x

4	+	6c5x
5 +…] = 0

	 Equating	the	constant	term	to	zero,	

	 		 			2c2	+	6c
0
  = 0 Þ  c2 = 

06

2

c−
=	3c

0

  ∴		 c2		=	–3c
0  

....	(6)

	 Equating	the	coefficients	of	x	term	to	zero,	

	 				6c3	–	2c
1
	+	6c

1
 = 0 Þ 	6c3	+	4c

1 
= 0

   ⇒           c3	 = 
4

6

−
c

1 
= c3

2
1

     \   c3  = 
2

3

−
c

1  
....	(7)

	 Equating	the	coefficients	of	x2	term	to	zero,	

	 12c4	–	4c2	 	–2c2	+	6c2 = 0 Þ 12c4 = 0

               \  c4	=	0	 ...	(8)

	 	Equating	the	coefficients	of	x3	term	to	zero,	

	 		 			20c5	–	6c3	–	6c3	+	6c3 = 0 Þ 	20c5	=	6c3

  
⇒

     
c5 = 

c
20
6 3

 = c10
3

3

    \   c5	 = 
33

10

c
		 ...	(9)

	 Substituting	equation	(7)	in	equation	(9),	

      c5 = 1

3 2

10 3
c

− 
  

= c5
1

1

   ∴   c5 = 1

1

5
c

−
  	 ...	(10)
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	 Substituting	equations	(6),	(7),	(8)	and	(10)	in	equation	(3),	

                          y = c
0
 + c

1
x	–	(3c

0
) x2 – 








1
3

2
c x3 + 0 – 1

1

5
c  x5	+	....

     = 
2 3 5

0 1

2 1
1 3 ..... .....

3 5
c x c x x x

  − + + − − +    

 	 									∴     y = 
2 3 5

0 1

2 1
1 3 ..... .....

3 5
c x c x x x

  − + + − − +    
	is	the	required	power	series	solution.

Q57.	 Obtain	the	series	solution	of	the	equation.

 
2

2

d y dy
x(1– x) – (1+3x) – y = 0

dxdx
	about	x	=	0

Answer	:	 	 	 	 Dec.-13,	Q13

	 Given	differential	equation	is,

  

2

2
(1 ) (1 3 ) 0

d y dy
x x x y

dxdx
− − + − =

	 ...	(1)

	 At	x	=	0,	The	coefficients	of	
2

2
0

d y

dx
≠

	 Let	the	solution	of	equation	(1)	be,

            y = c
0
 + c

1
x + c2x

2 + c3x
3 + c4x

4 + c5x
5	+…	 ...	(2)

	 Differentiating	equation	(2),	with	respect	to	‘x’, 

     
dy

dx
= c

1
	+	2c2x	+	3c3x

2	+	4c4x
3	+	5c5x

4	+…	 ...	(3)

	 Differentiating	equation	(3)	with	respect	to	‘x’, 

     
2

2

d y

dx
	=	2c2	+	6c3x	+	12c4x

2	+	20c5x
3	+…	 ...	(4)

	 Substituting	equations	(4),	(3)	and	(2)	in	equation	(1),

 ⇒  x(1 – x)(2c2	+	6c3x	+	12c4x
2	+	20c5x

3	+…)	–	(1	+	3x)(c
1
	+	2c2x	+	3c3x

2	+	4c4x
3	+	5c5x

4	+…)  – (c
0
 + c

1
x + c2x

2 + c3x
3    

  +c4x
4 + c5x

5 +…) = 0

 ⇒  (x – x2)(2c2	+	6c3x	+	12c4x
2	+	20c5x

3	+…)	–	(1	+	3x)(c
1
	+	2c2x	+	3c3x

2	+	4c4x
3	+	5c5x

4	+…) – c
0
 – c

1
x – c2x

2 – c3x
3 

  – c4x
4 – c5x

5 –… = 0 

 ⇒ 	 2c2x +	6c3x
2	+	12c4x

3	+	20c5x
4	–	2c2x

2	–	6c3x
3	–	12c4x

4	–	20c5x
5 – c

1
	–	2c2x	–3	c3x

2	–	4c4x
3	–	5c5x

4	–	3c
1
x	–	6c2 x

2 

   – 9c3x
3	–	12c4x

4	–	15c5x
5 – c

0
 – c

1
x – c2x

2 – c3x
3 – c4x

4 – c5x
5	.....	=	0

	 	Equating	the	constant	term	to	zero,	

        – c
1
 – c

0
  = 0 

  Þ    c
0
 = – c

1  
....	(5)

	 	Equating	the	coefficients	of	x	term	to	zero,	

	 				2c2	–	2c2	–	3c
1
 – c

1
= 0 Þ 	–	4c

1
= 0

  ⇒    c
1
	=	0	 ...	(6)

	 	Equating	the	coefficients	of	x2	term	to	zero,	

	 6c3	–	2c2	 	–3c3	–	6c2 – c2= 0 Þ 3c3 – 9c2 = 0

  ⇒										3c3	= 9c2	

  
Þ         c2 = 3

1

3
c 		 ...	(7)



4.31Unit-4  Special Function

SIA PUblishers AND DistribUtors PVt. ltD.

	 	Equating	the	coefficients	of	x3	terms	to	zero,	

	 12c4	–	6c3	–	20c3	–	4c4 – 9c3 – c3= 0

   Þ    8c4	–	36c3	  = 0 

   Þ   c4 = 3

36

8
c

   Þ     c4	=	4c3	 ...	(8)

	 Equating	the	coefficients	of	x4	term	to	zero,	

	 20c5	–	12c4	–	5c5	–	12c4 – c4= 0 Þ 15c5	–	25c4	= 0

                  c5 = 
4

25

15
c = c3

5
4

      \  c5	= 4

5

3
c  	 ...	(9)

	 Substituting	equation	(6)	in	equation	(5),	
      c

0
	=	0	 ...	(10)

	 Substituting	equation	(9)	in	equation	(8),	

      c5 = c
3

5
4 3#

  Þ    c5 = 3

20

3
c  ...	(11)

	 Substituting	equations	(5),	(6),	(7),	(10),	(11)	in	equation	(2),

             y = 
2 3 4

3 3 3

1 20
0 0( ) 4 ...

3 3
x c x c x c x+ + + + +

       = 2 3 4
3

1 20
4 ...

3 3
c x x x

 + + +  

    ∴    y = 
2 3 4

3

1 20
4 ...

3 3
c x x x

 + + +  
	is	the	required	power	series	solution.

4.4  legender’S differential equationS and legender’S polynomial p
n
(x), rodrigue’S 

formula (without proof)

Q58.	 What	is	Legendre’s	differential	equation?	Write	its	general	solutions.
Answer	: 

 The	Legendre’s	differential	equation	is	given	as,
  (1 – x2)y”	–	2xy’ + n (n + 1) y	=	0	 	 ...	(1)
	 Where,
  n –	Real	number.
	 Equation	(1)	can	also	be	expressed	as,

  

0)1()1( 2 =++






 − ynn

dx

dy
x

dx

d

General Solutions of Legendre’s Differential Equation

	 The	Legendre’s	differential	equation	has	two	general	solutions
	 i.e.,	For		m = n  and	m = – n

Case (i)

	 The	general	solution	of	Legendre’s	equation	for	m = n	is,

        y = a
0
 








−−

−−−
+

−
−

− −− .....
4.2)32)(12(

)3)(2)(1(

2)12(

)1( 42 nnn x
nn

nnnn
x

n

nn
x
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Case (ii)

	 The	general	solution	of	Legendre’s	equation	for	m = – n	is,

        y  = a
0
 








+

++
++++

+
+

++
+ −−−−−− .....

)52)(32(4.2

)4)(3)(2)(1(

)32(2

)2)(1( 531 nnn x
nn

nnnn
x

n

nn
x

Q59.	 Write	about	the	following,
	 (i)	 Legendre’s	function	of	the	first	kind	(Pn(x))
	 (ii)	 Legendre’s	function	of	the	second	kind	(Qn(x)).
Answer	: 

(i) Legendre’s Function of the First Kind (P
n
(x))

	 The	Legendre’s	differential	equation	is	given	as,

  (1 – x2) 2

2

dx

yd
	–	2x

dx

dy
 + n(n + 1) y	=	0	 		 ...	(1)

	 One	of	the	solution	of	equation	(1)	is,

         y =  P
n
(x)= a

0 







−−

−−−
+

−
−

− −− ......
4.2)32)(12(

)3)(2)(1(

2)12(

)1( 42 nnn x
nn

nnnn
x

n

nn
x 	 ...	(2)

	 Where,
  a

0
	-	Arbitrary	constant.	

	 Moreover,	when	n	is	a	positive	integer,

             a
0
 = 

!

)12...(5.3.1

n

n −
	 	 ...	(3)

	 Substituting	equation	(3)	in	equation	(2)

            P
n
(x) = 

!

)12...(5.3.1

n

n −








+

−
−

− − ....
2)12(

)1( 2nn x
n

nn
x

	 This	function	P
n
(x)	is	known	as	the	Legendre’s	function	of	the	first	kind.

(ii) Legendre’s Function of the Second Kind (Q
n
(x))

 The	Legendre’s	differential	equation	is	given	as,

  
0)1(2)1(

2

2
2 =++−− ynn

dx

dy
x

dx

yd
x

     

	 Another	solution	of	equation	(1)	is,

       Q
n
(x)  = y = a

0
 








+

+
++

+ −−−− ....
)32(2

)2)(1( 31 nn x
n

nn
x 	 	 	 	 ...	(4)

	 Where,

     a
0
 = 

)12...(5.3.1

!

+n

n
	 	 	 	 ...	(5)

	 Substituting	equation	(5)	in	equation	(4),	

        Q
n
(x) = y = 

)12...(5.3.1

!

+n

n








+

+
++

+ −−−− ....
)32(2

)2)(1( 31 nn x
n

nn
x

Note

 P
n
(x)	is	a	terminating	series	and	Q

n
(x)	is	a	non-terminating	series.

Q60.	 Express	the	following	in	terms	of	Legendre	polynomials	4x3	–	2x2	–	3x	+	8.
Answer	:	

	 Given	function	is,
   f (x)	=	4x3	–	2x2	–	3x	+	8	 ...	(1)
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	 From	Rodrigue’s	formula,

          P
n
(x) = 

n

n

n

n
x

dx

d

n
)1(.

!2

1 2 −

          P3(x) = )35(
2

1 3 xx − 	 ...	(2)

          P2(x) = )13(
2

1 2 −x  ...	(3)

          P
1
(x) = x	 ...	(4)

	 and		P
0
(x) = 1	 ...	(5)

	 From	equation	(2),	

 	 	5x3	–	3x	=	2P3(x)

 ⇒       x3 = )(
5

3
)(

5

2
3 xxP +

 ⇒       x3 = )(
5

3
)(

5

2
13 xPxP +     [From	equation	(4)]	 ...	(6)	

 From	equation	(3),	

 	 					3x2	–	1	=	2P2(x)

 ⇒           x2 = )1(
3

1
)(

3

2
2 +xP

 ⇒          x2 = )(
3

1
)(

3

2
02 xPxP +     [ 	From	equation	(5)]	 ...	(7)	

	 Substituting	equations	(4),	(5)	(6)	and	(7)	in	equation	(1),	

    f(x) = 8)(3)(
3

1
)(

3

2
2)(

5

3
)(

5

2
4 10213 +−



 +−



 + xPxPxPxPxP

 ⇒   f(x) = )(8)(3)(
3

2
)(

3

4
)(

5

12
)(

5

8
010213 xPxPxPxPxPxP +−−−+          [  P

0
(x) = 1]

   = )(
3

2
8)(3

5

12
)(

3

4
)(

5

8
0123 xPxPxPxP 



 −+



 −+−

   = 

 
)(

3

22
)(

5

3
)(

3

4
)(

5

8
)( 0123 xPxPxPxPxf +−−=∴

Q61.	 Using	Rodrigue’s	formula	obtain	the	values	of	P0(x),	P1
(x),	P

2
(x),	P

3
(x),	P

4
(x)	respectively.

Answer	:	 	 Model	Paper-3,	Q17(a)

	 From	Rodrigue’s	formula,

  P
n
(x) = 

n

n

n

n
x

dx

d

n
)1(

!2

1 2 − 	 	 	 ...	(1)
P

0
(x)

	 Substituting	n	=	0,	in	equation	(1),	

         P
0
(x) = 1)1(

!02

1 02

0

0

0
=−x

dx

d

   
1)(0 =∴ xP
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P
1
(x)

	 Substituting	n	=	1,	in	equation	(1),		

      P
1
(x) = 

12

1
)1(

!12

1
−x

dx

d

 ⇒     P
1
(x) = 

2

2x
 = x

	 	 		    xxP =∴ )(1

P
2
(x)

	 Substituting	n	=	2	in	equation	(1),

        P2(x) = 
22

2

2

2
)1(.

!2.2

1
−x

dx

d

    = 
22

2

2

)1(.
2.4

1
−x

dx

d

    = )21(.
8

1 24

2

2

xx
dx

d
−+

    = 



 −+ )(2)1()(

8

1 24 x
dx

d

dx

d
x

dx

d

dx

d

    = )404(.
8

1 3 xx
dx

d
−+

    = )(4.
8

1 3 xx
dx

d
−  = )(.

2

1 3 xx
dx

d
−

    =
2

1
(3x2 – 1)

                
)13(

2

1
)( 2

2 −=∴ xxP

P
3
(x)

	 Substituting	n	=	3	in	equation	(1),	

                    P3(x) = 
32

3

3

3
)1(

!32

1
−x

dx

d

   = ]133[
48

1 246

3

3

−+− xxx
dx

d
   

   = )6126(
48

1 35

2

2

xxx
dx

d
+−

   = )63630(
48

1 24 +− xx
dx

d
 

   = )72120(
48

1 3 xx −

   = )35(
2

1 3 xx −  

    
)35(

2

1
)( 3

3 xxxP −=∴

P
4
(x)

 Substituting	n	=	4,	in	equation	(1),	

         P4(x) = 
42

4

4

4
)1(.

!4.2

1
−x

dx

d

   = 
222

4

4

])1[(.
2416

1
−

×
x

dx

d

   = 
224

4

4

)21(.
384

1
xx

dx

d
−+

   = )44421(.
384

1 62448

4

4

xxxxx
dx

d
−−+++

   = )1464(.
384

1 2468

4

4

+−+− xxxx
dx

d

   = 
dx
d

x x x x134
1

8 24 24 8– –3

3
7 5 3+` j

   = )87212056(
384

1 246

2

2

−+− xxx
dx

d

   = )144480336(.
384

1 35 xxx
dx

d
+−

   = x x384
1

1680 1440 144–4 2 +` j

   = [ ]x x
384

48
35 30 3–4 2 +

   = 4 21
35 30 3

8
x x − + 

	 			
)33035(

8

1
)( 24

4 +−=∴ xxxP

Q62.	 Using	 Rodrigue’s	 formula	 prove	 that	

∫
−

=
1

1

n
m 0(x)dxPx 	if	m	<	n.

Answer	:

	 Given	that,

    ∫
−

1

1

)(xPx n
m

 dx = 0	for	m < n

	 Consider,

  
∫
−

1

1

)( dxxPx n
m

	 From	Rodrigue’s	formula,

        P
n
 (x) = n

n

n dx

d

n!2

1
(x2 – 1)n 
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										∴	  ∫
−

1

1

)( dxxPx n
m

 = ∫
−

1

1
!2

1
n

n

n

m

dx

d

n
x  (x2 – 1)n dx

       = 
!2

1

nn
 

n

n

n
m x

dx

d
x )1( 2

1

1

−∫
−

 dx

     = 
!2

1

nn  ∫
−

−

−












−

1

1

2

1

1

)1( n

n

n
m x

dx

d

dx

d
x dx

     = 
!2

1

nn 










−−








− −

−

−

−

−
−

−

∫ dxx
dx

d
mxx

dx

d
x n

n

n
mn

n

n
m )1()1( 2

1

11

1

1

1

1

2

1

1

		 [Integration	by	parts]

     = 0 – dxx
dx

d
x

n

m n

n

n
m

n
)1(

!2

2

1

11

1

1 −−

−

−

−∫

⇒     ∫
−

1

1

)( dxxPx n
m

  = dxx
dx

d
x

n

m n

n

n
m

n
)1(

!2

)1( 2

1

11

1

1 −
−

−

−

−

−∫
	 Integrating	above	equation	with	respect	to	x,

     ∫
−

1

1

)( dxxPx n
m

  = 
!

( ) ( )
( )

n

m m
x

dx

d
x dx

2

1 1
1

– –
–n

m
n

n

n

2

2

1

1

2

2

2–

–

–

–

y

	 Integrating	the	above	equation	m	times,	

            ∫
−

1

1

)(xPx n
m

 = 
!

( )
( – )

n

m

dx

d
x dx

2

1
1

–
n

m

n m

n m

n2

1

1

–

–

–

y    

     = 
!

(– ) !
( )

n

m

dx

d
x

2

1
1–n

m

n m

n m

n
1

1

2

1

1

– –

– –

–

R

T

SSSSS

V

X

WWWWW
   ( )

dx

d
x 1 0–n

n

1

1

2

1

1

–

–

–

a =

R

T

SSSSSS

R

T

SSSSS

V

X

WWWWW

V

X

WWWWWW

     = 0                

   nmdxxPx n
m <=∴ ∫

−

for0)(

1

1

   

Q63. Show	that,	x4	=	 (x)].7P(x)20P(x)[8P
35

1
024 ++

     or

	 Show	that	x4	=	 (x)P
5

1
(x)P

7

4
(x)P

35

8
024 ++ .

Answer	:	

	 Given	that,

  x4  = )(
5

1
)(

7

4
)(

35

8
024 xPxPxP ++   

	 From	Rodrigue’s	formula,

          P4(x)  =
8

1
 x x35 30 3–4 2 +8 B 	 	 	 	 ...	(1)

          P2(x)  = 
2

1
(3x2	–	1)	 	 	 	 	 ...	(2)

          P
0
(x)		=	1	 ...	(3)
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	 From	equation	(1),

  8P4(x)	=	35x4	–	30x2	+	3

 ⇒	 35x4 = 8P4(x)	+	30x2	–	3	 	 ...	(4)

	 From	equation	(2),
	 	 		2P2(x)	 =	3x2 – 1

 Þ 	 3x2	=	2P2(x) + 1

 Þ   x2 = 
( )P x

3

2 12 +

 Þ   x2 = 
( ) ( )P x P x

3

2 2 0+
  [a 	From	equation	(3)]	 	 ...	(5)

 Substituting	equations	(3)	and	(5)	in	equation	(4),

	 	 					35x4 = 8P4(x) + 
[ ( ) ( )]P x P x

3

30 2 2 0+
	–	3P

0
(x)

 Þ	 						35x4 = 8P4(x)	+	20P2(x) + 10P
0
(x)	–	3P

0
(x)

 Þ	 						35x4 = 8P4(x)	+	20P2(x)	+	7P
0
(x)

 Þ          x4 = 
35

1
[8P4(x)	+	20P2(x)	+	7P

0
(x)]

    = 
35

8
P4(x) + 

7

4
P2(x) + 

5

1
P

0
(x)

  \      x4 = 
35

8
P4(x) + 

7

4
P2(x) + 

5

1
P

0
(x)

Q64. Prove	that	 2t2xt1

1

+−
	=,∑

∞

=0n

n
n(x)tP 	t	≠ 1

Answer	: June-10,	Q15(a)

	 Given	that,						

        221

1

txt +−
 = P

0
(x) + P

1
(x)t + P2(x)t2	+	...

         
221

1

txt +−
 = 2/12 )21(

1

txt +−
 

 	 	 		 =	(1	–	2xt + t2)–1/2

     = – ( – )t x t1 28 B –1/2	 ...	(1)

	 From	Binomial	theorem,

           (1 – x)–1/2 = 1 +
2

1
x + 

!2

2

3
.

2

1

x + 
!3

2

5
.

2

3
.

2

1

x3	+...	

    (1 – x)–1/2 = 1 + 22 2.)!1(

!2
x + 42 2.)!2(

!4
x2 + 

62 2.)!3(

!6
x3	+	...

    	∴	 Equation	(1)	becomes,

           
221

1

txt +−
= – ( – )t x t1 28 B –1/2

     = 1 + 
22 2.)!1(

!2
 × t(2x – t) +

42 2.)!2(

!4
  t2(2x – t)2	+	...

rnrn

rn
222 2))!((

)!22(
−−

−
tn – r(2x – t)n – r

            + nn

n
22 2)!(

)!2(
tn	(2x – t)n	+	...
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 From	the	above	expansion,	consider	the	term	
rnrn

rn
222 2))!((

)!22(
−−

−
tn – r(2x – t)n – r 

     = 
rnrn

rn
222 2))!((

)!22(
−−

−
 × tn – r × (n – r)C

r
 (–t)r	(2x)n – r – r  [ ))()(( rnr

r
nr xyCyx −=+  ]  

     = rnrn

rn
222 2))!((

)!22(
−−

−
 tn – r

r
rn C)( −  (2x)n	–	2r

     = rn

r

rn

rn
222 2))!((

)!22()1(
−−

−−
× tn –  r+ r

)!(!

)!(

rrnr

rn

−−
−

 (2x)n	–	2	r    







−

=
)!(!

!

rnr

n
Cr

n
 

     = rn

r

rn

rn
222 2))!((

)!22()1(
−−

−−
 × tn

)!2(!

)!(

rnr

rn

−
−

2n –	2r xn	–	2r

     = 
)!2(!)!(

)!22()1(

rnrrn

rnr

−−
−−

 × tn	×	2n	–	2r	–	(2n	–	2r) × xn	–	2r

     = 
)!2()!(!

)!22()1(

rnrnr

rnr

−−
−−

 × tn	×	2n	–	2n × xn	–	2r

     = 
)!2()!(!

)!22()1(

rnrnr

rnr

−−
−−

 × tn ×	2–n × xn –	2r

     = 
)!2()!(!2

)!22()1(

rnrnr

rn
n

r

−−
−−

 × xn	–	2r × tn

	 Considering	every	term	of	tn,

       
221

1

txt +−
= ∑

∞

= −−
−−

0 )!2()!(!2

)!22()1(

r
n

r

rnrnr

rn
× xn	–	2r × tn

     = ∑
∞

=0

).(

n

n
n txP     











−−
−−

= − rn

n

r

n x
rnrnr

rn
xP 2.

)!2()!(!2

)!22()1(
)(

     = P
0
(x).t0 + P

1
(x).t1 + P2(x).t

2	+	...

         

....).().()(
21

1 2
210

2
+++=

++
∴ txPtxPxP

txt  																

Q65.	 Show	that	Pn(–x)	=	(–1)n	Pn(x).	
Answer	:	 	 Model	Paper-1,	Q17(a) 

	 Given	that,
          P

n
(–x)  = (–1)n P

n
(x)

	 From	the	generating	function	of	Legendre’s	polynomial,

         
221

1

txt +−
= 

0

( )n
n

n

t P x

∞

=
∑ 	 ...	(1)

	 Replacing	x	by	–x	in	equation	(1),	

  
2)(21

1

ttx +−−
 = 

0

( )n
n

n

t P x

∞

=

−∑

 ⇒    
221

1

txt ++
 = 

0

( )n
n

n

t P x

∞

=

−∑ 	 ...	(2)
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	 Replacing	t	by	‘–t’	in	equation	(1),		

    
)()(21

1

2ttx −+−−
 = 

0

( ) ( )n
n

n

t P x

∞

=

−∑

 ⇒ 
xt t1 2

1
2+ +

 = 
0

( 1) ( ) ( )n n
n

n

t P x

∞

=

−∑            ...	(3)

	 From	equations	(2)	and	(3),	

  

0

( )n
n

n

t P x

∞

=

−∑ = 

0

( 1) ( ) ( )n n
n

n

t P x

∞

=

−∑   

 ⇒         P
n
(–x) = (–1)n P

n
(x)

   )()1()( xPxP n
n

n −=−∴

Q66.	 Prove	
∞

∑
2

n
n2 3/2

n=0

1– z
= (2n+1)z P (x)

(1– 2xz + z )

Answer	: 

 Given	that,

  

2

2 3/2

1

(1 2 )

z

xz z

−
− +

 = 
0

(2 1) ( )n
n

n

n z P x

∞

=

+∑   ...	(1)

	 From	the	generating	function	of	Legendre’s	polynomial,

	 	 (1	–	2xz + z2)–1/2 = 
0

( )n
n

n

z P x

∞

=
∑ 	 ...	(2)

	 Differentiating	equation	(2)	with	respect	to	‘z’, 

  
2 –3/21

(1 2 ) ( 2 2 )
2

xz z x z
−

− + − +  = 
1

0

. . ( )n
n

n

n z P x

∞
−

=
∑

 

 ⇒ 2 3/2(1 2 )

x z

xz z

−
− +

= 
1

0

. . ( )n
n

n

n z P x

∞
−

=
∑ 	 ...	(3)

	 Multiplying	equation	(3)	with	2z	on	both	sides,	

  
2 3/2

2 ( )

(1 2 )

z x z

xz z

−
− +

= 
1

0

2 . . ( )n
n

n

z nz P x

∞
−

=
∑

 ⇒  

2

2 3/2

2 2

(1 2 )

xz z

xz z

−
− +

 = 
0

2 ( )n
n

n

nz P x

∞

=
∑  ...	(4)

	 Adding	equations	(2)	and	(4),

    

2
2 1/2

2 3/2

2 2
(1 2 )

(1 2 )

xz z
xz z

xz z

− −
− + +

− +
 = 

0 0

( ) 2 ( )n n
n n

n n

z P x nz P x

∞ ∞

= =

+∑ ∑

 ⇒	 					

1 3

22 2

2 3/2

(1 2 ) 2 2

(1 2 )

xz z xz z

xz z

−
+

− + + −
− +

 = 
0

( )(2 1)n
n

n

z P x n

∞

=

+∑

 ⇒   

2 2

2 3/2

1 2 2 2

(1 2 )

xz z xz z

xz z

− + + −
− +

 = 
0

(2 1) ( )n
n

n

n z P x

∞

=

+∑

   ∴   
2

2 3/2

1

(1 2 )

z

xz z

−
− +

 = 

0

(2 1) ( )n
n

n

n z P x

∞

=

+∑
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Part-a

Short QueStionS with SolutionS

Q1.	 Define	the	Laplace	transform	and	state	its	domain	and	Kernel.
Answer :

Laplace Transform
 Laplace transform is a mathematical tool that transforms a time-domain function to a frequency domain function and 
vice-versa.
Definition
  Laplace transform of a function f(t) is a linear integral transform which is defined as,
      f (s) = L{f(t)} 

     = ∫
∞

−

0

.).( dtetf st  

  Where,

                      f(t) – Time-domain function

             e–st – Kernel of the transform [k(s, t)]

                  L – Laplace transform operator

                 s – Complex variable = σ + jω

                    f (s) – Complex variable function.

  Laplace transform helps in better understanding of both time-domain and frequency domain functions and their properties.

Q2.	 Show	that	t2	is	of	exponential	order.
Answer :  Model	Paper-1,	Q9

 Given expression is,
   f(t) = t2

 ⇒   Lt e t
t

st 2–

"3
 = Lt

e

t

t
st

2

"3

     = 
3

3

 Applying L’Hospital rule.

     = Lt
se

t2

t
st

"3
 = 
3

3

     = Lt
s e

2

t
st2

"3

     = 
2

3
 = 0

 \ t2 is of exponential order.

unit

5 LapLace Transforms
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Q3.	 Show	that	the	function	f(t)	=	t2	is	of	exponential	
order	3.

Answer : 

 Given function is,

    f(t) = t2

 A function f(t) is said to be exponential order function 
if for all t ≥ 0 and for some constants M, k and K it satisfies, 
the condition,

  | f(t)| ≤ M ekt, t > K

    (or)

  lim
t"3

 | f(t) e–kt| is finite.

 The graph of e3t and t2 for t ≥ 0 are shown in the figure 
below.

f(t)

e3t

t2

t

Figure

 From the figure.
  |t2| ≤ e3t 
 \ t2 is an exponential function of order 3.
Q4.	 List	 out	 the	 various	 properties	 of	 Laplace	

transform	and	inverse	laplace	transfrom.		

Answer :

Properties of Laplace Transform 

(i) Linearity Property

      If  L[f(t)] = ( )f s  and  L[g(t)] = ( )g s , then

         L [c1 f(t) + c2 g(t)] = c1 L[f(t)] + c2 L[g(t)]

     = c1 ( )f s  + c2 ( )g s

 Where, c1 and c2 are constants

(ii) L [k] = 
s

k
 (s > 0) and k is a constant

(iii) L [t] = 2

1

s

(iv) L [tn] = 1

!
+ns

n , where n is a positive integer

(v) L [eat] = 
as −

1
, where (s – a) > 0

(vi) L [sin at] = 22 as

a

+
 (if s > 0)

(vii) L [cos at] = 22 as

s

+
 (if s > 0)

(viii) L [ sin h at] = 22 as

a

−
 (if s > |a|)

(ix) L [cos h at] = 22 as

s

−
 (if s > |a|)

(x) L [eat.tn] = 1)(

!
+− nas

n

(xi) L [eat sin bt] = 22)( bas

b

+−

(xii) L [eat cos bt] = 22)( bas

as

+−
−

(xiii) L [eat sinh bt] = 22)( bas

b

−−

(xiv) L [eat cosh bt] = 22)( bas

as

−−
−

(xv) L[f(at)] = 






a

s
f

a

1

Properties of Inverse Laplace Transform

(i) Linearity Property

 L–1{a F1(s) + b F2(s)} = a f1(t) + b f2(t)

(ii) Shifting Property

 If L–1{F(s)} = f(t) then L–1{F(s – a)} = eat f(t)

(iii) If L–1{F(s)} = f(t) then L–1 
( )
s

F s& 0  = ( )f t dt
t

0

#

(iv) If L–1{F(s)} = f(t) then L–1{e–as F(s)} = u(t – a) f(t – a)

Q5. Find	the	Laplace	transform	of	t3	+	5	cos	t	

Answer : 

 Given function is,

            f(t) = t3 + 5 cos t

 Taking Laplace transform on both sides, 

       L{f(t)}  = L{t3 + 5 cost}

   = L{t3} + L{5 cost}

   = }{cos5
!3
13

tL
s

++      [   L{tn} = 1

!
+ns

n
]

   = 






+
+

224 1
5

6

s

s

s
  







+
=

22
}{cos

as

s
atL

   = 
1

56
24 +

+
s

s

s

      
3

4 2

6 5
{ 5cos }

1

s
L t t

s s
∴ + = +

+
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Q6.	 Find	Laplace	transform	of	1	+	 .t3t2 +  
Answer :   Model	Paper-1,	Q10

 Given that,

  1 + tt 32 +   

 Applying Laplace transform to the above expression,

   L t t1 2 3+ +8 B  = L[1] + 2L[ t ] + 3L[ t ]

      = s
1 + 2L[t½] + 3L[t½]  

      = s
1 + 2.

s
2
1

2
1

2
1 1

G 
+

+ 3.
s

2
1

2
1

2
1 1

G 
+

      = s
1 + 

s
2
1

2
3

G 
+ 2

3
s
2
1

2
3

G 

      = s
1 + s /3 2

p + 2
3

s /3 2

p   

      = s
1 + s2

5
/3 2

p   2
1

a p G =
R

T

SSS
V

X

WWW  

 \   L[1+ tt 32 + ] = s
1 + 

s2
5

/3 2
π 

Q7. Find	the	Laplace	transform	of	sin	2t	sin	3t.
Answer :   

 Given function is, sin2t sin3t

 ⇒  sin2t sin3t = 
2

1 (2sin2t + sin3t)

 ⇒       sin2t sin3t = 
2

1 (cos(2t – 3t) – cos(2t + 3t))

 [  2sinA sinB = cos(A – B) – cos(A + B)]

     = 
2

1 (cos(– t) – cos(5t))  

     = 
2

1 (cos(t) – cos5(t)) ... (1)

 Applying Laplace transform on both sides of equation (1), 

   L(sin2t sin3t) = 
2

1 L(cos(t) – cos(5t))

    = 
2

1 [L(cos(t)) – L(cos(5t))]

    = 
2

1






++ 2222 5
–

1 s

s

s

s
    

                  cos at
s a

s
2 2a =

+
< F

    = 
2

s













++
+

)5)(1(

1––5
2222

2222

ss

ss

    = 
2

s













++ )5)(1(

1–25
2222 ss

    = 
2

s













++ )5)(1(

24
2222 ss

      \  L[sin 2t sin 3t] = 
( ) ( )s s

s
1 5

12
2 2 2 2+ +

Q8.	 Define	unit	step	function.
Answer : 

 The unit step function or Heaviside unit step function 
is defined as,

      u(t – a) or H(t – a) = 




>
<

at

at

,1

,0

 Where, a > 0

 The graphical  representation of unit step function is 
illustrated in figure below,

Figure: Unit Step Function

Q9.	 Define	unit	impulse	function.
Answer :

 The Dirac’s delta function or unit impulse function can 
be defined as the limiting form of,

      fε(t – a) = 









>

ε+≤≤
ε

<

at

ata

at

,0

,
1

,0

 This function is graphically represented in figure below.

Figure: Unit Impulse Function

 In general, Dirac delta function is given by,

      δ(t – a) = )}({
0

atfLt −ε
→ε

Q10.	 State	first	shifting	theorem.

Answer :  Model	Paper-2,	Q9

 Let f(t) be a function defined for all the positive values 
of ‘t’. Then, the first shifting theorem states that,

   If L[f(t)]  = )(sf , then

   L[eat f(t)] = 0)(where),( >−− asasf
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Q11.	 Find	the	Laplace	transform	of	
e

t
t

R

T

SSSSS

V

X

WWWWW
Answer :  

 Given function is,

    f(t) = 
e

t
t

 ⇒   f(t) = t.e–t

 Applying Laplace transform on both sides,

     L{ f(t)} = L{t.e–t}

   = 
( )s 1

1
2+

      [
( )

!
L t e

s a

n
–n at

n 1a =
+ +

R

T

SSSSS

V

X

WWWWW

      \     L{t.e–t} = 
( )s 1

1
2+

Q12.	 Find	L t e–3t^ h . 
Answer :               

      

 Given function is,

  .t e t3–

 From the first shifting theorem,

       L{tn.eat} =
( )

!
s a

n
– n 1+

 ⇒       L{tn.eat} =
( )

( )
s a

n 1
– n 1

G +
+  ( ) !n n1a G + =6 @

           ⇒      L .t e t2
1 3–` j  =

( )s 3

2
1 1

2
1 1

G 

+

+

+

b l

     =
( )s 3

2
1

2
1

2
3

G 

+

b l
 ( ) ( )n n n1a G G+ =6 @

     =
( )

.

s 3

2
1

2
3

p 

+
 2

1
a p G =b l; E

     =
( )s2 3 2

3
p 

+

 \     L t e t3–# -=
( )s2 3 2

3
p 

+

Q13.	 Find	the	Laplace	transform	of	t2 e–3t

Answer :     

 Given function is, t2e–3t

 From shifting property,

  L[eat tn] = 1)(

!
+− nas

n

 Here, n = 2 and a = –3

  L[t2e–3t] = 12)3(

!2
++s

 

    = 3)3(

2

+s

 \ L[t2e–3t] = 
( )2 3

2
3+

Q14.	 Find	the	Laplace	transform	of	e–t	cos	2t.

Answer :   

 Given function is,
               f(t) = (e–t cos 2t) ... (1)

        L{eat cos bt} = ( )
–

s a b
s a

– 2 2+  ... (2)

 Comparing equations (1) and (2),  a = – 1, b = 2

       \       L{f(t)} = L(e–t cos 2t) 

     = ( ( ))
– (– )

s
s

1 2
1

– – 2 2+

     = ( )s
s
1 4

1
2+ +

+

            \   L{e–t cos 2t} = ( )s
s
1 4

1
2+ +

+

Q15.	 Define	second	shifting	theorem.
Answer :

Statement

 Let f(t) be a function defined for all the positive values 
of ‘t’.

 Then, the second shifting theorem states that,

           If  L[f(t)] = )(sf  and

              g(t) = 




<
>−

at

atatf

;0

;)(

 Then the Laplace transform of g(t) is given by,
         L[g(t)] = e–as )(sf

g(t)

(a, 0)

f(t – a)

t0

Another Form

 If L{F(t)} = )(sf  and H(t) = 




<
>

00

01

t

t

 then, L{F(t – a) H(t – a)} = e–as )(sf
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Q16. Find	L	(f(t))	where	f(t)	=	
cos t – 3

2

0

if t > 3
2

if t < 3
2

p p

p

b l
Z

[

\

]]]]]
]]]]]

. 

Answer : 

 Given function is,

     f(t) = 

2 2
cos ,

3 3

2
0 ,

3

t t

t

π π

π

  − >   

 <

 ... (1)

 Applying Laplace transform, 

        L[f(t)] = f   = f

    = 
2 3

0 2 3

2
(0) cos

3
st ste dt e t dt

π

π

π∞
− −  + −  ∫ ∫

    = 0 + 
2 3

2
cos

3
ste t dt

π

π∞
−  −  ∫

     = 
2 3

2
cos

3
ste t dt

π

π∞
−  −  ∫  ... (2)

 Let,

      t – 
3

2π  = u 

 ⇒           t  = u + 
3

2π

 ⇒      dt  = du
For Lower Limits

           For t = 
3

2π
, u = 

3

2

3

2 π−π
 = 0

For Upper Limits

        t  = ∞, u = ∞ – 
3

2π  = .

 Substituting the corresponding values in equation (2),

       L[f(t)] = 
2

3

0

s u

e
π ∞ − +  ∫ cosu.du = 

2

3

0

.
ssue e

π∞
−−∫  cosu.du

   = 
2

3

0

. .cos .
s sue e u du

π ∞−
−∫

   = 
2

3 . [cos ]
s

e L u
π−

0

cos [cos ]sue t dt L t
∞

− 
=  ∫

   = 
2

.
3

s
e

π−

 







+12s

s
2 2{cos }

s
L at

s a
 =  +


          
f

Q17.	 Find	L{et–3u(t	–	3)}.
Answer :   Model	Paper-2,	Q10

 Given that,
  et –3 u(t – 3)
 Let,
                              f(t)  = et u(t)

                 L{f(t)} = ∫
∞

0

–)( dtetue stt  

  F(s) = ∫
∞

0

)1–(– dte st

   = 
∞













0

)1–(–

)1–(– s

e ts

 

   = 0
–

.
1–

1

)1–(–
e

ss

e +
∞

   = 1–

1

s      [  e–∞ = 0]

 \ F(s) = 1–

1

s

 From the property of Laplace transform,

  L{f(t – a) u(t – a)} = e–as F(s)    ... (1)

 Where,

  L{f(t)} = F(s)
 Here,
   a = 3
 Substituting the corresponding values in equation (1), 

    L ( – ) ( – )f t u t3 3$ .  = –3 1
.

–1
se

s
 = 

1–

3–

s

e s

              \ ( ) ( )L f t u t s
e3 3 1– – –

– s3

=$ .

Q18.	 State	the	Laplace	transforms	of	derivatives	and	
integrals	of	functions.

Answer :

Laplace Transform of Derivatives of Functions

Statement

 If f(t) is continuous function of exponential order and is 
represented by,

            L{f(t)} = )(sf

 Then,

           L{f n(t)} = sn )0()....0()0()( 121 −−− −′−− nnn ffsfssf

Laplace Transform of Integrals of Functions

Statement

 If f(t) is continuous function and is represented by,

    L{f(t)} = )(sf
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 Then,

    











∫
t

duufL
0

)(  = )(
1

sf
s

 In general,

 
)(

1
)(......

0 0 0

sf
s

duduufL
n

t t t

=











∫ ∫ ∫

Q19.	 State	the	Laplace	transform	of	functions	when	
they	are	multiplied	or	divided	by	‘t’.

Answer :

Laplace Transform of Function when they are Multiplied 
by ‘t’

Statement

 If f(t) is a continuous function of exponential order and 
is represented by,

       L{f(t)} = )(sf

 Then,

   L{tn f(t)} = (–1)n n

n

ds

d
)}({ sf

 Where, n = 1, 2, 3....

Laplace Transform of Functions when they are Divided 
by ‘t’

Statement

 If f(t) is a continuous function and is represented by,

       L{f(t)} = )(sf

 Then,

    








t

tf
L

)(
 = ∫

∞

s

dssf )(

Q20.	 Find	Laplace	transform	of	t	sinh	t.

Answer :   

 Given that,

    f(t) = t sinht  ... (1)

 Applying Laplace transform equation (1), 

  L[f(t)] = L[t sinht]

 By multiplication property of Laplace transforms,        

    L[tn f(t)] = (–1)n
n

n

ds

d
F(s)

  ⇒       L[t sinht] = (–1)1. ds
d

s 1
1
–1

1

2

R

T

SSS
V

X

WWW       

[ ( )] [ ], ( )
–

sinL f t L ht F s
s 1

1
2a = =< F

   = (–1). 





−1

1
2sds

d

   = (–1).






 − − ])1[( 12s

ds

d

   = (–1). 



 −−− −− )1(.)1).(1( 2112 s

ds

d
s  

   = (–1).[[(–1) (s2 – 1)–2.[2s – 0]]]

   = (–1) [[(–1) (s2 – 1)–2 (2s)]]

   = (–1)












−
−

22 )1(

)2)(1(

s

s

   = –1












−
−

22 )1(

2

s

s

   = 22 )1(

2

−s

s

      \ L[t sinh t] =  22 )1(

2

−s

s

Q21.	 Evaluate	L t e2t$ . .

Answer :      

 Given function is, t e2t

     L[t e2t] = (–1)1 [ ]
ds
d L e t

1

1
28 B    

  [ ( )] ( ) [ ( )]L t f t ds
d f s1–n n

n

n

a =< F

    = (– 1) ds
d

s 2
1
–< F   [ ]L e s a

1
–

ata =< F

    = (– 1) [ – ]ds
d s 2 –1

    = (– 1)(– 1) ( – )s 2 1 1– –

    = ( – )s 2 2–

    = 
( – )s 2

1
2

       \ L[t e2t] = 
( – )s 2

1
2

Q22.	 Find	L
t

sintR

T

SSSSS

V

X

WWWWW

Answer :  

 Given function is,

   sinL t
t< F
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  L{sin t} = 
s 1

1
2 +

       L sin
t

t( 2  = .
s

ds
1

1

S

2 +

3

#   

         = ( )tan s1
0

– 38 B

         = tan–1(¥) – tan–1(s)

         = – tan s2
1–p  

    = cot–1s

 \   L sin
t

t( 2  = cot–1s

Q23.	 State	final	value	theorem

Answer :  

 Let L[f(t)] = F(s) and if the Laplace transforms of f(t) and f ' (t) exists then ( )lim f t
t"3

 = ( )lim sF s
s 0"

.

Q24.	 If	L{F(t)}	=	
p(p )

1

β +
	where	‘b’	is	a	constant,	then	find	 lim F(t)

t"3
.

Answer :  

 Given,

  L{F(t)} = 
( )p p

1

β +

 According to final value theorem,

 If L{F(t)} = F(p), then ( )Lt F t
t"3

 = ( )Lt pF p
p 0"

 ⇒       ( )Lt F t
t"3

 = ( )
( )

Lt p
p p

1

p 0 β +"

     = Lt
p

1

p 0 β +"

     = 
1

β 

 \       ( )Lt F t
t"3

 = 
1

β 

Q25.	 Define	inverse	Laplace	transform.
Answer :

 If )(sf  is considered as the Laplace transform of f(t),  then f(t) is called as inverse Laplace transform of )(sf .

  i.e.,

    f(t) = )}({1 sfL−

 Where,

    L–1  – Inverse Laplace transform operator.
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Q26.	 State	inverse	Laplace	theorem	of	derivatives	and	integrals.
Answer :

Inverse Laplace Theorem of Derivatives

Statement

 If f(t) is the inverse Laplace transform of )(sf .

      i.e.,  )}({1 sfL−  = f(t)

 then,

     }{ )(1 sfL n−  = (–1)n tn f(t)

 Where,

         )()( sf n  = )]([ sf
ds

d
n

n

Inverse Laplace Theorem of Integrals

Statement

 If f(t) is the inverse Laplace transform of )(sf  then,

     
t

tf
dssfL

s

)(
)(1 =












∫
∞

−

Q27.	 If	L–1 
s – 2

3
4π a k* 4 .

Answer :

 Let,
   F(s) = 

–s 2

3
4π a k
   

 Applying inverse Laplace transform on both sides,

       L–1 {F(s)} = L–1

–s 2

3
4π a k* 4 = 3 L–1

–s 2

1
4π a k* 4 = 3.L–1

s 2

1

–
3 1π +

a k* 4 = 3. ! .t e3
t

3
2
π a k    !L

s n
t1–

n

n
1

1a =+< F' 1

    = 3. .t e3 2×
t

3
2
π a k  = .t e2

t
3

2
π a k

   \  L–1 
–s 2

3
4π a k* 4 = t.t e2

3
2
π a k .

Q28.	 Find	inverse	Laplace	transform	of	
s 5

s –1
2 2+

. 

Answer :  

      L–1 –
s
s

5
1

2 2+
' 1  = L–1 

s
s

52 2+9 C + L–1 
s 5

1–
2 2+

; E  

     = L–1 
s

s
52 2+9 C – L–1 

s 5
1

2 2+
; E 

     = cos 5t – 5
1  sin 5t 

     = cos sint t
5

5 5 5–

 \  L–1 –
s
s

5
1

2 2+
' 1  = cos sint t

5
5 5 5– .
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Q29.	 If	l–1 
s

e
t

cos2 t

2
1

– s
1

=
π 

Z

[

\

]]]]
]]]]

_

`

a

bbbb
bbbb

	then	find	l–1

s

e
a

2
1

– s* 4 .

Answer :

 Given,

    L–1 
s
e – s

1
2

1

( 2 = cos
t

t2
π 

  

 By change of scale property,

          L{ f(at)} = a
1 f a

sa k ... (1)

⇒   L–1 ( )as
e /as1–

1
2

( 2 = 
cos

a
t

a a
t1 2

π       [Ö From equation (1)]

⇒    
a

1  L–1
s

e – /as1

1
2

( 2 = 
.

cos

a t

a a
t2

π 

⇒            L–1
s

e /as1–

( 2 = 
cos

a t
a
t

1 2

π 
 Let, 

      a' = a
1

⇒            L–1
s

e '/a s–

( 2 = 'cos
t

a t2
π 
_ i

⇒      L–1
s

e /a s–

( 2 = cos
t

at2
π 
_ i

       \       L–1
s

e /a s–

1
2

( 2 = cos
t

at2
π 
_ i

Q30.	 Find	L–1 s – 6
1 –

s 3
2

s
3

2 4+
+& 0.

Answer :   

 L–1 s s s6
1

3
2 3

– – 2 4+
+' 1

 ⇒      L–1 
s s s6

1
3

2 3
– – 2 4+

+' 1  = L–1 –s 6
1' 1 –L–1 

s 3
2

2 +
' 1 + L–1 

s
3

4' 1

        = L–1 –s 6
1' 1 – 2L–1 

s 3
2

2 +
' 1 + 3L–1 

s
1

4' 1

        = e6t – 2.L–1 
s 3

1
2 2

+ _ i= G + 3.L–1 
s

1
3 1+; E

        = e6t – 2.
3

1  sin 3 t + !
.t
3

3 3

        = e6t – 
3

2  sin 3 t + t
2
3

            \  L–1 – –s s s6
1

3
2 3

2 4+
+; E = e6t – 

3
2  sin 3 t + t

2
3
.
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Q31.	 Find	L–1{cot–1(s)}
Answer :  Model	Paper-3,	Q9

 Given that,
  L–1[cot–1(s)]
 Let,

          f(t) = L–1[cot–1(s)]

 ⇒         Lf (t) = cot–1(s)

 ⇒ L[t f (t)] = (–1) [ ( )]cot
ds

d
s1–

 ⇒ L[t f (t)] = – [ ( )]cot
ds

d
s1–

  L[t f (t)] = 
s 1

1
2 +

 ( ( ))cot
dx

d
x

x1

1–
1

2
–a =

+

R

T

SSSSS

V

X

WWWWW

 Applying inverse Laplace transform on both sides,

     L–1[L[f(t)]] = L
s 1

11
2

–

+

R

T

SSSSS

V

X

WWWWW

 ⇒        tf(t) = L
s 1

11
2

–

+

R

T

SSSSS

V

X

WWWWW

 ⇒        tf(t) = sint  
sin

L
s a a

at11
2 2

–a
+

=
R

T

SSSSS

R

T

SSSSS

V

X

WWWWW

V

X

WWWWW

 ⇒         f(t) = 
sin

t

t

      \    L–1[cot–1(s)] = 
sin

t

t

Q32.	 Find	the	inverse	Laplace	transform	of	
(s – 1)

e
2

– sπ 

Answer :  

 Given expression is,

  
( )s

e

1–

s

2

–π 

 Let,

        f(t) = 
( )s

e

1–

s

2

–π 

  

     
( )

L
s 1

1

–
1

2
–
R

T

SSSSS

V

X

WWWWW
 = t.et

 From second shifting theorem,

 L–1{e–as. Fr (s)] = F(t – a).U(t – a)

 ⇒ 
( )

L
s

e

1–

s
1

2
–

–π R

T

SSSSSS

V

X

WWWWWW
 = (t – p).e(t – p).U(t – p)   

         \    
( )

L
s

e

1–

s
1

2
–

–π R

T

SSSSSS

V

X

WWWWWW
 = (t – p).e(t – p).U(t – p)

Q33.	 State	convolution	theorem.

Answer :   Model	Paper-3,	Q10

Statement

 Let f(t) and g(t) be two functions for t > 0. If )(sf  and 
)(sg are the Laplace transforms of these functions then,

                L{ f (t)*g(t)} = )()·( sgsf

Q34.	 Apply	 convolution	 theorem	 to	 evaluate	









+

−

1)s(s
1

L 1

Answer :  

 Given function is, 
)1(

1

+ss

 Let,

  )(sf  = 
s

1
 and )(sg = 

1

1

+s

 \    f(t) = 






−

s
L

11  = 1 and  g(t) = 








+
−

1

11

s
L  = e–t

 By convolution theorem,

       







+

−

)1(

11

ss
L  = 









+
−

1

1
.

11

ss
L

     = { })().(1 sgsfL−

     = f(t) * g(t)

     = ∫ −
t

duutguf
0

)()(

     = ∫ −−
t

ut due
0

)(.1

     = ∫ +−
t

ut due
0

     = 











∫−
t

ut duee
0

     = tut ee
0

][−

     = e–t[et – e0]

     = e–t[et – 1]

     = et–t – e–t

     = e0 – e–t

     = 1 – e–t

          \    







+

−

)1(

11

ss
L  = 1 – e–t
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Part-b

eSSay QueStionS with SolutionS

5.1  LapLace Transforms, Inverse LapLace Transforms, properTIes of LapLace 

Transforms and Inverse LapLace Transforms

Q35.	 State	the	sufficient	conditions	for	the	existence	of	Laplace	transform.

Answer :  

Existence of Laplace Transform

 Laplace transform of any function f(t) exists, if it satisfies the following two conditions.

Condition 1: f(t) is Piece-wise Continuous

 A function is said to be piece-wise continuous in an interval [a, b], if it is continuous and has finite limits at the extreme 
points, in any sub-interval range of [a, b].

Condition 2: f(t) is of Exponential Order ‘b’

 A function, f(t) is said to be of exponential order ‘b’, if there exists ‘M’ and ‘b’ such that,

  |f(t)| < Mebt

Q36.	 Show	that	xn	is	of	exponential	order	as	x	→ ¥,	n	>	0.
Answer :

 Given expression is,

      Lt e x
x

ax n–

"3
 = Lt

e

x

x
ax

n

"3

      =  
3

3

 Applying L’Hospital rule,

      Lt e x
x

ax n–

"3
 = Lt

ae

nx

x
ax

n 1–

"3

      =  
3

3

      = Lt
ae

nx
i.e., Indeterminant form

x
ax

n 1–

3

3

"3

R

T

SSSS

V

X

WWWW

 Repeating the same procedure,

      Lt e x
x

ax n–

"3
 = 

!
Lt

a e

n

x
n ax

"3

 \ xn is of exponential order.

Q37.	 State	and	prove	Laplace	transforms	of	elementary	functions.
Answer :

Laplace transforms of Elementary Functions

1. L{k} = 
k

(s > 0)
s

Proof
 From the definition of Laplace transform,

         L{x(t)} = ∫
∞

−

0

)( dttxe st
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 ⇒           L{k} = ∫
∞

−

0

dtke st

     = ∫
∞

−

0

dtek st

     = 

∞−









−

0
s

e
k

st

     = ][ 0ee
s

k −− ∞−  

     = ]10[ −−
s

k
 = 

s

k

       s

k
kL =∴ }{

2. L{t} = 2

1

s
Proof :
 According to the definition of Laplace transform,

    L[x(t)] = ∫
∞

−

0

)( dtetx st

 ⇒      L{t} = ∫
∞

−

0

. dtet st

    = 
0 0

(1)st std
t e dt e dt dt

dt

∞∞
− −

   −     
∫ ∫

    = 
0

(1)
st ste e

t dt
s s

∞− −  
−  − −    
∫

    = 

∞−−









−

−
0

2s

e

s

e
t

stst

    = 







−

−
−








−

−
∞

−−∞−∞

2

00

2
.0)(

s

e

s

e

s

e

s

e

    = 2

1
]0[

s
+  = 2

1

s

  \  L{t} = 2

1

s

3. L{tn} = n+1

n!

s
Proof:
 From the definition of Laplace transform,

    L{x(t)} = ∫
∞

−

0

)( dtetx st

 ⇒      L{tn} = ∫
∞

−

0

dtet stn  

    = dtdtet
dt

d
dtet stnstn





 −∫ ∫ ∫ −−

    = 1

0

st st
n ne e

t nt dt
s s

∞− −
−

  
−  − −   
∫

 Applying limits to the first term of above expression 
becomes zero,

       \    L{tn} = ∫
∞

−−

0

1dtte
s

n nst

    = }{ 1−ntL
s

n

 Similarly,

    L{tn–1} = }{
1 2−− ntL

s

n

    L{tn–2} = }{
2 3−− ntL

s

n

 By continuously applying Laplace transform, the 
Laplace transform of nth term is given as,

       L{tn} = }{
1

.
2

......
2

.
1

. nntL
sss

n

s

n

s

n −−−

    = }1{
!

L
s

n
n

    = 
ss

n
n

1!
 = 1

!
+ns

n

         \  L{tn} = 1

!
+ns

n

4. L{eat} = 
1

s - a
, (s – a > 0)

Proof:
 From the definition of Laplace transform,

         L{x(t)} = ∫
∞

−

0

)( dtetx st

 ⇒          L{eat} = ∫
∞

−

0

dtee atst
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  ⇒             ∫
∞

−−

0

)( dte tas

 = 
∞−−









−−

0

)(

)( as

e tas

     = 







−

−
−

−
−∞

)()(

0

as

e

as

e
 = 





−
−−

as

1
0  = 

as −
1

, if s > a

            \   L{eat} = 
as −

1

5. L{sinh at} = 2 2

a

s - a
, if s > |a|

Proof:

 Given function is,

    f(t) = sinh at, t ≥ 0

 Applying Laplace transform on both sides,

          \    L[f(t)] = L[sinh at] 

   = 






 − −

2

atat ee
L       







 −=
−

2
sinh

atat ee
at

   = [ ]][][
2

1 atat eLeL −−  = 





+
−

− asas

11

2

1

   = 





−
+−+
222

1

as

asas
 

   = 





− 22

2

2

1

as

a

   = 22 as

a

−

      \  L[sinh at] = 22 as

a

−

6. L{cosh at} = 2 2

s

s - a
, Re (s) > a

Proof:

 From the linearity property of the Laplace transform,

  L{ax1(t) + bx2(t)} aX1(s) + bX2(s)

   L{cosh at} = 






 + −

2

atat ee
L

     = { }1
{ } { }

2

at atL e L e−+

     = 








+
+

− asas

11

2

1
   





+
=

−
= −

as
eL

as
eL atat 1

}{,
1

}{
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     = 








+−
−++

))((2

1

asas

asas
 = 









− 22

2

2

1

as

s

     = 22 as

s

−

  \  L{cosh at} = 22 as

s

−

7. L{sin at} = 2 2

a

s + a
, if s > 0

Proof: 
 From the definition of Laplace transform,

         L{x(t)} = ∫
∞

−

0

)( dtetx st

 ⇒        L{sin at} = ∫
∞

−

0

sin dteat st

     = 
∞−









−−

+
0

22
)cossin( ataats

as

e st

  







−

+
=∫ )cossin(sin

22
bxbbxa

ba

e
bxdxe

ax
ax



     = 
0

2 2 2 2
( sin ( ) cos ) [ sin (0) cos (0)]

e e
s a a a s a a a

s a s a

−∞ 
− ∞ − ∞ − − − 

+ +  

     = 



 −

+
− ][

1
0

22
a

as
 = 22 as

a

+

       \   L{sin at} = 22 as

a

+

8. L{cos at} = 
2 2

s

s + a
, if s > 0

Proof:
 From the definition of Laplace transform, 

         L{x(t)} = ∫
∞

−

0

)( dtetx st

 ⇒        L{cos at} = ∫
∞

−

0

cos dteat st

     = 
∞−









−+

+
0

22
)cos)(sin( atsata

as

e st

 







+

+
=∫ bxabxb

ba

e
dxbxe

ax
ax cossin(cos

22
  

     = 







−+

+
−








∞−+∞

+

−∞−

)0(cos)()0(sin()(cos)()(sin(
22

)0(

22

)(

asaa
as

e
asaa

as

e ss

     = 





+
−−

22
0

as

s
 = 22 as

s

+

 \  L{cos at} = 22 as

s

+
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Q38.	 Find	the	Laplace	transform	of	f(t)	=	sinh	ωt,	t	≥	0.

Answer :

 Given function is, 

     f(t) = sinh ωt, t ≥ 0

 Applying Laplace transform on both sides,

             \   L[f(t)] = L[sinh ωt] 

    = 






 − ω−ω

2

tt ee
L       










 −=ω
ω−ω

2
sinh

tt ee
t

    = [ ]][][
2

1 tt eLeL ω−ω −

    = 





ω+
−

ω− ss

11

2

1
= 





ω−
ω+−ω+

222

1

s

ss  = 





ω−
ω

22

2

2

1

s

    = 22 ω−
ω

s

 \ L[sinh ωt] = 22 ω−
ω

s

Q39.	 Find	the	Laplace	transform	of	f(t)	where	f(t)	=	










1
t,  0 < t <

2
1

t – 1, < t < 1
2

0, t > 1

Answer :

 Given that,

            f (t) = 

 Applying Laplace transform,

     L[ f (t)] = 
0

( )ste f t dt
∞

−∫

   = ∫ ∫∫
∞

−−− ++
1

2
1 1

2
1

0

)()()( dttfedttfedttfe ststst

 Substituting  f (t) values for different intervals,

   = ∫ ∫∫
∞

−−− +−+
1

2
1 1

2
1

0

)0()1( dtedtetdtte ststst
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   = ∫∫ −− −+
1

2
1

2
1

0

)1( dtetdtte stst + 0

   = 

1
1 12

1 10
2 2

st st stte dt te dt e dt− − −+ −∫ ∫ ∫

   = 

1
1 1

2

2 2
1 1

0
2 2

. .
st st st st ste e e e e

t t
s s ss s

− − − − −     
− + − −     − − −     

   = 

1 1 1 1 1
02 2 2 2 2

2 2 2 2

1 1. 1
. 0

2 2

s s s s ss s se e e e e e e e e

s s s s ss s s s

− − − − −− − −
        

           − − − + − − − − −           − − − − −                   

   = –

1 1 1 1 1
2 2 2 2 2

2 2 2 2

1 1 1
.

2 2

s s s s ss s se e e e e e e e

s s s s ss s s s

− − − − −− − −
− + + − − + − +

− − − − −

   = –

1 1 1 1 1
2 2 2 2 2

2 2 2 2

1 1 1

2 2

s s s s ss s se e e e e e e e

s s s s ss s s s

− − − − −
− − −

− + − − + + + −

   = 
s

e

s

e

s

ss 2
1

22

1
−−

−−

   = 
s

e
e

s

s

s
2
1

2
)1(

1
−

− −−

          \  L [ f (t)] = 
s

e
e

s

s

s
2
1

2
)1(

1
−

− −−

Q40.		Find	L[3	cos	3t	cos	4t].
Answer :      
 Given function is, L[3 cos 3t cos 4t]
 Consider, cos 3t cos 4t
 Multiplying and dividing by 2,

  cos 3t.cos 4t = )4cos.3cos2(
2

1
tt

          = 
2

1
[cos(3t + 4t) + cos(3t – 4t)]    )]cos()cos(coscos2[ BABABA −++=

    = 
2

1
[cos 7t + cost (–t)]

    = ]cos7[cos
2
1

tt +         

    = 
2

1
 cos 7t + 

2

1
 cos t

⇒        cos 3t cos 4t = 
2

1
 cos 7t + 

2

1
 cos t ... (1)
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 Applying Laplace transform on both sides,

    L{3 cos 3t cos 4t} = )}4cos.3(cos3{ ttL

    = 













 + ttL cos

2
1

7cos
2
1

3       
  [   From equation (1)]

    = 






 + ttL cos

2

3
7cos

2

3

    = 






+









tLtL cos
2

3
7cos

2

3

    = }{cos
2

3
}7{cos

2

3
tLtL +

    = 






+
+







+ 12

3

72

3
222 s

s

s

s
      

    = 





+
+

+ 1492

3
22 s

s

s

s

 
2 2

3
{3cos3 cos 4 }

2 49 1

s s
L t t

s s

 ∴ = + + + 

Q41.	 Find	 the	Laplace	Transform	of	 the	 following	
functions,

	 (i)	 f(t)	=	kt,	k	is	a	real	constant	>1

	 (ii)	 f(t)	=	tδ'(t).

Answer :

(i) f(t) = kt, k is a Real Constant >1

 Given that,

    f(t) = kt

 Where,

  K is real constant > 1

 By the definition of Laplace transform,

              )(sf = L[f(t)] = ∫
∞

−

0

dtek stt  ... (1)

     ⇒     )(sf  = ∫
∞ −∞−

−
−








−

00

log. dtkk
s

e

s

e
k t

stst
t

   

  



 = aaa

dx

d xx log)(

     ⇒     )(sf  = ∫
∞

−+
0

log1
dtke

s

k

s
tst

     ⇒     )(sf  = )(.
log1

sf
s

k

s
+         

    [  From equation (1)]

     ⇒         



 −

s

k
sf

log
1)(  = 

s

1

     ⇒         



 −

s

ks
sf

log
)(  = 

s

1

     ⇒     )(sf  = 
)log(

1

ks −

          
1

[ ]
( log )

tL k
s k

∴ =
−

(ii) f(t) = tδ'(t)

 Given that,

   f(t) = t δ'(t)

     ∫ δ dttt )('.  = ( ) dtdtttdttt ∫ ∫ ∫δ−δ ).('').('.

     = ∫ δ−δ dtttt ).(.1)(.  ... (2)

 Here, δ(t) = 1 for t = 0. But, at the same instant t.δ(t) = 0. 

 Substituting above value in equation (2),

   ∫ δ dttt ).('.  = t.(0) – ∫δ dtt).(

 ⇒  ∫ δ dttt ).('.  = 0 – ∫δ dtt).(

 ⇒  ∫ δ dttt ).('.  =  – ∫δ dtt).(

 \           t.δ'(t) = –δ(t) ... (3)

 By definition of Laplace transform,

        F(s) = L [f(t)]

     = L [t.δ’(t)]

     = L [– δ(t)]   [   From equation (3)]

     ⇒        F(s) = ∫
∞

−δ−
0

).( dtet st

 And also, for a unit impulse function or signal,

         δ(t) = 

 ⇒     )(sf  = – (1) 0| =
−− t

ste  = – e–s(0) = – 1

 \     L[t.d'(t)] = L[–d(t)] = –1
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Q42.	 Define	unit	step	function	and	find	the	Laplace	
transform	of	unit	step	function.

Answer :

Unit Step Function

 Unit step function is defined as U(t – a).

 If t < a, U(t – a) = 0

 If t > a, U(t – a) = 1

 Where, a > 0

Laplace Transform of Unit Step Function L{u(t – a)}

 By definition of Laplace transform, 

                   L[f (t)] = ∫
∞

−

0

)( dttfe st

   \     L[U(t – a)] = ∫
∞

− −
0

)( dtatUe st

    = ∫ −−
a

st dtatUe
0

)(  + ∫
∞

− −
a

st dtatUe )( ... (1) 

   = ∫ ∫
∞

−− +
a

a

stst dtedte
0

)1()0(

   = ∫
∞

−

a

st dte  = 
s

e

s

e as
a

st −∞−
=

−
][

    ∴ L[U (t – a)] = 
s

e as−

Note 

          If a = 0, L [U(t)] = 
s

1

Q43. Define	Dirac’s	delta	function	or	the	unit	impulse	
function.	Also	obtain	its	Laplace	transform.	

Answer :

 The unit impulse function or Dirac’s delta function is 
the limiting form of,

     δ(t – a)  = 










>

+≤≤

<

at

ata

at

,0

ε,
ε

1
,0

εε

 Integrating,

          ∫
∞

−δ
0

)( at   = ∫∫ ∫
∞

ε+

ε+

−δ+−δ+−δ
a

a a

a

dtatdtatdtat ).().().(
0

   
   = ∫∫ ∫

∞

ε+

ε+

+−δ+
a

a a

a

dtdtatdt .0).(.0
0

    = ∫
ε+

+−δ+
a

a

dtat 0).(0

    = ∫
ε+

−δ
a

a

dtat ).(

  ⇒         ∫
∞

−δ
0

)( att  = ∫
ε+a

a ε
1

 dt = ε
1 ε+a

at][

 Hence, the Dirac’s delta function or the unit impulse 
function is defined as,

         δ (t – a) = ∞, t = a

        = 0,  t ≠ a

 So that ∫
∞

=−δ
0

1)( dtat    [ a ≥ 0]

Laplace Transform of Dirac’s Delta Function 

 Let f (t) be continuous at n = a.

              Then ∫
∞

0

f (t) δ ε (t – a) dt  = ∫
ε+

ε

a

f(t).
ε
1

dt

          = (a + ε – a). f(t). 

ε
1

 (Where, a <<< a + ε)

        As ε →  0, ∫
∞

0

f (t) δ (t – a)dt  = f(a)

                  L( δ (t – a))  = ∫
∞

0

e–st δ (t – a) dt =  e– sa 

         L( δ (t)) = e–s = e0 = 1

Q44. State	and	prove	 linearity	property	of	Laplace	
transform.

Answer :

(i) Linearity

  L[x1(t)] ↔  X1(s)

  L[x2(t)] ↔  X2(s)

 \ L[ax1(t) + bx2(t)] ↔  aX1(s) + bX2(s)
Proof

 According to the definition of Laplace transform,

        L[x1(t)]  = ∫
∞

∞−

− dtetx st)(1  = X1(s)

        L[x2(t)] = ∫
∞

∞−

− dtetx st)(2 = X2(s)
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           L[ax1(t) + bx2(t)] = ∫
∞

∞−

−+ dtetbxtax st)]()([ 21

      = ∫ ∫
∞

∞−

∞

∞−

−− + dtetbxdtetax stst )()( 21

     = ∫ ∫
∞

∞−

∞

∞−

−− + dtetxbdtetxa stst )()( 21

     = aX1(s) + bX2(s)

      \   L[ax1(t) + bx2(t)] = aX1(s) + bX2(s)

Q45.	 If	L[f(t)]	=	F(s)	then	prove	that	L[f(at)]	=	 a
1 F a

s` j  
Answer :  

Theorem 
  If L{f(t)} = )(sf  = then,

          L{f(at) = 






a

s
f

a

1

Proof: Since, L{f(at) = e f atst

0

–
3

dt] g#

 Let,

  at = u, adt = du i.e., dt = 
a

du
 

  Limits are t = 0 

  ⇒ u = 0; t  = ∞ ⇒ u = ∞

   L{f(at)} = ∫
∞ 







0

–
)(

1
duufe

a

u
a

s

  L{f(at)}= 






a

s
f

a

1

 \ L{f(at)}= 






a

s
f

a

1

Q46.	 State	and	prove	first	shifting	theorem.
Answer :

Statement

 For answer refer Unit-5, Q10.
Proof
 Given that,

     L{f(t)} =  ... (1)
 Since,

    L{f(t)} = ∫
∞

−

0

)( dttfe st

 \    L{eatf(t)} = ∫
∞

−

0

)]([ dttfee atst

    = ∫
∞

−−

0

)( )( dttfe tas
 ... (2)

 Comparing equations (1) and (2),

     )()}({ asftfeL at −=

Q47.	 Prove	that,

	 (i)	 L[eat	sinh	bt]	=	 22 ba)(s
b

−−

	 (ii)	 L[eat	cosh	bt]	=	 22 ba)(s
as
−−

−
.

Answer :

(i) L[eat sinh bt] = 22 ba)(s

b

−−

 Consider, L[sinh bt]

 Since,  L[f(t)] = dttfe st )(.
0
∫
∞

−

      ⇒       L[sinh bt] = 

    = dt
ee

e
btbt

st





 − −∞
−∫ 2

0

   

 

    = dteeee btstbtst ).(
2

1

0
∫
∞

−−− −

    = 











−∫ ∫

∞ ∞
+−−−

0 0

)()(

2
1

dtedte tbstbs

    = 



















+−

−





−−

∞+−∞−−

0

)(

0

)(

)()(2
1

bs

e

bs

e tbstbs

    = 

















+−
−−





−−
− −∞−∞

)()(2
1 00

bs

ee

bs

ee

    = 













+−
−−





−−

−
)(

10
)(

10
2
1

bsbs

    = 





+
−

− bsbs

11
2
1

= 







−+
−−+

))((
)(

2
1

bsbs

bsbs

    = 





− 22

2
2
1

bs

b
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     ⇒     L[sinh(bt)] = 22 bs

b

−

   L[eat sinh bt] = 22)( bas

b

−−
 [   L[eat f(t)] = (s – a)]

     \   L[eat sinh bt] = 22)( bas

b

−−

(ii) L(eat cosh bt) = 22 ba)(s

as

−−
−

 Consider, L[cosh bt]

 Since, L[f(t)] = ∫
∞

−

0

)( dttfe st

     ⇒  L[cosh bt] = dtbte st cosh
0
∫
∞

−

   = dt
ee

e
btbt

st





 + −∞
−∫ 2

0

   




 +=
−

2
cosh

atat ee
at

   = ∫
∞

−−− +
0

)..(
2
1

dteeee btstbtst

   = 











+∫ ∫

∞ ∞
+−−−

0 0

)()(

2
1

dtedte tbstbs

   = 



















+−

+





−−

∞+−∞−−

0

)(

0

)(

)()(2
1

bs

e

bs

e tbstbs

   = 











+−
−+

−−
− −∞−∞

)()(2
1 00

bs

ee

bs

ee

   = 





+
+

− bsbs

11
2
1

   = 







+−
−++

))((2
1

bsbs

bsbs

   = 






− 22

2
2
1

bs

s

  ⇒     L[cosh bt] = 22 bs

s

−

  ⇒ L[eat cosh bt] = 22)(

)(

bas

as

−−
−

    [   L[eat f(t)] = (s – a)]

 \ L[eat cosh bt] = 22)(

)(

bas

as

−−
−
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Q48.	 Evaluate	L













 + 2tsinh

2
1

2tcoset .

Answer :

 Given function is,

  













 + tteL t 2sinh

2

1
2cos  

 Applying Laplce transform on both sides,

 






 + teteL tt 2sinh

2
1

2cos   = }2sinh{
2
1

}2cos{ teLteL tt +

  = 22 2)1(

)1(

+−
−

s

s
 +

( )s2
1

1 2
2

– –2 2b l   [ ]
( )

( )
, [ ]

( )
cos sinhL e bt

s a b
s a

L e bt
s a b

b
–

–
– –

at at
2 2 2 2a =

+
=> H

  = 
412

1
2 ++−

−
ss

s
 + 

s s2 1 4
1

– –2 +
  

  = 
52

1
2 +−

−
ss

s
 + 

s s2 3
1

– –2

         
32

1

52

1
2sinh

2

1
2cos

22 −−
+

+−
−=














 +∴

ssss

s
tteL t

Q49.	 Find	the	Laplace	transform	of	the	function	e–3t	(2	cos	5t	–	3	sin	5t).
Answer :

 Given function is,
   e–3t (2 cos 5t – 3 sin 5t)

 The Laplace transform of above expression can be obtained as,

                L[e–3t (2 cos 5t – 3 sin 5t] = L[e–3t (2 cos 5t)] – L[e–3t. (3 sin 5t)]

       = 2L[e–3t.cos 5t] – 3 L[e–3t. sin 5t]

       = 2 







++

−







++

+
25)3(

5
3

25)3(

3
22 ss

s
  

       = 
25)3(

15

25)3(

)3(2
22 ++

−
++

+
ss

s

       = 
25)3(

1562
2 ++
−+

s

s

       = 
25)3(

92
2 ++
−

s

s

           
25)3(

92
)]5sin35cos2([

2
3

++
−=−∴ −

s

s
tteL t

Q50.	 State	and	prove	second	shifting	theorem.
Answer :

Statement
 For answer refer Unit-5, Q15.
Proof: Given function is,
     L[f(t)] = )(sf  ... (1)
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        And, g(t) = 




<
>−

at

atatf

;0

;)(
      ... (2)

 According to the definition of Laplace transform,

     L[f(t)] = ∫
∞

−

0

)(. dttfe st         ... (3)

 \   L[g(t)] = ∫
∞

−

0

)(. dttge st

    =  e–st

a

0

# ∫∫
∞

−
∞

− +
a

stst dttgedttge )(.)(.
0

    = dtatfedte
a

st
a

st )(.0.
0

−+ ∫∫
∞

−−        [ From equation (2)]

    = dtatfe
a

st )(0 −+ ∫
∞

−

 \       L{g(t)] = dtatfe
a

st )( −∫
∞

−  ... (4)

 Let, t – a = x  ⇒ t = x + a

   dt – 0 = dx

 ⇒     dt = dx 

Lower Limit: When t = a; x = 0

Upper Limit: When t = ∞; x = ∞

 Substituting the corresponding values in equation (4),

   L[g(t)] = ∫
∞

+−

0

)( )( dxxfe axs

    = ∫
∞

−−

0

)(. dxxfee sasx

    = ∫
∞

−−

0

)( dxxfee sxsa

    = )]([ tfLe sa−            [   From equation (3)]

    = )(. sfe sa−              [  From equation (1)]

    L g t e f s–sa` =] ]g g6 @
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Q51.	 Show	that	L{tn(f(t))}	=	(–1)n n

n

ds
d

	{ (s)}	where,	n	=	1,	2,	3,.....

or

	 Prove	that	L{tn	f(t)}	=	(–1)n n

n

ds
d

	{ (s)}	where,	n	=	1,	2,	3,.....

Answer : 

 L[tn f (t)] = (–1)n n

n

ds

d
{ (s)}  ... (1)

  where, n = 1, 2, 3,.....

 By the definition of Laplace transform,

      (s) = ∫
∞

0

e–st f(t) dt

    = L[ f(t)]

 Differentiating on both sides with respect to s,

       
ds

d
 = 

ds

d ∫
∞

0

e–st f(t)dt

    = ∫
∞

0
ds

d
e–st f(t)dt 

    = ∫
∞

0

– te–st f(t)dt  = – ∫
∞

0

e–st [t f(t)]dt

    = – L[t f(t)]

 ⇒     L[t f (t)] = 
ds

d− f (s)  ... (2)

 By mathematical induction, equation (2) can be written as,

          L[tn f(t)] = (–1)n n

n

ds

d
(s) 

Q52. Find	L[t	sin	3t	cos	2t].

Answer :    Model	Paper-1,	Q15(a)

 Consider, t sin 3t cos 2t

 ⇒   t sin3t cos2t  = 
2

t
[2 sin 3t cos 2t]      [  Multiplying and dividing by 2]

     = 
2

t
[sin(3t + 2t) + sin(3t – 2t)]   [  sin(A + B) + sin(A – B) = 2 sin A cos B]

     = 
2

t
[sin 5t + sint]

 ⇒         t sin3t cos2t = [t sin 5t + t sin t]

 Applying Laplace transform on both sides,

        L[t sin 3t cos 2t]  = 



 + ttttL sin5sin[

2
1
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     = [L(t sin 5t) + L(t sin t)]

     = sin sinL t t L t t2
1

5 2
1

+" ", ,

     = ( ) ( )ds
d

s ds
d

s2
1

1
5

5
2
1

1
1

1
– –2 2 2+

+
+

b l: :D D  

     = 2
1 







+
−

22 5

1
)5)(1(

sds

d
 + 

( )
( )

( ) ( )
s

s s
2
1

1
1 0 2– –
2 2

2

+
+> H  

     = 
( )

( ) ( ) ( ) ( )
( )

( ) ( )
s

s s
s

s
2
5

5
5 0 1 2

2 1
1 2– – – –

2 2 2

2 2

2 2+
+

+
+

> H

     = 
( ) ( )s

s
s

s
2
5

5
2

1
– –

2 2 2 2 2+
+

+
: D

     = 2222 )1()25(

5

+
+

+ s

s

s

s

             2222 )1()25(

5
]2cos3sin[

+
+

+
=∴

s

s

s

s
tttL

Q53.	 Find	the	Laplace	transform	of	te–t	sin	2t.		
Answer :

 Given expression is,

   te–t sin 2t

       L{te–t sin 2t} = (–1) }2sin{ teL
ds

d t−          

    = (–1) 22 2)1(

2

++ssd

d
        

    = (–1) 





+++ 421

2
2 ssds

d
 

    = (–1) 





++ 52

2
2 ssds

d

    = (–1) 22 )52(

)22(20

++
+−

ss

s
     

    = 22 )52(

)22(2

++
+
ss

s
 

    = 22 )52(

)1(4

++
+
ss

s

    \L{te–t sin 2t} = 22 )52(

)1(4

++
+
ss

s
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Q54.	 Find	the	Laplace	transform	of	[t	cost	sinh2t].
Answer :  

 Given expression is,
  t.cost.sinh2t

 ⇒      L{t.cost.sinh2t] = –
ds

d
L{cost.sinh2t}   { . ( )} ( )L t F t

ds

d
F s–a =

R

T

SSSSS

V

X

WWWWW  ... (1)
 Consider,
  L{cost.sinh2t}

 ⇒ L{cost.sinh2t} = cosL t
e e

2

–t t2 2–J

L

KKKK
N

P

OOOO

Z
[
\

]]
]]

_
`
a

bb
bb

       = .cos cos
L

t e e t

2 2

2
–

t t2 2–

) 3

       = 
2

1
L{cost.e2t – e–2t cos2t}

       = 
2

1
[L{e2t cos2t} – L{e–2t cos2t}]

       = 
2

1

( ) ( )

( )

s

s

s

s

2 1

2

2 1

2

–

–
–2 2 2 2+ + +

+R

T

SSSSSS

V

X

WWWWWW

       = 
2

1

( ) ( )

( )

s

s

s

s

2 1

2

2 1

2

–

–
–2 2 2 2+ + +

+R

T

SSSSSS

V

X

WWWWWW

 Substituting the corresponding values in equation (1),

         L{t.cost.sinh2t} = 
( )

( )

( )

( )

ds

d

s

s

s

s

2

1

2 1

2

2 1

2
–

–

–
–2 2 2 2+ + +

+R

T

SSSSSS

V

X

WWWWWW

       = –
( )

( )
–

( )

( )

ds

d

s

s

ds

d

s

s

2

1

2 1

2

2 1

2

–

–
2 2 2 2+ + +

+J

L

KKKK

J

L

KKKK

N

P

OOOO

N

P

OOOO

R

T

SSSSSS

V

X

WWWWWW

       = –
( )

(( ) ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( )

s

s s s

s

s s s
2

1

2 1

2 1 1 2 2 2

2 1

2 1 1 2 2 2 1

–

– – – –
–

–
2 2

2 2

2 2

2 2

+

+

+ +

+ + + +
R

T

SSSSSS

R

T

SSSSSS

V

X

WWWWWW

V

X

WWWWWW

 \    L{t.cost.sinh2t} = –
( )

( )
–

( )

( )

s

s

s

s
2

1

2 1

1 2

2 1

1 2

–

– – –
2 2

2

2 2

2

+ + +

+
R

T

SSSSSS

V

X

WWWWWW

Q55.	 If	L[f(t)]	=	 (s),	then	prove	that	 





t
[f(t)]

L 	=	 ∫
∞

s

(s)dsf 	provided	 	exists.

Answer :  

 Given that,

     L{f (t)}= )(sf

 And L








t

tf )(
 = ∫

∞

s

dssf )(  for 
( )

Lt t
f t

t 0"
 exists

 By the definition of Laplace transform, 

    L{f (t)} = )(sf  = ∫
∞

−

0

)( dttfe st
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 Integrating on both sides with respect to ‘s’,

 \    ∫
∞

s

dssf )( = ∫ ∫
∞ ∞

−













s

st dsdttfe
0

)(

    = ∫ ∫
∞ ∞

−

0

)(
s

st dtdstfe        [ Changing the order of integration]

    = ∫ ∫
∞ ∞

−













0

)( dtdsetf
s

st     [  f (t) is independent of s]

    = ∫
∞ ∞−












−

0

)( dt
t

e
tf

s

st

    = ∫
∞

−∞−




 −−

0

)(
1

)( dtee
t

tf st

    = ∫
∞

−




 −−

0

)0(
1

)( dte
t

tf st

    = ∫
∞ −













0

)( dt
t

e
tf

st

    = ∫
∞

−

0

)(
dt

t

tf
e st  = 









t

tf
L

)(

 \    = ∫
∞

s

dssf )(

Q56.	 Prove	that	











∫
t

0

duf(u)L 	=	 (s)f
s
1 where	L{f(t	)}	=	 f (s).

Answer :

 Given that,
              L[f(t)] = )(sf

 Consider,

             L ∫
t

duuf
0

)(  = ∫ ∫
∞

−













0 0

)( dtduufe
t

st

    = ∫∫
∞

−

∞
−

+












−
000

)(
1

)( dttfe
s

duuf
s

e st
tst

    = 0 + 
s

1
 L[f (t)]           












=∫ 0)(

0

0

duuf

    = 
s

1
)(sf

     \    ∫
t

duufL
0

)(  = 
s

sf )(
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Q57.	 Find	the	Laplace	transform	of	 −cos at cos bt
t

.

Answer :  Model	Paper-2,	Q15(a)

 Given function is,

    f(t) = 
t

btat coscos −
 ... (1)

 Since,

           L[cos at] = 
2 2

s

s a+
,  cosL bt

s b
s

2 2=
+

8 B

      L[cos at – cos bt] = 2 2 2 2

s s

s a s b
−

+ +
 The Laplace transform of equation (1) can be written as,

    



 −

t

btat
L

coscos
 = 2 2 2 2

.
s

s s
ds

s a s b

∞
 −  + +∫    1

. ( ) ( ).
s

L f t F s ds
t

∞   =     
∫

      = 2 2 2 2
. .

s s

s s
ds ds

s a s b

∞ ∞

−
+ +∫ ∫  ... (2)

      = 












+
−

+∫ ∫
∞ ∞

s s

ds
bs

s
ds

as

s
2222

22

2

1

      = 
∞+−+
s

bsas )]log()[log(
2

1 2222   







=

′
∫ )(log

)(

)(
xfdx

xf

xf


      = 
2 2

2 2

1
log

2
s

s a

s b

∞ +
 

+  

      = 

2

2

2

2

1
1

log
2

1
s

a

s
b

s

∞ 
+ 

 
 

+ 
 

      = 

22

2

2 2

2

111
log log

2
1 1

aa
s

b b

s

 
++ 

∞ −
 

+ + ∞ 

      = 

2

2

2

2

1
1 1 0

log log
2 1 0

1

a

s
b

s

 
+ + −

+ 
+ 

 

 = 

2

2

2

2

1
1

log1 log
2

1

a

s
b

s

 
+ 

 −
 

+ 
 

      = 
2 2

2 2

1
0 log

2

s a

s b

 +
− 

+  
  

      = 
2 2 2 2

2 2 2 2

1 1
– log log

2 2

s a s b

s b s a

+ +
=

+ +

        \   



 −

t

btat
L

coscos
 = 

2 2 2 2

2 2 2 2

1 1
– log log

2 2

s a s b

s b s a

+ +
=

+ +
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Q58.	 Using	Laplace	transform,	evaluate	 ∫
–at 2

0

e sin t
dt

t
.

∞

 

Answer : Model	Paper-3,	Q15(b)

 Given integral is,

    ∫
∞

−

0

2sin
. dt

t

t
e at

 The above integral is exactly the Laplace of 
t

t2sin
 with s = a. 

    
as

t

t
L

=





 2sin

 = 
as

at

dt
t

te

=

∞ −

∫
0

2sin.
  ... (1)

 Consider sin2 t 

 ⇒       L[sin2t] = 






 −

2
2cos1 t

L           




 θ−=θ

2
2cos1

sin 2


     = { } }2{cos
2
1

1
2
1

tLL −

     = 
4

.
2
11

.
2
1

2 +
−

s

s

s
         







+
==

22
}2{cos,

1
}1{

as

s
tL

s
L

     = 





+
−

4

1
2
1

2s

s

s

 ⇒    












t

t
L

2sin
 = ∫

∞








+
−

s

ds
s

s

s 4

1
2
1

2         











=



 ∫

∞

s

dssf
t

tf
L )(

)(


  ⇒   












t

t
L

2sin
 = ∫

∞







+
−

s

ds
s

s
ds

s 4

1
2
1

2

     = ∫
∞









+

−
s

ds
s

s
ds

s )4(2

21
2
1

2  = 












+
−∫ ∫

∞ ∞

s s

ds
s

s
ds

s 4

2
2
11

2
1

2  

     = 
∞





 +−

s

ss )4log(
4
1

)log(
2
1 2        





 +=

+∫ )log(
2 22

22
asds

as

s


     = [ ]∞
+− sss 4122/1 )4log()log(

     = log
∞













+
s

s

s
412 )4(

 = –log












+ 412 )4(s

s
 

     = 










 +
412

412

)(

)4(
log

s

s
  = 











 +
2

2 4
log

4
1

s

s
 

     ⇒        = ∫
∞

−

0

2sin
. dt

t

t
e at  = 
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 Substituting s = a in above equation,

            = 

 










 +=∴∫

∞
−

2

22

0

4
log

4

1sin

a

a
dt

t

t
e at

Q59.	 Find	L










 −

t
sinte t

.

Answer :  

 Given expression is,

  










 −

t

te
L

t sin

 Consider, sin t

     L[sin t] =             






+
=

22
][sin

as

a
atL

                L[e–t sin t] = 
1)1(

1
2 ++s

              





+−

=
22)(

]sin[
bas

b
bteL at



             
∫
∞−

++
=









S

t

s

ds

t

te
L

22 1)1(

sin

          

    =  
∞

−













 +

s

s

1

1
tan 1           













=

+∫ −

a

x

a
dx

ax
1

22
tan

11


    = tan–1 (∞) – tan–1 (s + 1)    

    = π/2 – tan–1 (s +1)         [  tan–1 ∞ = π/2] 

    = cot–1 (s +1)           



 θ−

π
=θ −− 11 tan

2
)(cot

      )1(cot
sin 1 +=












∴ −

−
sdt

t

te
L

t

Q60.	 Find	L 





t
2t sin4t  cos .

Answer :  

 Given function is, 

   





t

tt 2sin4cos

 ⇒          cos 4t sin 2t = 
2

)24(sin)24(sin tttt −−+
         [   2 cos A sin B = sin(A +B) – sin(A – B)]

      = 
2

1
[sin 6t – sin 2t]
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 Applying Laplace transform on both sides,

          L[cos 4t sin 2t] = 



 −

2

2sin6sin tt
L

      = )]2(sin)6(sin[
2

1
tLtL −  

      = 
2
1







+
−

+ 4

2

36

6
22 ss

        





+
=

22
][sin

as

a
atL

      = 
4

1

36

3
22 +

−
+ ss

                    If, L[f(t)] = , then ∫
∞

=








s

dssf
t

tf
L )(

)(

  ⇒            L 





t

tt 2sin4cos
 = ds

ss
ss













+
−

+ ∫∫
∞∞

4

1

36

3
22

      = ∫ ∫
∞ ∞








+
−







+
s s

ds
s

ds
s 4

1

36

3
22   

       = 
∞

−
∞

−












−






















ss

ss

2
tan

2

1

6
tan

6

3 11  











=

+∫ −

a

x

a
dx

ax
1

22
tan

11


       = 












−





 ∞ −−

6
tan

6
tan

2

1 11 s
– 













−





 ∞ −−

2
tan

2
tan

2

1 11 s

       = 












−∞−













−∞ −−−−

2
tan)(tan

2

1

6
tan)(tan

2

1 1111 ss

       = 











+∞−



−∞ −−−−

2
tan)(tan

6
tan)(tan

2

1 1111 ss
    

       = 











−



 −−

6
tan

2
tan

2

1 11 ss

  \  L 





t

tt 2sin4cos
 = 












−



 −−

6
tan

2
tan

2

1 11 ss

Q61.	 If	L[f(t)]	=	F(s),	then	 Lt (t) Lt sF(s)
t 0 s

=
" "3

Answer :

 Given Laplace transform is,

  L[f(t)] = F(s)

 Laplace transform of derivative function is,

  L{f n (t)} = snF(s) – sn–1 f(0)

 For n = 1,

       L{f ' (t)} = sL{ f (t)} – s1–1f(0)

 ⇒      L[ f ' (t)] = sL[ f (t)] – f(0)

     = sF(s) – f(0)
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 ⇒ sF(s) – f(0) = L[f ' (t)]

     = ( )e f t dtst

0

–

3

l#

 Applying limits on both sides,

   [ ( ) ( )]Lt sF s f 0–
s"3

 = ( )Lt e f t dt
s

st

0

–

"3

3

l#

⇒   [ ( ) ( )]Lt sF s f 0–
s"3

 = 0    [a  e–¥ = 0]

 ⇒       ( )Lt sF s
s"3

 = f(0) = ( )Lt f t
s"3

  \   ( )Lt f t
t 0"

 = ( )Lt sF s
s"3

Q62.	 If	Lf(t)	=	F(s),	then	 Lt f(t) Lt sF(s)
0t s

=
" "3

Answer :  Model	Paper-3,	Q15(a)

 Given Laplace transform is,

  L( f (t)) = F(s)

 Laplace transform of derivative function is,

      L{ f n (t)} = snF(s) – sn–1f (0) – ......

 For n = 1,

              L{ f ' (t)} = sF(s) – s0f(0)

 ⇒           L{ f ' (t)} = sL[ f (t)] – f(0)

 ⇒       sL[f (t)] – f(0) = L[ f ' (t)] = ( )e f t dtst

0

–

3

l#

 Applying limits on both sides

     Lt
s 0"

[sL[f (t)] – f(0)] = Lt
s 0"

( )e f t dtst

0

–

3

l#

        = ( )f t dt
0

3

l#

        = [ ( )]d f t
0

3

#

        = 3
[ ( )]f t 0

 ⇒        Lt
s 0"

[sF(s) – f(0)] = f(¥) – f(0)

 ⇒                   Lt
s 0"

 sF(s) = f(¥) = Lt
t"3

 f(t)

   \        Lt
t"3

 f(t)  = Lt
s 0"

 sF(s) 

Q63. Verify	 initial	and	final	value	 theorems	for	 the	
function	f(t)	=	1	+	e–t(sint	+	cost)

Answer : 
 Given function is,
    f(t) = 1 + e–t(sint + cost)
 Applying Laplace transform on both sides,
     L[f(t)] = L[1 + e–t(sint + cost)]
    = L[1] + L[e–t sint] + L[e–t cost]

                                  = 
( ) ( )s s s

s1

1 1

1

1 1

1
2 2+

+ +
+

+ +

+
 

( )
( )

[ ]
( )

sin cosL e bt
s a b

b
L e bt

s a b

s a
at at

2 2 2 2
– –a =

+ +
=

+ +

+R

T

SSSSSS

V

X

WWWWWW

    = 
( )s s

s1

1 1

1 1
2+

+ +

+ +

 ⇒       F(s) = 
( )s s

s1

1 1

2
2+

+ +

+

Initial Value Theorem
 The initial value theorem is given by,

         ( )Lt f t
t 0"

 = . ( )Lt s F s
s"3

 Consider,

         ( )Lt f t
t 0"

 = Lt
t 0"

(1 + e–t(sint + cost))

    = 1 + e0(sin0 + cos0)

    = 1 + 1(0 + 1)

    = 1 + 1

    = 2

 \    ( )Lt f t
t 0"

 = 2

 Consider,

  Lt
s"3

sF(s) = 
( )

Lt s
s s

s1

1 1

2

s
2+

+ +

+

"3

R

T

SSSSSS

V

X

WWWWWW

       = 
[( ) ]

( ) ( )
Lt s

s s

s s s

1 1

1 1 2

s 2

2

+ +

+ + + +

"3

R

T

SSSSSS

V

X

WWWWWW

       = 
( )

( )
Lt

s

s s s

1 1

1 2 1

s 2

2 2

+ +

+ + + +

"3

R

T

SSSSSS

V

X

WWWWWW

       = 
( )

Lt
s

s s s s

1 1

1 2 2 1

s 2

2 2

+ +

+ + + + +

"3

R

T

SSSSSS

V

X

WWWWWW

       = 
( )

Lt
s

s s

1 1

2 4 2

s 2

2

+ +

+ +

"3

R

T

SSSSSS

V

X

WWWWWW
 = 

( )
Lt

s s

s s

2 2

2 4 2

s 2

2

+ +

+ +

"3

R

T

SSSSSS

V

X

WWWWWW

       = Lt

s
s s

s
s s

1
2 2

2
4 2

s 2
2

2
2

+ +

+ +

"3
R

T

SSSSS

R

T

SSSSS
V

X

WWWWW

V

X

WWWWW
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         = Lt

s s

s

1
2 2

2
4

5

2

s

2+ +

+ +

"3

         = Lt

s s

s s

1
2 2

2 1
2 2

s

2

2

+ +

+ +

"3
R

T

SSSSS

R

T

SSSSS
V

X

WWWWW

V

X

WWWWW

    = 2

 ⇒ Lt
s"3

sF(s) = 2

 ⇒    ( )Lt f t
t 0"

 = Lt
s"3

sF(s)

 \ Initial value theorem is verified.

Final Value Theorem

 The final value theorem is given by,

        ( )Lt f t
t"3

 = Lt
s 0"

sF(s)

 Consider,

        ( )Lt f t
t"3

 = [ ( )]sin cosLt e t t1
t

t–+ +
"3

    = 1 + ( )sin cosLt e t t
t

t– +
"3

    = 1 + e–¥   [a e–¥ = 0]

    = 1

 \    ( )Lt f t
t"3

 = 1

 Consider,

       Lt
s 0"

sF(s) = 
( )

Lt s
s s

s1

1 1

2

s 0 2+
+ +

+

"

R

T

SSSSSS

V

X

WWWWWW

    = 
( )

( )
Lt

s

s s
1

1 1

2

s 0 2+
+ +

+

"

R

T

SSSSSS

V

X

WWWWWW

    = 1 + 0

    = 1

 \   Lt
s 0"

sF(s) = 1

 ⇒ ( )Lt f t
t"3

 = Lt
s 0"

sF(s) 

 \ Final value theorem is verified.

Q64. Verify	the	initial	and	final	value	theorems	for	f(t)	
=	3e–2t

Answer :

 Given function is,
  f(t) = 3e–2t

 Applying Laplace transform on both sides,
  L{ f (t)} = 3L{e–2t}

        f (s) = 3.
s 2

1

+
 = 

s 2

3

+
Initial Value Theorem
 The initial value theorem is given as,
         ( )Lt f t

t 0"
 = Lt

s"3
s.F(s)

 Consider,
         ( )Lt f t

t 0"
 = Lt

t 0"
3e–2t

    = 3.e–2(0) = 3(1) = 3
 \    ( )Lt f t

t 0"
 = 3

 Consider,

     Lt
s"3

s.F(s) = Lt s
s 2

3

s +"3

R

T

SSSSS

V

X

WWWWW  = Lt
s

s

2

3

s +"3

R

T

SSSSS

V

X

WWWWW

    = Lt
s

s

s

1
2

3

s
+

"3 J

L

KKKK
N

P

OOOO

    = Lt

s
1

2

3

s
+

"3
 = 

1 0

3

+

          ⇒ Lt
s"3

s.F(s) = 3

 Here,    ( )Lt f t
t 0"

 = Lt
s"3

s.F(s) = 3

 \ Initial value theorem is verified.
Final Value Theorem
 The final value theorem is given as,

        ( )Lt f t
t"3

 = Lt
s 0"

s.F(s)

 Consider,

        ( )Lt f t
t"3

 = Lt
t"3

3e–2t  = 3.e–¥

    = 3(0)   [a  e–¥ = 0]

 \    ( )Lt f t
t"3

 = 0

 Consider,

      Lt
s 0"

s.F(s) = .Lt s
s 2

3

s 0 +"

R

T

SSSSS

V

X

WWWWW  = Lt
s

s

2

3

s 0 +"

R

T

SSSSS

V

X

WWWWW

 ⇒  Lt
s 0"

s.F(s) = 0

 Here, ( )Lt f t
t"3

 = Lt
s 0"

s.F(s) = 0

 \ Final value theorem is verified.
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Q65. Define	inverse	Laplace	transform	and	list	some	standard	inverse	Laplace	transforms.

Answer :

Inverse Laplace Transform

 For answer refer Unit-5, Q25.

List of Some Standard Inverse Laplace Transforms

f(s) –1L [f(s)] = f(t)

1.

s

1 1

2.
1

1
+ns

, n is positive integer
!n

t n

3.
1

1
+ns

, n > –1
)1( +Γ n

t n

4.

as −
1 eat

5.

as +
1 e–at

6.
22

1

as +
at

a
sin

1

7.
22 as

s

+

cos at

8.
22

1

as −
at

a
sinh

1

9.
22 as

s

−

cosh at

10.
22)(

1

bas +−
 or 22)(

1

bas ++
bte

b
at sin

1  or bte
b

at sin
1 −

11.
22)( bas

as

+−
−

 or 22)( bas

as

++
+ eat cos bt or e–at cos bt

12.
22)(

1

bas −−
 or 22)(

1

bas −+
bte

b
at sinh

1  or  bte
b

at sinh
1 −

13.
22)( bas

as

−−
−

 or 22)( bas

as

−+
+ eat cosh bt or bte

b
at cosh

1 −

14.
222 )(

2

as

as

+

t sin at

15.

222

22

)( as

as

+
− t cos at
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Q66.	 Find	the	L–1 (s 2)(s – 1)
5s 1

+
+< F .

Answer :  Model	Paper-1,	Q15(b)

 Given function is,

  s s
s
2 1

5 1
–+

+
] ]g g

 Applying partial fractions,

        s s
s
2 1

5 1
–+

+
] ]g g  = s

A
s

B
2 1–+ +      ... (1)

 Þ                5s + 1 = A s B s1 2– + +] ]g g

 ⇒                 5s + 1 = –As A Bs B2+ +

 ⇒                 5s + 1 = s A B A B2–+ +] g

 Comparing the coefficients on both sides,

  A + B = 5    ... (2)

  – A + 2B = 1    ... (3)

 Solving equations (2) and (3),

  B = 2, A = 3

 Substituting the values of A and B in equation (1),

   s s
s
2 1

5 1
–+

+
] ]g g  = s s2

3
1

2
–+ +

 Applying inverse Laplace transform on both sides,

   s s
s
2 1

5 1
–+

+
] ]g g  = L s L s2

3
1

2
–

1 1– –
+ +: :D D

      = e e3 2t t2– +

   \      L s s
s
2 1

5 1
–

1–
+

+
] ]g g; E  = e e3 2t t2– +

Q67.	 Find	the	inverse	Laplace	transform	of	the	following	 log
s – 1
s 1+J

L

KKKK
N

P

OOOO .

Answer :  

 Given Laplace transform is,

  F(s)  = log 






−
+

1

1

s

s
  

 Applying inverse Laplace transform on both sides of above equation,

      L–1[F(s)] = 














−
+−

1

1
log1

s

s
L  

     =
t

1−


























−
+−

1

1
log1

s

s

ds

d
L         

     = [ ] [ ]



 −−+− − )1log()1log(

1 1 s
ds

d
s

ds

d
L

t

     = 





−
−

+
− −

1

1

1

11 1

ss
L

t



5.35Unit-5  Laplace Transforms

SIA PUbLishers AND DisTribUTors PVT. LTD.

     = –
t

1
[e–t – et]       

     =
t

1
[et – e–t] = 

t

2







 − −

2

tt ee

     = 
t

2
[sin ht]       

     = 
t

thsin2

        

1 1 2sin h
log

1

s t
L

s t
−  + ∴ =  −  

Q68.	 If	 ( )L f t
s s

s
4 20

20 4
–

–
2=

+
$ . ,	find	(i)	L e f(2t)–t$ . 	(ii)	L{f(3t)}.

Answer :

 Given, 

    L{f(t)} = 
s s

s
4 20

20 4
–

–
2 +

 ⇒            f(t) = L
s s

s
4 20

20 4
–

––1
2 +
; E

    = L
s s

s
4 4 16
20 4

–
–1

2
–

+ +
; E

    = L s
s

2 4
20 4
–

––1
2 2+] g< F

    = L s L s
s

2 4
20

4 2 4– – –
–1

2 2
1

2 2
–

+ +] ]g g< <F F

    = .L s L
s
s

5 2 4
4

4 2 4
2 2

– – –
–– –1

2 2
1

2 2+ +
+

] ]
]

g g
g< <F F

    = . – –sine t L s
s

L s5 4 4 2 4
2

4 2 4
2

–
–

–
t2 1

2 2
1

2 2
– –

+ +] ]g g< <F F

    = . . . .sin cose t e t L s5 4 4 4 2 2 4
4

– – –
–t t2 2 1

2 2+] g< F

    = . – . – .sin cos sine t e t e t5 4 4 4 2 4t t t2 2 2

    = . .sin cose t e t3 4 4 4–t t2 2

 ⇒  f(t) = .sin cose t t3 4 4 4–t2 ] g        ... (1)

 \       f(2t) = sin cose t t3 8 4 8–t4 ] g

(i) L{e– t f(2t)}

 Þ sin cosL e e t t3 8 4 8––t t4 ] g6 @# -

 Þ . sin cosL e e t t3 8 4 8––t t4 ] g" ,

 Þ . sin cosL e t t3 8 4 8–t3 ] g" ,
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     = . sin cosL e t L e t3 8 4 8–t t3 3] ]g g" ", ,

     = sin cosL e t L e t3 8 4 8–t t3 3" ", ,

     = . .
s s

s
3

3 8
8 4

3 8
3

–
–

–
–

2 2 2 2+ +] ]
]

g g
g

     = 
s s s s

s
6 9 64

24
6 9 64
4 12

–
–

–
–

2 2+ + + +

     = 
s s

s
6 73

24 4 12
–
–

2 +
+

     = 
s s

s
6 73

36 4
–

–
2 +

      L e f t2– t2` ] g# -  = 
s s

s
6 73

36 4
–

–
2 +

(ii) L{f(3t)}

 From equation (1),

                 f(3t) = e6t (3 sin 12t – 4 cos 12t)

     = 3e6t sin 12t – 4e6t cos 12t

 Applying Laplace transform on both sides,

        L f t3] g" ,  = sin cosL e t e t3 12 4 12–t t6 66 @

     = sin cosL e t L e t3 12 4 12–t t6 66 6@ @

     = s s
s

3 6 12
12

4 6 12
6

– – –
–

2 2 2 2+ +] ] ] ]g g g g< <F F

     = 
s s

s
6 144
36

6 144
4 6

–
–

–
–

2 2+ +] ]
]

g g
g

     = 
s

s
6 144

36 4 24
–
–

2 +
+

] g  = 
s

s
6 144

60 4
–

–
2 +] g

  \   L f t3] g" ,  = 
s

s
6 144

60 4
–

–
2 +] g

5.2  convoLuTIon Theorem (WIThouT proof)

Q69.	 Find	the	inverse	Laplace	Transform	of	
( )s a

s
2 2 2+

	by	using	Convolution	theorem.

Answer :  

 Given function is,
  

( )s a
s

2 2 2+

    Let, ( )f s  = 
s a

s
2 2+

    Then, f(t) = 
( )

L
s a

s–1
2 2+

< F           
( )

cosL
s a

s at1
2 2

–a
+

=<> F H

     = cosat     

     Let, ( )g s  = 
s a

1
2 2+

     Then, g(t) = 
( )

L
s a

11
2 2

–

+
< F  

     = sina at1            
( )

sinL
s a a at1 11

2 2
–a

+
=<> F H
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 From convolution theorem,

            
( )

L
s a

s1
2 2 2

–

+
< F  = ( ) ( )f u g t u du–

t

0

#         [ ( ) ( )] ( ) ( ) ( ) ( )L f s g s f t g t f u g t u du–

t

1

0

–a )= =

R

T

SSSSSSSS

V

X

WWWWWWWW
#

     = (cosat) ) a
1 (sinat)

     = a
1 ( )cos sinau a t u du–

t

0

#

     = a
1 [ ( ( )) ( ( )]sin sinau a t u au a t u du

2
– – – –

t

0

+#   
( ) ( )

cos sin
sin sin

A B
A B A B

2
– –

a =
+< F

     = [ ( ) ( )]sin sina au at au au at au du2
1 – – –

t

0

+ +#

     = [ ( )]sin sina at au at du2
1 2– –

t

0

#

     = ( – )sin sina at du au at du2
1 2–

tt

00

R

T

SSSSSSSS

V

X

WWWWWWWW
##

     = ( )
( )

sin
cos

a at u a
au at

2
1

2
2 –t

t

0 0
+8 <B F* 4

     = 
( ) ( )

sin
cos cos

a t at a
at at

a
at

2
1 0 2

2
2
0

–
–

–
–

+8 <B F* 4

     = sin cos cos
a t at a

at
a
at

2
1

2 2–+< F

     = [ ]sina t at2
1 0+

     = sina t at2
1

        \ 
( )

L
s a

s1
2 2 2

–

+
< F  = sina t at2

1

Q70.	 Using	convolution	theorem,	find	L
(s 4)(s 9)

s–1
2 2+ +

Z
[
\

]]]
]]]

_
`
a

bbb
bbb

Answer :   Model	Paper-2,	Q15(b)

 Given that,

  












++ )9)(4( 22
1–

ss

s
L

 Let,

         )(sf  = 
42 +s

s
 and  )(sg  = 

9

1
2 +s

 

     f(t) = 








+ 42
1–

s

s
L  = cos2t       

   g(t) = 








+ 9

1
2

1–

s
L = 

3

3sin t
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 By convolution theorem,

     












++ )9)(4( 22
1–

ss

s
L  = 









++ 9
.

4 22
1–

s

s

s

s
L

      = { })(.)(1– sgsfL

      = f(t) * g(t)

      = (cos2t) * 






3

3sin t

      = ∫
t

duutu
0

)–(3sin2cos
3

1
    

      = ∫
t

duutu
0

)–(3sin2cos2
2

1
.

3

1

      = ∫ −−+−
t

dututu
0

)]35sin()3[sin(
6

1

      = ∫ ∫ −−+−
t t

dutudutu
0 0

)35sin()3sin(
6

1

      = 
t

tu
tu

05

))35cos((
)1)(3cos(

6

1




 −−−−+−−

      = 
ttutu
0

)]35cos()3cos(5[
56

1 −++−
×

      = )]]30cos())30(cos(5[)]35cos()3cos(5[
30

1
tttttt −++−−++−×

      = 
1

[5cos(2 ) cos(2 ) 5cos3 cos( 3 )]
30

t t t t+ − − −

      = ]3cos3cos52cos2cos5[
30

1
tttt +−+ [5 cos 2t + cos 2t – 5cos 3t – cos 3t]

      = ]3cos3cos52cos2cos5[
30

1
tttt +−+ [6 cos 2t – 6 cos 3t]

      = 30
6  [cos 2t – cos 3t]

      = cos cost t
5

2 3–

          \ 












++ )9)(4( 22
1–

ss

s
L  = 5

1 [cos 2t – cos 3t]
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Q71.	 Using	convolution	theorem,	find	L
(s a)(s b)

1–1
+ +

Z
[
\

]]
]]

_
`
a

bb
bb

Answer :  

 Given expression is,

   ( ) ( )s a s b
1

+ +' 1

 Let, fr (s) = s a
1
+

 Then, f(t) = e– at

 Let, gr (s) = s b
1
+  

 Then, g(t) = e–bt

 Þ  fr (s). gr (s) = ( ) ( )s a s b
1

+ +

 Applying inverse Laplace transform on both sides,

  L–1 ( ) . ( )f s g sr r" ,  = L–1
( ) ( )s a s b

1
+ +' 1

         = ( ) ( )f u g t u du–
t

0

#

         = e e du( )au b t u
t

0

– – –#

         = .e e e duau bt bu
t

0

– –#

         = e e du( )bt b a u
t

0

– –#

         = e b a
e

–
( )

bt
b a u t

0

–
–

; E

         = b a
e

e e– –( ) ( )
bt

b a t b a 0
–

– –6 @

         = b a
e

e 1– –( )
bt

b a t
–

–6 @

     \      L–1
( ) ( )s a s b

1
+ +' 1= [ – ]b a

e e 1–
( )

bt
b a t

–
– .

Q72.	 Using	convolution	theorem,	find	the	inverse	Laplace	transform	of	
(s a )(s b )

s
2 2 2 2

2

+ +

R

T

SSSSSS

V

X

WWWWWW

Answer : 

 Given expression is,

  







++ ))(( 2222

2

bsas

s

 And,

 L–1 





+ 22 as

s
= cosat and  L–1 





+ 22 bs

s
 = cosbt
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 Let,

  f(t)  = cos at, g(t) = cos bt

 By convolution theorem,

         L–1 







++ )()( 2222

2

bsas

s
 = L–1







++ 2222
.

bs

s

as

s

        = L–1 )}().({ sgsf

        = f(t) * g(t)

        = cos at * cos bt  

        = ∫ −
t

duutguf
0

)()(        [ ]∫ ∫ −= duutguftgtf )()()(*)(

        = ∫ −
t

duutbau
0

)(coscos

        = ∫ −×
t

duutbau
0

)(coscos2
2

1

        = ∫ +−+−+
t

dububtaububtau
0

)]cos()[cos(
2

1     [  2 cos a cos b = cos (a + b) + cos (a – b)]

        = ∫ −+++−
t

dubtbaubtbau
0

))(cos())(cos(
2

1

        = 











−+++−∫ ∫

t t

dubtbaudubtbau
0 0

))(cos())(cos(
2

1

        

t

ba

btbau

ba

btbau

0)(

)(sin(

)(

))(sin(

2

1








+

−++
−

+−=

        = 
1 sin( ( ) sin( ( ) sin 0( ) sin(0( )

2 ( ) ( ) ( ) ( )

t a b bt t a b bt a b bt a b bt

a b a b a b a b

    − + + − − + + −
+ − +    − + − +    

        = 







+
−+

−
−

+
−++

−
+−

ba

bt

ba

bt

ba

btbtat

ba

btbtat )sin(

)(

sin)sin(

)(

)sin(

2

1
 – 

(– )sin
a b

bt
+

V

X

WWW

        =  







+

−
−

−
+

+
− ba

bt

ba

bt

ba

at

ba

at sin

)(

sin

)(

sin

)(

sin

2

1  + sin
a b

bt
+
V

X

WWW

        = 







+−

−−+−
+−
−++

))((

)](sin)([sin

))((

sin)(sin)(

2

1

baba

babtbabt

baba

atbaatba

        = 





−
−+−−−++

22

sinsinsinsinsinsinsinsin

2

1

ba

btbbtabtbbtaatbataatbata

        = 





−
−

22

sin2sin2

2

1

ba

btbata

        = 





−
−×

22

sinsin
2

2

1

ba

btbata

        = 
22

sinsin

ba

btbata

−
−

  \   L–1 







++ )()( 2222

2

bsas

s
 = 

22

sinsin

ba

btbata

−
−
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Q73.	 Find	the	inverse	Laplace	transformation	of	 








++
+

22 13)6s(s

3s
.

Answer : 

 Given function is, 
22 )136(

3

++
+
ss

s

       Then, L–1













++
+

22 )136(

3

ss

s   = L–1 













++++
+

]4)3][(4)3[(

3
22 ss

s

 Let, )(sf  = 22 2)3(

3

++
+

s

s
     

  ⇒      f(t) = 











++

+−
22

1

2)3(

3

s

s
L = e–3t cos 2t    












=






++
+ −− )cos(
)( 22

1 bte
bas

as
L at



 And   g(s) = 22 2)3(

1

++s

 ⇒   g(t) = L–1







++ 22 2)3(

1

s
 = 

2

2sin3 t
e t−     












=






++
−−

b

bt
e

bas
L at sin

)(

1
22

1


 By convolution theorem,

       L–1













++
+

22 )136(

3

ss

s
 = ∫ −

t

duutguf
0

)()(     [   L–1 )]()([ sgsf  = f(t) * g(t) = ∫ −
t

duutguf
0

)()( ]

       =  du
ut

eue utu

2

)(2sin
.2cos )(3

0

3 −−−
∞

−∫

       = ∫ −−−
t

utu duuteeue
0

333 )22sin(2cos
2

1
 

        = ∫ −−
t

t duutue
0

3 )22sin(2cos
2

1

        = 
2

1 ∫ −
− tt

duutu
e

0

3

)22sin(2cos2
2

 

        = 
4

1 ∫ +−−−+−
t

t duutuutue
0

3 )]222sin()222[sin(

                    [  2 cos A sin B = sin (A + B) – sin (A – B)]

       = ∫ −−
− tt

dutut
e

0

3

)]24sin(2[sin
4

        = 











−−∫ ∫

− t tt

dutudut
e

0 0

3

)24sin(2sin
4

 

       = 














 −−−∫

− ttt tt
dut

e

00

3

4

)24cos(
2sin

4
( )cos u t
4
4 2– – t

0

R

T

SSS
V

X

WWW
V

X

WWW



MatheMatics-ii5.42

SIA PUblishers AND DistribUtors PVt. ltD.

       = ( )sine t u4 2
– t3

6 [ ] 











 −−−+

−

4

)20cos(

4

)24cos(
2sin

4

3 ttt
tt

e t
o

t

       = 











 −+

−

4

2cos

4

2cos
2sin

4

3 tt
tt

e t

       = ]2sin[
4

3

tt
e t−

 \   L–1













++
+

22 )136(

3

ss

s
= ]2sin[

4

3

tt
e t−

5.3  soLuTIon of ordInary dIfferenTIaL equaTIons usIng LapLace Transforms

Q74.	 Using	Laplace	transform,	solve	(D2	+	4D	+	5)y	=	5,	given	that	y(0)	=	0,	y'(0	)	=	0.
Answer :  Model	Paper-1,	Q17(b)

 Given differential equation is,

     (D2 + 4D + 5)y = 5

    y(0) = 0,  y''(0) = 0  

 ⇒ D2y + 4Dy + 5y = 5

 ⇒ 55
4

2

2

=++ y
dx

dy

dx

yd
  





 =

dx

dy
D

 ⇒ y'' + 4y' + 5y = 5

 Applying Laplace transform on both sides,
  L{y'' + 4y' + 5y} = L{5}
 Þ L{y''} + 4L{y'} + 5L{y} = L{5} 

 Þ }{5)}0(}{{4)0(')0(}{2 yLyysLysyyLs +−+−−  = 
s

5
 

 Þ (s2 + 4s + 5)L{y} – (s + 4)y(0) – y'(0) = 

 Þ     (s2 + 4s + 5)L{y} – (s + 4)0 – 0 = 

 Þ  L{y} = 
)54(

5
2 ++ sss

 The roots of s2 + 4s + 5 are,

             s = 
2

54164 ×−±−
= 

2

44 −±−
 = 

2

24 i±−
 = 

2

)2(2 i±−
 = –2 ± i = –2 + i, – 2 – i

 ⇒                    L{y} = 
))2())(2((

5

isiss ++−+
 = 

)2()2( is

C

is

B

s

A

++
+

−+
+  ... (1)

⇒ 
))2())(2((

5

isiss ++−+
 = 

))2())(2((

))2()(())2(())2())(2((

isiss

issCisBsisisA

++−+
−+++++++−+

    ⇒     5 = A(s + (2 – i))(s + (2 + i)) + Bs(s + (2 + i)) + C(s) (s + (2 – i)) ... (2)
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   Substituting, s = 0 in equation (2),

         5 = A(2 – i) (2 + i)

    ⇒     5 = A[4 – (i2)]

    ⇒     5 = A[5]

     

        Substituting, s  = –(2 – i) in equation (2),

         5 = B(– (2 – i)) (– 2 + i + 2 + i)

    ⇒     5 = B(–2 + i) (2i)

    ⇒     5 = B(– 4i + 2i2)

    ⇒     5 = B(– 4i – 2)

      

        Substituting, s  = – (2 + i) in equation (2),

         5 = C(– 2 – i)(– 2 – i + 2 – i)

    ⇒     5 = C(– 2 – i)(– 2i)

    ⇒     5 = C(2 + i)(2i)

    ⇒     5 = C(4i + 2i2)

    ⇒     5 = C [4i – 2]

    \     C = i4 2
5
–

 Substituting the corresponding values of A, B, C in equation (1),

                   {L(y)} = 







++−

+







−++

−
))2((

1

24

5

))2((

1

)24(

51

isiisis

 Applying inverse Laplace transform on both sides,

     L–1{L(y)} = L–1


















++−

+





−++

−
)2(

1

)24(

5

))2((

1

)24(

51

isiisis
 

    ⇒          y = titi ee
i

)2()2(

24

5

24

5
1 +−−−

−
+

+
−    





=









+
−− ate

as
L

11


     \    y = titi ee
i

)2()2(

24

5

24

5
1 +−−−

−
+

+
−

Q75.	 Solve	(D4	–	k4)	y	=	0	if	y(0)	=	1,	y'(0)	=	0,	y''(0)	=	0,	y'''(0)	=	0.	Using	Laplace	transform	method.

Answer :

 Given differential equation is,

  (D4 – k4)y = 0

 Applying Laplace transform on both sides,

  L[D4 – k4]y = 0

 Þ – – ' – " – "'s L y s y s y sy y k L y0 0 0 0 0–4 3 2 4 =] ] ] ]g g g g6 6@ @

 Þ s L y s k L y1 0 0 0 0– – – – –4 3 4 =] g7 6 6@ A @ – k4L[y] = 0     
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 Þ  s L y s k L y 0– –4 3 4 =6 6@ @

 Þ  –s L y k L y s4 4 3=6 6@ @

 Þ  s k L y s–4 4 3=6 6@ @

 Þ      L[y] = 
s k

s
–4 4

3
    ... (1)

 Consider,

       
s k

s
–4 4

3
 = 

s k s k
s

–2 2 2 2

3

+^ ^h h

     = 
s k
As B

s k
Cs D

–2 2 2 2+
+ + +

^ ^h h     ... (2)

 ⇒                 s3 = As B s k Cs D s k–2 2 2 2+ + + +] ^ ] ^g h g h

 Þ                 s3 = As Bs Ask Bk Cs Ds Csk Dk– –3 2 2 2 3 2 2 2+ + + + +

 Comparing coefficients on both sides,

   A + C = 1     ... (3)

 Þ   – A + C = 0    ... (4)

   B + D = 0  ... (5)

 ⇒      –B + D = 0 ... (6)

 Solving equations (3) and (4),

   A = C = 2
1

 Solving equations (5) and (6)

   B = D = 0

 Substituting the corresponding values in equation (2),

      
s k

s
–4 4

3
 = 

s k

s

s k

s2
1 0 2

1 0

–2 2 2 2+

+
+

+b
^
l
h

 Þ     
s k

s
–4 4

3
 = 

s k
s

s k
s

2
1

–2 2 2 2+
+; E     ... (7)

 Substituting equation (7) in equation (1),

  L[y] = 
s k

s
s k

s
2
1

–2 2 2 2+
+; E

 Applying inverse Laplace transform on both sides,

       y = L
s k

s
s k

s
2
1

–
–1

2 2 2 2+
+< ; EF

   = L
s k

s
L

s k
s

2
1

–
– –1

2 2
1

2 2+ +< ; ;E EF        
cos

cosh

L
s a

s
at

L
s a

s
at–

–

–

1
2 2

1
2 2

a +
=

=

R

T

SSSSSSSSSS ;

;
V

X

WWWWWWWWWWE

E

  \  y = cos coshkt kt2
1 +5 ? .
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Q76.	 Solve	(D3	+	D)	x	=	2	if	x(0)	=	3,	x'(0)	=	1,	x''(0)	=	–	2,	using	Laplace	transform	method.	
Answer :  Model	Paper-2,	Q17(b)

 Given differential equation is,
  (D3 + D) x = 2

 Þ 
dt
d x

dt
dx 23

3
+ =  

 Þ x''' + x' = 2

 Applying Laplace transform on both sides,
  L{x''' + x'} = L{2}

  L {x'''} + L {x'} = s
2

 s3.X{s} – s2 x(0) – sx'(0) – x''(0) + s.X{s} – x(0) = s
2  

 Substituting the given initial conditions,

 s3. X{s} – s2(3) – s(1) – (– 2) + s.X{s} – 3 = s
2

⇒ s3. X{s} – 3s2 – s + 2 + s. X(s) – 3= s
2

⇒     X{s} [s3 + s} – 3s2 – s – 1 = s
2

⇒     X(s) .[s3 + s] = s
2  + 3s2 + s + 1  

⇒     X(s).(s3 + s) = s
s s s2 3 3 2+ + +  

⇒               X(s) = 
( )s s s
s s s2 3

3

3 2

+
+ + +

⇒              X(s) = 
( )s s
s s s

1
2 3

2 2

3 2

+
+ + +

 Applying partial fraction to above equation,

         X(s) =
( )s s
s s s

s
A

s
B

s
Cs D

1
2 3

12 2

3 2

2 2+
+ + + = + +

+
+       ... (1)

  Þ 
( )s s
s s s

1
2 3

2 2

3 2

+
+ + +  = 

( )
( ) ( ) ( )

s s
As s B s Cs D s

1
1 1

2 2

2 2 2

+
+ + + + +

 

  Þ 2 + 3s3 + s2 + s = As  (s2 + 1) + B(s2 + 1) + s2(Cs + D)

  Þ 2 + 3s3 + s2 + s = As3 +As + Bs2+ B + Cs3 + Ds2

  Þ 2 + 3s3 + s2 + s = (A + C) s3 + (B + D) s2 + As + B.

 Comparing coefficients on both sides,
   A = 1, B = 2
 A + C = 3 Þ C = 3 – A
 ⇒   C = 3 – 1
 ⇒   C = 2
 B + D = 1 Þ D = 1 – B
 ⇒       D = 1 – 2
 ⇒       D = – 1 
 Substituting the values of A, B, C and D in equation (1),

  X(s)  = s s s
s1 2

1
2 1–

2 2+ +
+
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 Applying inverse Laplace transform on both sides,

 L–1 {X(s)} = L–1
s s s

s1 2
1

2 1–
2 2+ +

+
' 1

 ⇒  x(t)  = L–1
s L

s
L

s
s1 2

1
1

2 1–1
2

1
2

– –+ + +
& ' '0 1 1

   = . –t L
s

s
L

s
1 2 2 1 1

11
2

1
2

– –+ + + +
' '1 1

          = 1 + 2t + 2 cost – sint

 \  x(t)  = 1 + 2t + 2cost – sint.

Q77.	 Solve	(D2	+	9)	y	=	cos2t,	y(0)	=1,	 y
2
π J

L

KKKK
N

P

OOOO=	–1	by	using	transform	method.

Answer :  

 Given differential equation is,

  (D2 + 9)y = cos2t      ... (1)

  y(0) = 1,

  y 2
π b l= –1

  y
dt

yd
9

2

2

+ = cos2t             



 =

dt

d
D

 Applying Laplace transform on both sides,

  












+ y
dt

yd
L 9

2

2

= L{cos 2t} 

 ⇒ }{9
2

2

yL
dt

yd
L +













= L{cos 2t}

 ⇒ )(9)}0('–)0(–)({ 2 syysysys +  = 22 2+s

s
  

 ⇒          )(9}–)1(–)({ 2 syqssys +  = 
42 +s

s
     { }cosL at

s a
s

2 2a =
+

: D

 ⇒     }9){( 2 +ssy – qs
s

s ++
+ 42

 ⇒    }9){( 2 +ssy  = 
4

)4)((
2

2

+
+++

s

sqss

 ⇒           = 
9)9)(4( 222 +

++
++ s

qs

ss

s
     ... (2)

 Applying partial fractions,

            
)9)(4(

1
22 ++ ss

 = 
94 22 +

++
+
+

s

CBs

s

DAs
 ... (3)

 ⇒ 1 = (As + D)(s2 + 9) + (Bs + C)(s2 + 4)
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 Comparing coefficients on both sides,

   A + B = 0    ... (4)

  D + C = 0     ... (5)

  9A + 4B = 0     ... (6)

  9D + 4C = 1      ... (7)

 Solving equations (4) and (6),

  A = 0, B = 0

 Solving equations (5) and (7),

  C = , D5
1

5
1–

=

 Substituting the corresponding values of A, B, C and D in equation (3),

        
)9)(4(

1
22 ++ ss

 = 
9

5
1–

4
5
1

22 +
+

+ ss
     ... (8)

 Substituting equation (8) in equation (2),

         )(sy  = 
999

5
1

–
4

5
1

2222 +
+

+
+



















++ s

q

s

s

ss
s

 ⇒    )(sy  = 
95

1
–1

945

1
222 +

+





+
+





+ s

q

s

s

s

s

 ⇒    )(sy  = 
995

4

45

1
222 +

+





+
+





+ s

q

s

s

s

s

 Applying inverse Laplace transform on both sides above equation,

 )}({1– syL = 
995

4

45

1
222

1–

+
+









+
+









+ s

q

s

s

s

s
L

                      y(t) = t
q

tt 3sin
3

3cos
5

4
)2cos(

5

1 ++      ... (9)

 Substituting t = 2
π  in equation (9),

         y 2
π b l  = 





+





+







2
.3sin

32
.3cos

5

4

2
.2cos

5

1 πππ q

⇒     –1 = 




+





+

2

3
sin

32

3
cos

5

4
)(cos

5

1 πππ q

  ⇒    –1 = )1(–
3

)0(
5

4

5

1– q++

  ⇒    –1 = 
3

–
5

1– q
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  ⇒    
5

1
1– +  = 

3
–

q

                  = 

       \     q = 5
12

 Substituting the value of ‘q’ in equation (9),

         y(t) = ttt 3sin
3.5

12
3cos

5

4
2cos

5

1 ++

             ]3sin43cos42[cos
5

1
)( tttty ++=∴

Q78.	 Solve	y''	–	3y'	+	2y	=	1	given	that	y(0)	=	0,	y'(0)	=	1	by	using	Laplace	transform	method.

Answer :  

 Given differential equation is,

  y'' – 3y' + 2y = 1  ... (1)

 And y(0) = 0, y'(0) = 1

 Applying Laplace transform on both sides of equation (1),

  L{y'' – 3y' + 2y} = L{1}

 ⇒ L{y''} – 3L{y'} + 2L{y} = 
s

1

 ⇒ s2L(y) – sy(0) + s0y'(0) – 3[sL{(y) – s0
 y(0)} + 2L(y)] 

  = 
s

1

 ⇒ s2L(y) – s(0) – (1) – 3[sL(y) – 0] + 2L(y) = 
s

1

 ⇒ s2L(y) – 1 – 3sL(y) + 2L(y) = 
s

1

 ⇒ L(y)[s2 – 3s + 2] – 1 = 
s

1

 ⇒ L(y)[s2 – 3s + 2] = 
s

1
 + 1

 ⇒ L(y) = 
( )s s s

s

3 2

1

–2 +

+

   = 
( )s s s s

s

2 2

1

– –2 +

+

   = 
( ( ) ( ))s s s s

s

2 1 2

1

– – –

+

 ⇒ L(y) = 
( ) ( )s s s

s

1 2

1

– –

+
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 Taking partial fractions,

        
( ) ( )s s s

s

1 2

1

– –

+
 = 

s

A

s

B

s

C

1 2– –
+ +    ... (2)

⇒        
( ) ( )s s s

s

1 2

1

– –

+
 = 

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

s s s

A s s B s s C s s

1 2

1 2 2 1

– –

– – – –+ +

 ⇒     1 + s = A(s – 1)(s – 2) + Bs(s – 2) + C(s)(s – 1)   ... (3)

 Substituting s = 0 in equation (3),

         1 + 0 = A(0 – 1)(0 – 2) + B(0)(0 – 2) + C(0)(0 – 1)

 ⇒     A = 
2

1

 Substituting s = 1 in equation (3),

         1 + 1 = A(1 – 1)(1 – 2) + B(1)(1 – 2) + C(1)(1 – 1)

 ⇒      2 = 0 + (–B) + 0

 ⇒     B = –2

 Substituting s = 2 in equation (3),

         1 + 2 = A(2 – 1)(2 – 2) + B(2)(2 – 2) + C(2)(2 – 1)

 ⇒         3 = 0 + 0 + 2C

 ⇒         C = 
2

3

 Substituting the corresponding values in equation (2),

  L(y) = 
( ) ( )s s s

s

1 2

1

– –

+
 = 

( )

( )s s s2

1

1

2

2 2

3

–

–

–
+ +

       y = L
s s s2

1

1

2

2

3

2

1
–

– –
1– +( 2

   = L
s

L
s

L
s2

1 1
2

1

1
2

3

2

1
–

– –
1 1 1– – –+( ( (2 2 2

   = ( ) – e e
2

1
1 2

2

3
t t2+

 \     y = 
e e

2

1 4 3– t t2+

Q79.	 Solve	the	D.E	(D2	+	6D	+	9)	=	sint	if	y(0)	=	1	and	y'(0)	=	0	using	Laplace	transform.
Answer :   Model	Paper-3,	Q17(b)

 Given that,

  (D2 + 6D + 9) = sint   ... (1)

 And y(0) = 1 ; y'(0) = 0
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 Equation (1) can be rewritten as,

  y
dx

dy

dx

yd
96

2

2

++ = sint       



 =

dx

dy
D

 ⇒ y'' + 6y' + 9y = sint     ... (2)

 Applying Laplace transform on both sides of equation (2),

  L{y'' + 6y' + 9y} = L{sint}

 ⇒ L{y''} + 6L{y'} + 9L{y} = L{sint}

 ⇒ {s2 L(y) – s(y(0)) – y'(0)} + 6{s L(y) – y(0)} + 9L{y} = L{sint}    

             [ L{yn} = snL{y} – sn–1 y{0} – sn–2 y’(0)]     ... (3)

 Since y(0) = 1 and y'(0) = 0, equation (3) becomes,

  {s2 L(y) – s(1) – 0} + 6{s L(y) – 1} + 9L{y} = L{sint}

 ⇒ {s2 L(y) – s} + 6{s L(y) – 1} + 9L{y} = L{sint}

 ⇒ s2 L(y) – s + 6 s L(y) – 6 + 9L(y) = L{sint}

 ⇒ {s2 + 6s + 9} L(y) – s – 6 =       

 ⇒ {s2 + 6s + 9} L(y)  = + s + 6

 ⇒ L(y) = 22 2

1 6

( 6 9)( 6 9)(1 )

s

s ss s s

+
+

+ ++ + +
  ... (4)

 Applying partial fraction to the first term of equation (4),

  
)1()3(

1
22 ss ++

=
13)3( 22 +

++
+

+
+ s

DCs

s

B

s

A

 ⇒ 1 = A(s2 + 1) + B(s + 3)(s2 + 1) + (Cs + D)(s + 3)2      ... (5)

 Substituting s = –3 in equation (5),

  1 = A((–3)2 +1) + 0 + 0

 ⇒ 1 = A(9 +1)

 ⇒ 1 = A (10)

 ⇒ A =
10

1

      
10

1=∴ A

 Equating the coefficients of s3 on both sides, of equation (5),

  0 = B + C

 ⇒ B = – C      ... (6)

 Equating the coefficients of s on both the sides of equation (5),

  0 = B + 9C + 6D     ... (7)

 Equating the constant terms on both sides of equation (5),

  1 = A + 3B + 9D

 ⇒ 1 =
10

1
+ 3B + 9D
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 ⇒ 3B + 9D = 1 – 
10

1

 ⇒ 3B + 9D = 10
9  .... (8)

 Substituting C = – B in equation (7),

  – 8B + 6D = 0     ... (9)

 Substituting equations (8) and (9),

  

            ⇒           D = 
9010

72

×

          
25

2=∴ D

 From equation (9),

        B8 6 25
2

– ×+ b l= 0

 ⇒       
25

12
8– +B = 0

 ⇒           8B =
25

12

 ⇒    B =
825

12

×
 

 ⇒        =
50

3

         
50

3=∴ B

 From equation (6),

     B + C = 0

 ⇒ 
50

3
+ C = 0

 ⇒            C =
50

3–

        
50

3–=∴ C
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⇒ 
)1()3(

1
22 ++ ss

 = 








+
+









+





+









+
+













+ 1

1

25

2

1

1

50

3–

)3(

1

50

3

)3(

1

10

1
222 ssss s

s
s1 25

2
1

1
2 2+ + +$ &. 0  ... (10)

 Consider second term of equation (4),

 i.e.,    2)3(

6

+
+

s

s
 = 22 )3(

3

)3(

3

+
+

+
+

ss

s

     2)3(

6

+
+

s

s
 = 2)3(

3

3

1

+
+

+ ss
   ... (11)

 Combining the equations (10) and (11),

            L(y)  = 











+
+









+
+









+
+









+







+
+













+ 2222 )3(

1
3

3

1

1

1

25

2

150

3–

)3(

1

50

3

)3(

1

10

1

ssss

s

ss

 ⇒    L(y) = 








+
+









+







+
+













+ 1

1

25

2

150

3–

)3(

1

50

53

)3(

1

10

31
222 ss

s

ss

 Applying inverse Laplace transform on both sides,

          L–1(y)  =








+
+









+







+
+













+ 1

1

25

2

150

3–

3

1

50

53

)3(

1

10

31
2

1–
2

1–1–
2

1–

s
L

s

s
L

s
L

s
L

     = ttete tt sin
25

2
cos

50

3
–

50

53

10

31 3–3– ++  sin t

 \             y  = ttete tt sin
25

2
cos

50

3
–

50

53

10

31 3–3– ++  sin t


