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PART-A
SHORT QUESTIONS WITH SOLUTIONS

Q1. Define elementary matrix.
Answer :

A matrix obtained by performing an elementary row or column operation on an identity matrix is known as elementary
matrix or E-matrix.

Q2. Define rank of a matrix. Give an example of a 2 x 3 matrix whose rank is 2.

Answer : (June/July-17, Q1 | June-14, Q1)
Rank of a matrix
Let ‘A’ represents a non-zero matrix. A number ‘7’ is said to be the rank of matrix ‘4’, if
(1) Every (r + 1)* order minor of A4 is zero.
(i)  Atleast one minor of order ‘7’ which is non-zero.

Example

det4 =-1(18—1)—0(9 +5) + 6(3 + 30)
=-17-0+198
=181#0
"" Minor of order 3 # 0
. pA)=3
Example of a 2 x 3 matrix

Consider a 2 x 3 matrix

135
A[24 4

The determinant of submatrix,

13
24

The rank of 4 is 2.

‘:4—6=—2¢0
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Q3. What is meant by Echelon form of a matrix?
Answer :

A m X n matrix is said to be in Echelon form if,

<> All zero rows or any zero row (if any) occurs below the
NON-Zero row.
X The number of zeros before the first non-zero element
in the rows are in the increasing order.
X The first non-zero element in every row is unity
(optional).
Examples
[1 2 4 0 3
. 013 57
(@
001 20
[0 0 0 0 0
[1 0 4 13
. 01 -5 3
@ 1o 0 0 o
00 0 0
321
Q4. Convert the matrix into echelon form(2 1 1
6 24
Answer : Model Paper-1, Q1

Given matrix is,

321
A=12 11
6 2 4
Ry — 3R— 2Ry
R3 — R3— 2R
3 2 1
A=10 -1 1
0-22
R, — R, 2R,
321
A=10 -1 1
000

The number of non-zero rows in matrix 4 =2

Rank of 4, p (4) = 2.

-12 1 8
Q5. Find the rank of amatrixA=|2 1 -1 0].

3217
Answer :

Given matrix is,

-1 2 1 8
4=l2 1 -10
32 1 7
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R,—>R,+2R,,R,— R, +3R,

-1 2 1 8
= A=|0 5 1 16
0 8 4 31

R,—>5R,~8R,

-12 1 8
= A=10 5 1 16
0 012 27

R,
R,— 3

S DN

1
1
4

b

Il
S O =
O =

N

The number of non-zero rows in matrix 4 = 3.

Rank of 4, p(4) = 3.

Q6. Determine the rank of amatrix A=

Answer : Model Paper-2, Q1

Given matrix is,

2-134

03 41
A_z 375

2 5116

R,—~R -R,R,—R,—R,

2134

03 41
A=10 4 41

0 6 82

Ry
R4—>7,R3—>3R374R2

2-13 4

03 4 1
A=10 0 4 1

03 4 1
R,—R,-R,

2-13 4

03 4 1
Aio 0 -4 -1

00 0 0

Number of non-zero rows = 3

Rank of matrix = 3.
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1230
Q7. Determine the rank of a matrix A = 2432
3213
6875
Answer : Model Paper-3, Q1

Given matrix is,

1

1 230
2 4 3 2
=13 21 3
(6 8 75
R,—>R,-2R,R,—>R —3R,R,—>R,—6R,
(1 2 3 0
0 0 -3 2
0 -4 -8 3
[0 -4 -11 5
R,—>R,—-R—R,
(1 2 3 0]
0 0 -3 2
0 -4 -8 3
0 0 0 0]
R, <R,
[1 2 3 o]
0 -4 -8 3
0 0 -3 2
0 0 0 0]

Number of non-zero rows = 3.

The rank of matrix is 3.

Q8. When does a non-homogeneous system
consistent?
Answer :

A non-homogeneous system is represented in matrix
form as AX=B

Where, B < 0.

A system AX = B is said to be consistent, if and only if
rank of 4 = rank of [4/B]

Where, [4/B] is the augmented matrix.

Q9. Show that the equations: x — 4y + 7z =14, 3x +
8y —-2z=13, 7x -8y + 26z = 5 are not consistent.

Answer :
Given,
x—4y+7z =14
3x+8y—-2z=13

Tx—8y+26z=5

Writing the given equations in matrix form, AX =B

1 -4 7]0x] [14
38 —2|y|=1{13
7 -8 26|z 5

The augmented matrix, C =[4 | B]

-4 7 |14 R R 3R
c=13 8 —2li3| 7T
7 g als| B R-TR
(1 -4 7 |14
=10 20 -23|-29| R,(1/20)
0 20 —23|-93
(1 -4 7 14
={0 1 -23/20]-29/20
0 20 -23 | -93
R, — R, +4R,
R,— R, 20R,
1 0 12/5 | 41/5
{0 1 -23/20|-29/20
0 0 0 —64

Here,
p(C) =3 and p(4) =2
i.e., Rank of 4 # Rank of C

The given equations are not consistent.

Q10. Prove that two vectors are linearly dependent

if one of them is a scalar multiple of the other.
Answer :

Let o and 3 represents two linearly dependent vectors
of the vector space V. There exists scalars a, b # 0 such that,

ao+bB=0
Fora #0, ao. =-bp
- o=
a
s o is a scalar multiple of B

For b #0, bp = —ao.

- ()

B is a scalar multiple of o.

Thus, it can be observed that if two vectors are linearly
dependent, then one of the vector is a scalar multiple of the
other.
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Q11. If F is the field of real numbers, prove that the

vectors (a,, a,) and (b,, b,) in V,(F) are linearly
dependent iff a b, —a,b, = 0.
Answer :
Given vectors are,
(@, a,), (b, b,)
Let, x,ye F

x(a]9a2)+y(bl’b2) = (09 O)
= (xa; +yb,,xa, + yb,) =(0,0)
= xa;+yb =0and xa, +yb, =0

The necessary and sufficient condition for the above
equations to have a non-zero solution is,
a b

a, b,

= ab,—ab =0

Hence, the given vectors are linearly dependent iff
albz _azbl = 0 .
Q12. Show that the vectors (2, 1, 4), (1, -1, 2),

(3, 1, —2) form the basis of R®.
Answer :

Given vectors are,
(2a 13 4)9 (1: _19 2)’ (39 la _2)
Lets S= {(29 la 4)9 (la 713 2)9 (33 19 72)}

For ‘S’ to form the basis of R, |S] # 0 i.e., S should be
linearly independent.

2 1 4
I=1 -1 2
31 =2

=2(2-2)-(2-6) +4(1+3)
=0+8+16
=24 #0
IS|#0
The set S’ is linearly independent.

Hence ‘S’ forms a basis of R>.

Q13. Define linear transformation.
Answer : Dec.-15, Q9
Linear Transformation

If U(F) and V(F) represent two vector spaces in the field
F, then linear transformation from U into V'is a function 7 from
U into V such that,

T(ao.+ bB) = aT(o) + bT(P) .. (D)
Yo,finUanda, bin F
Equation (1) refers to the linearity property.
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Q14. Define the Eigen value and Eigen vector.
OR

Define,
(i) Characteristic roots and
(i) Characteristic vectors of a square matrix.

Answer :

(i) Characteristic Root or Eigen Values or Latent Root

The roots of the characteristic equation |4 —Al| = 0 are
called characteristic roots or latent roots or eigen values and
are represented as A, A, ... A .

n

(ii) Characteristic Vector or Eigen Vector or Latent
Vector of a Square Matrix

Letd= [ai,,] represents an 7 X n matrix. A non-zero vector
Xis said to be characteristic vector or latent vector or an eigen
vector of a matrix A, if there exists a scalar A such that AX =

AX.

Q15. If 3 and 5 are two eigen values of the matrix

8 6 2
A= (-6 7 —4| then find its third eigen value
2 4 3

and hence |A].
Answer :

Given matrix is,

8 -6 2
A=|-6 7 4
2 43

And eigen values, A, = 3,1, =5

Sum of eigen values = Trace of matrix

= Zn:an‘
= MtA+A=a, -[alzz-I-a33
= 3+5+A,=8+7+3
= h=18-8
=10
Determinant of matrix 4= Product of eigen values
= 4] = A A A

1772773
= |4=03)(5)(10)
4] =150
4 2 -2
Q16. Find the eigen values of the matrix (-5 3 2
-2 4 1
Answer : Model Paper-1, Q2
4 2 -2
Let, A=|-5 3 2
-2 4 1
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The characteristic equation of 4 is given by,

3-2 2 |=90

-2 4 1-x

= @G-MNE-HI-H-2)#)-2(5(1-1)
—@)(2)-2(-5%4-(-2)B3-A)=0

= @A-AMN@-4r+A-8)-2(-5+5A+4)

-2(=20+6-20)=0

G- 2N A =4r-5)-2(50~1)-2(-2A—-14)=0

402 — 16A —20 — A3 + 4D\ + 5) — 104+ 2

+41+28=0

AN+ 1TA—10=0
A8+ 174 —10=0
r=5,21

5,2, 1 are the required eigen values.

(I

L

Q17. Find the Eigen values of the following system
8x — 4y =)x
2x +2y =)y

Answer :

Given equations are,

8x—4y=2Ax
2x + 2y =MLy
The above equations can be re-written as,
@-A)x—-4y=0 )
2x+(2-2)y=0 .. (2)
Equations (1) and (2) can be written in matrix form as,
8—1 -4
A= 2
The characteristic equation of matrix 4 is obtained by,
[4]=0
8- —4
‘ 2 2-% ‘ -0

B-MNEZ-MN-(-492)=0
16— 81— 2L +22+8=0

A 100 +24=0

A 6L —4N+24=0

AL —6)—4(h—6)=0
-4 (A-6)=0 = L=4,6

Eigen values of given equations are, A =4, 6

L O

Q18. Prove that the product of the eigen values is
equal to the determinant of the matrix.

Answer :

Let, 4 be any square matrix such that A, A, ,......

are the eigen values. Then, characteristic equation is,
|[A=M|= (1)y(A=A)(A-A) ...... A-2)=0
Substituting A = 0 in the above equation,
=  |A|=CED)'EA)EA) EA) =A)
=  |Al=CED)ED) A LA

The product of eigen values is equal to the
determinant of the matrix.

Q19. If A, A, ...., A are the eigen values of A, then
prove that the eigen values of (A — kl) are
(A, = k), (A, = K),..., (A, = K).

Answer :

Let, X be an eigen vector corresponding to the eigen
value A, of 4. Then,

AX=) X
Adding — kX on both sides.
AX— kX =, X~ kX
= A-khX=(0M-kbX
= (A, —k)is the eigen value of (4 — kI).

Similarly (A, — ) ,... (A, — k) are eigen values of (4 — kI).

Q20. If A and B are n rowed square matrices and if
A is invertible, show that A-'B and BA-"' have

same eigen values.
Answer :
Given that,

The matrix A4 is invertible,
A'B=B'(BA")B

Let,A'B=P,B4A"' =Q

= P=BYQ)B

= P-M=B'OB-\
=B'OB—-AB'B
=B'OB-B'\B
=B (OB —AB)

= P-AM=BYQ-M)B

= |P-AM|=|Q-Al||BB|

= |P-AM|=|Q-M|

Characteristic equation of P and Q are same.

[ BB ' =1]

. Eigen values of A7'B and BA™! are same.
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Q21. If Abe an eigen value of the non-singular matrix

[Al

A, show that N is an eigen value of adj A.

Answer :

A is an eigen value of the matrix A then there exists a
non-zero matrix X such that,

AX =X
' (adj 4) (4X) = (adj 4) (AX)
' (adj 4) AX = Madj 4) (X)
P ALY = A (adj A) X
YA X =A(adj A) X

S L PV
X=(adj4) X
A
o 4l
(adj 4) X= X X
Where,
|—;f| is an eigen value of adj 4.

Q22. State Cayley-Hamilton theorem.
Answer :

If 4 is a square matrix of order n x n then it must satisfy
its own characteristic equation.

ie., if |A—M| =y W Hp M p, R L
+p, A+ p) is the characteristic equation of 4 then matrix
equation must be,

A"+p A"+ p, A+ Ap

Q23. Use Cayley-Hamilton theorem to find A? if

1 2
2 1

.

Answer :

Given matrix is,

A_B _21]

The characteristic equation of matrix 4 is given as,

|4 —M|=0
SRR
= [ 22l
N 1—2x_12_k‘_0

= (1-D)C1-M-22)=0
= —1-A+A+X-4=0
= M-5=0

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

By Cayley—Hamilton theorem,

A*-51=0
= A* =351
A¥ = (A= (5D)*=5%
= 6251
A¥ = 6251

Q24.

Answer :

Define canonical form of a matrix.

Let 4 be a symmetric matrix corresponding to the

quadratic form O = X T 4 X, and let D be the diagonal form of
A, obtained by using the congruence operations. Then a non-
singular matrix A is obtained such that,

D=N'AN
Let,
hgl
Y= yz be a new set of variables described by the
Yn
linear transformation.
X=NY
=  X=wpn'=v'N
= 0=X'AX=Y'(N'ANY =Y DY

¢, 0 - 0][n
0 ¢, - 0|y
=Dy, I
0 0 ¢

—_ 2 2 2
=i +czy2 +...+cnyn

This new form is simply a sum of squares, which is
called a canonical form of Q.

Q25. Define rank, index and signature of a matrix.
Answer :
Rank

Rank of the matrix is equal to number of non-zero rows
in a canonical form.

Index

Index of the matrix is equal to number of positive sign
in the diagonal of matrix 4.

Example
1 00 O
010 O
1o 01 o0
00 0 -1
. Rank, r=4
Index, s =3
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Signature
Signature of the matrix is given by,
Signature =2s —r=2(3) -4 =2

*. Signature =2

Q26. Find the matrix of the quadratic form q =
x2 — 6xy + 3y
Answer :
Given quadratic form is,
q=x>—6xy + 3)?
The matrix can be written as,

1 -3
R |

X
y

1 3

4=13 3

Q27. Write the quadratic form corresponding to the

10 4
symmetric matrix |0 -2 —1].
4 1 3

Answer :

Given symmetric matrix is,

1 0 4
A=10 2 -1
4 -1 3

The quadratic form corresponding to the symmetric
matrix 4 is given as X7AX,

X
Where, X= |y
z
x'[1 0 4]fx
XAX = |y| [0 =2 -1y
z| 14 -1 3 ||z
I 0 4]|x
=[xy z]|0 =2 —1f|y
4 -1 3|z
x + 0y + 4z]
=[x yz]|0-2y-z
4x — y +3z|
xX+4z
=[xy ]| ~2v-2
4x —y+3z

= x(x+4z)+ y(=2y — z) + z(4x — y + 3z)
= x2+4zx — 2% — zy +4zx — zy + 327
= x2—2y2+322—2yz+82x

The quadratic form is, x* — 2y* + 32> — 2yz + 8zx

Q28. Write the nature of 2y$ +4y§ +5y§.

Answer : Model Paper-2, Q2

Given quadratic form is,
21 +4y3 +5)3

The above expression can be expressed in the following
matrix form as,

200
A=10 4 0
0 0 5

The characteristic equation of matrix 4 is given by
[A—ALl =0

2 00 1 00
= 0 4 0[-AM0 1 0f=0
[0 0 5] |0 01
2-4 0
= 0 4-A =0
0 0 5-2

= 2-MVE-MHGE-M=0
= A=2,4,5
The eigen values of matrix 4 are 2, 4 and 5.

As all the eigen values of matrix 4 are positive, the
nature of quadratic form is positive definite.

Q29. Write the nature of —3y? —2y3 —y32

Answer : Model Paper-3, Q2
Given quadratic form is,
2 22
=3y -2y;-)3

The matrix of the given quadratic form is,

-3 0 0
A=10 -2 0
0 0 -1

The characteristic equation is given as,

A —\|=0
-3 0 o0 1 00
= 0 -2 01|-AM0 1 0of=0
[0 0 -1 0 0 1
-3-1 0 0
= 0 -2-A 0 |=0
0 0 -1-A

= 3-M)((=2-M)1-A)=0
= A+3HA+2)(A+1)=0
= A=-3,-2,-1

Since all the eigen values of the matrix are negative, the
nature of quadratic form is negative definite.
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PART-B
ESSAY QUESTIONS WITH SOLUTIONS

1.1 RANK OF A MATRIX, ECHELON FORM, SYSTEM OF LINEAR EQUATIONS
Q30. Define elementary matrix and explain about row and column transformations.

Answer :
Elementary Matrix

A matrix obtained by performing an elementary row or column operation on an identity matrix is known as elementary
matrix or E-matrix.

The operations known as elementary row operations (transformations) are defined as,
(1) The interchange of rows i.c., i row and j® row.

It is denoted as R, ©R orR,
(i)  The addition of a constant multiple of one row with another row.

It is denoted as R, — R, + kR, or R (k) or R, + kR,
(iii))  Multiplying any row by a non-zero scalar (k).

It is represented as R, — kR, or R (k) or kR,

The column transformations are defined in a similar way but are denoted as ‘C” instead of ‘R’.
Properties
(a)  LetA and B be matrix, then,

6(4B) = (04)B and 6(4B) = A(cB)

Where, G represents row or column transformation.

(b)  The elementary row (column) transformations of a matrix 4 can be obtained by pre or post multiplying a matrix by
respective E-matrices.

(c)  The inverse of the matrix,

E,;l:EUand
[E, (k)] =E&) L IR = E( )
3146
2 12 4
Q31. Reduce the matrix 425 8 to echelon form and find its rank.
11 2 2
Answer :
The given matrix is,
31 46
21 2 4
=14 2 5 3
1 1 2 2
R,—> 3R, 2R,
R, —> 3R, — 4R,
R,—> 3R, R,
31 4 6
o1 -2 0
o2 -1 0
02 2 0
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R,—>R,—R,

31 4 6

o1 =20

o2 -1 0

00 3 0
R,—R,-2R,

(3 1 4 6]

01 =20

oo 3 0

0 0 3 0]
R,—>R,-R,

(3 1 4 6]

01 =20

1o o 0

00 0 0]

The matrix is in Echelon form and the number of non-
Zero rows is 3.

Rank(4) = 3.
1 4 5 2
_ 2 8 6 7
Q32. Reduce the matrix A = 3 5 2 1 to
-1 2 3 0

echelon form and hence find is rank.
Answer :
Given matrix is,

1 45 2
2 8 6 7
ol S
-1 230
R, >R, 2R,
R, = Ry -3R,
R, > R,+R
1 5 2]
o0 -4 3
o -7 -13 -5
0 6 8 2]
Ry, <> Ry
(1 4 5 2]
o -7 13 -5
1o 0 -4 3
0 8 2|

1.9
R, > TR, +6R,
(1 4 5 2
|0 -7 13 -5
0 0 -4 3
0 0 -22 -16

R, — 4R, —22R,
(1 4 5 2

o -7 13 =5
00 —4 3
0 0 0 -130

The above matrix is in Echelon form where the number
of non-zero rows are 4.

The Rank of Matrix A4 is 4.

Q33. Give a detailed account on the solutions of
linear systems.

Answer :
A linear equation is defined as an equation of the form
ax tax,tax,..ax =b
Where,
X, X, ... x, = Unknowns

a,a,..a,b— Constants.

1°

Let the system of ‘m’ linear equations in ‘x’ unknown

be,
a1 X ta;x, +..ap,x, =b
azlxl + a22x2 + ...aznxn = b2
apx; +a;x, +...a;,x, = b, (D
Ay Xy + Ay X 0.8, X, = by, |
The matrix form of equation (1) can be written as,
AX=B -2
Where,
A={a,]
— T
X =(x,x,..x)
— T
B=(b,b,..b,)
The matrix [4/B] is referred to as the management matrix.
Consistency
X A system is said to be consistent if,

Rank of matrix = Rank of augmented matrix = Number
of unknowns

i.e., the system has at least one solution

o,
*

A system is said to be inconsistent if,
rank of matrix # rank of augmented matrix

i.e., the system does not have any solution.
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Homogeneous Equation

X3 A system is said to be homogeneous if B=0 [in equation
2]

R A system is said to be non-homogeneous if B # 0
[in equation (2)]

Trivial
If X=0(@e,x =0,x,=0..x =0), solution of a

homogeneous system is said to be a trivial solution.

If X# 0, solution of a homogeneous system is said to be
a non-trivial solution.

Q34. Find the values of a and b such that the
equations x+y+z2=6,x+2y +3z=10, x + 2y
+ az =b have (i) no solution, (ii) unique solution
and (iii) inifinite solutions.

Answer : June/July-17, Q11(a)
Given system of equations are,

xX+ty+z=6

x+2y+3z=10

x+2y+az=>b

The above system of equations can be written in
matrix form as,

AX=B
11 1|[x 6
= 12 3||y|=[10
1 2 allz b

Augmented matrix is,

111 6
[AB]=|1 2 310
12a b

Reducing the augment matrix to Echelon form by
applying elementary row operations, i.e.,

R,—>R,~R,
R,—R,~R,
11 1 6
=0 1 2 4
0 1 albs6
R,—>R,~R

1 1 1 6
=lo 1 2 4
0 0 a—

The possible solutions are,
Case (i) Whena=3,b=#10

Rank of 4 =2

Rank of [4 | B] =3

= Rank of 4 # Rank of [4 | B]

The system has no solution.
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Case (ii) When a # 3, b may have any value
Rank of 4 =3
Rank of [4 | B] =3

= Rank of 4 = Rank of [4 | B] = 3 = number of
unknowns

The system has unique solution.
Case (iii) Whena=3,b =10
Rank of 4 =2
Rank of [4 | B] =2

= Rank of 4 = Rank of [4 | B] = 2 < Number of
unknowns

The system has infinite number of solutions.

Q35. Show that the system of equations is consistent
2x-y-z=2,x+2y+2=2,4x-7y—-5z2=2 and
solve.

Answer :

Given system of equations is,

2x—y—z=2
x+2y+z=2
4x—-Ty—-5z=2

The system of equations can be written in matrix form
as,

AX=B
Where,
2 -1 -1 X 2
A=|1 2 1|, X=|y|,B=]2
4 -7 -5 z 2

Augmented matrix is [4 : B]

2 -1 —-1: 2
1 2 1:2
4 -7 =-5:2

Reducing argumented matrix to Echelon form by apply-
ing elementary row operations,

R1_>R1_R2
R2—>2R27R1
R3—>R374R2
1 -3 =-2: 0
=10 5 3: 2
0-15-9: -6
R3—>R373R2
1 -3 -2: 0
=10 5 3: 2
0O 0 0: O
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Here,
Rank of 4, p (4) =2
Rank of [4 : B], p(4: B)=2

The given equations are consistent with infinite number
of solutions as p (4) = p[4 : B] < Number of variables

From the reduced matrix [4 : B],

x=3y-2z=0
Sy+3z=2

(D)
()

Let, z = k, where £ is any real number.

Substituting z = k in equation (2),

= Sy+3k=2
= 5y=2-3k

2-3k
5

= y=

Substituting z, y values in equation (1),

x73[273k]72k=0

5
6 -9k
= x= +2k
5
6 -9k +10k
= x=—F7—
5
_ k+6
= X=
The solution set is,
k+6
X 5
yI=12-3k
z 5
k

Q36. Test for consistency and solve,

5x+3y+7z=4
3x+26y+2z=9
7x+2y +10z=5.

Answer :

Given system of equations is,

S5x+3y+7z=4
3x+26y+2z=9
Tx+2y+10z=5

The system of equations can be written in matrix form

as,
AX=B
Where,
5 3 7

N

X

A=[3 26 2| X=|y[;B=|9

7 2 10

The system is consistent if rank 4 = Rank of [4 | B].

Where, [4 | B] is the augmented matrix.

5 3 7 4
[A|B]=|3 26 2 9
7 2 10 5
R,—5R,— R,
R, —5R, — 3R1
5 3 7 4
=0 121 -11 33
0 -11 1 =3
R,
R2 — F
(5 3 7 4
= 11 -1 3
0 -11 1 -3
R,—>R+R
(5 3 7 4
=0 11 -1 3
00 0 0

The matrix is in Echelon form,
Number of non-zero rows is 2

= Rank of 4 = Rank of [4, B] = 2 < number of
variables

The matrix is consistent with infinite number of
solutions,

From the above matrix,

Ily-z=3 ()
Sx+3y+7z=4 .. (2)
Let,y=k

Substituting y = k in equation (1),
z=11k-3
Substituting y, z values in equation (2),
= 5x+3k+7(11k-3)=4
= 5x+3k+77k-21=4
= 5x=-80k+25
x=—16k+5

The solution is,

X -16 5
y|=k 1 [+] O
z 11 -3
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Q37. Discuss the consistency of the system of

2x+3y+4z=11
equations x+5y+7z=15
3x+11y +13z=25

Answer :
Given equations are,
2x+3y+4z=11
x+5y+7z=15
3x+11y+13z=25

The given system of equations can be written in matrix
form as,

AX=B
2 3 4][x] [u1
= |1 5 7||y|=]15
311 13)|z) [25

The argumented matrix, C = [4 | B]

2 3 4]11
=l 5 7|15
3 11 1325

Ry - 2R>— Ri
R3 — 2R3 — 3Ry

2 3 4

=10 7 10|19
013 14
R3 — 7R3 —13R>

23 4 11
=107 10 | 19
00 —-32]-128

R~ %

[\

411
0[19
1|4

—_ —

= Cc =10

(=)
S 3 W
—

Rank of 4, p(4) =3
Rank of (4B), p[4|B] =3
Asp(d)=p[4]|B]=3,

The given equations are consistent and has unique

solution.
23 4|x| |11
0 7 10(|y|[=|19
00 1]|z 4
= 2x+3y+4z=11 .. (D)
= Ty+10z=19 .. (2)
= z=4 .. (3)
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Substituting z = 4 in equation (2)
7y +10z=19
Ty+10(4)=19

Ty +40=19

. 19-40
Y=

y=-3
Substituting y =— 3, z =4 in equation (1)

Uy U

x4+ 3y+dz=11
2x+3(-3)+4(4) =11
2x-9+16=11

_11-16+9
X 2

u 4 U

x=2
The solution is, x =2,y =-3,z=4.

1.2 LINEARLY DEPENDENCE AND
INDEPENDENCE OF VECTORS, LINEAR
TRANSFORMATION, ORTHOGONAL
TRANSFORMATION

Q38. What is linear dependence and linear indepen-
dence of vectors? Give examples for each.

Answer :
Linear Dependence of Vectors
A set of n-vectors i.e., x , x,, ..., x,_is said to be linearly
dependent, when the linear combination of z — 1 vectors is equal
to one of the vectors.
Example
x1: (1’ 09 2’ 5)
x,=(2,1,2, 1)
x3 = (39 2) 17 O)
x4:(7197177 177)
Linear Independence of Vectors
A set of n-vectors i.e., x, x, , ..., x, is said to be
linearly independent, when none of the n-vectors are linearly
dependent.
Example

x,=(1,0,0,0)
x,=(0,1,0,0)
x,=(0,0,1,0)

Q39. Prove that (a) Every non-empty subset of a

linearly independent set of vectors is linearly

independent (b) Every superset of a linearly
dependent set of vectors is linearly dependent.

Answer :
Let, = {a, &, O, ...., 0 } be a linearly independent
set of vectors,
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Proof :

(a) S'={o, o, 0y .oy ocp} be a subset of S,
Where, ] <P<m
Consider, a, a,, a,, ....., a, be the scalars.
Then, a, o +a, 0, +a, o, + ... +a o =
= a0 tao,taot+...+ta o +00, +00  F...+0.0 =

= a,=0,a

2:0,a3:

i.e., §"is linearly independent
= S'={0,0d, 0, ..., Ocp} is linearly independent
Subset of linearly independent set of vectors is linearly independent.
() Let,S={o,,0,,..,0,,B;,B,,...,0} be a superset of S.
For S, there exists scalars a,, a,,..., a, not equal to zero, such that,
a0l + a0, +...+a,o, =0
Similarly, for S'',

@0, + a0, +...+a,0, + 0B, +0B, +...+ 0B, =0

(v Sislinearly independent)

From above equation, it can be observed that the scalar coefficients are not zero, hence S is said to be linearly dependent.

Therefore, any superset of linearly dependent set of vectors is linearly dependent.

Q40. Show that the set of three vectors (1, 3, 2), (1,-7,-8), (2, 1, -1) of V,(R) is linearly dependent.

Answer :

Given vectors are,
(19 33 2)7 (15 _77 _8)9 (29 17 _1)

Let, S={(1,3,2),(1,-7,-8) (2, 1,-1)}

The given vectors are linearly dependent, if and only if |S| = 0

1 3 2
e ls|=p -7 -8
2 1 -1

1(7+8) 3 (-1+16)+2 (1 + 14)
=1 (15)-3(15) +2(15)
=15-45+30=0

1S|=0

Hence, the given vectors are linearly dependent.

Q41. Show that the vectors (1, 2, 1), (2, 1, 0), (1, -1, 2) of V,(R) is linearly independent.

Answer :
Given vectors are,
1,2,1),(2,1,0),(1,-1,2)
Let, S={(1,2,1),(2,1,0), (1,-1,2)}

The given vectors are linearly independent, if and only if |S| # 0.
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1 2 1
ie,ISi=2 1 0
1 -1 2

=12+0)-24-0)+1(-2-1)
=1(2)-24)+1(-3)
=2-8-3=-9=%0

IS] #0

Hence, the given vectors are linearly independent.

Q42. Explain in detail about linear transformation.
Answer :

Let P(x, y) be any point in the Cartesian plane then its
coordinates (x, y) denotes the set of rectangular axes OX and
oY.

Let (x', ") be the coordinates of P which denotes to axes
OX', OY'i.e., the former axes are rotated through the angle 6.

It is given by,
x'=xcosO + y sinb
y'=—xsinO + y cosb

It can also be written as,

xX=ax+by
Y =ax+b,y
and its matrix notation is,
x| e by||x
v] o la ba]ly

Such transformations are known as linear transformations
in two dimensions.

Similarly, the transformations in three dimensions are,
X'=lx+my+nz
Y=lx+tmy+tnz
Z=lx+my+nz

The linear transformations for n variables is given by
relation Y= AX

Where,
B
N2
Y=1»

Yn

a b o -k
a, by ¢; -+ ky

ay bn Cp o kn
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This transformation is called linear because it hold the
linear relations i.e., A(X, + X)) = AX, + AX, and A(bX) = bAX.
The transformation is said to be singular if the transformation
matrix 4 is singular.

The non-singular transformation is the inverse of the
relation ¥ = 4AX i.e., X = A'Y. It is also referred as regular
transformation.

Q43. Explain in detail about orthogonal
transformation.

Answer :

The transformation is said to be orthogonal transformation
ifthe linear transformation Y=AXtransforms yi + y3 + ...... +y2
into x2+x3+...... +x2 and its matrix is called the orthogonal
matrix.

The matrices X'X and Y'Y are,

X
X
XX :[xl Xy e x,,] -2 = x12+x§+ ...... +x5
'xl’l
|
d YY = 2 = 2+ 2+ + 2
an D/’l Yy e yn] . VTV T s Vi
Yn]

If Y= AX is orthogonal transformation then,

XX =YY

SANAY) [ V=AY Y= (4]
=X'A'AX
=X'X [ A4=1]

Since 4'4=1

AlsoA'A=1

Comparing 4'4A=A4'A

= A'=4

= A7'= A'is the orthogonal transformation.

The square matrix A4 is orthogonal if 4A4'=A'A =1

Q44. Show that the transformation y, = 2x, + x, + x,,

y, = X, + X, + 2x,, y, = X, — 2x, is regular. Also
write its inverse transformation.
Answer :

Given linear transformation are,
yl :le +x2+x3
y2=xl +x2+2x3

y3:x1—2x3
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The above transformations can be written as, 22 1
Y = AX = Adj4=14 -5 3
-11 1
N 2 1 X1
_ _ _ 2 2 1
Where, Y= (0|, 4=1]1 1 and X = | x, 1 1 i ;
A= — -5 -
1 0 =2 X -1
1V3 3 111
Consider,
5 1 2 2 -1
A'=14 5 3
=11 1 2 1 -1 -1
1 0 2
The inverse transformations are,
=2[1(=2)-0] - 1[1(-2)=2(1)] + 1[0 — 1]
xl:2yl *2)/2*)/3
=2[-2]-1[2-2]+1[-1]
X, = Ay + 5y, + 3y,
=4+4-1
R ST SR
=1 : A
Q45. Prove that the following matrix is orthogonal.
A==t -23 13 23
=  Matrix 4 is non-singular 2/3 2/3 1/3
173 -2/3 2/3

The given transformation is regular.

The inverse transformation is given by,

X=4'Y
Where,
L Adi4
4]
Cofactor of 2 = (-1)""! 12 -2
0 -2
1 2
Cofactor of 1 = (—1)"*? . ‘ =(-D[-2-2]=4
11
Cofactor of 1 = (-1)'*3 Lol ™ (Ho-1]1=-1
1 1
Cofactor of 1 = (—1)*"! 0 2 ‘ =(-=D[-2-0]=2
2 1
Cofactor of 1 = (—1)** L ol [4-1]=-5
21
Cofactor of 2 = (—1)*" Lol ™ DHo-11=1
11
Cofactor of 1 = (=1)*"! L2l 2-1]1=1
21
Cofactor of 0 = (—1)**? Lo~ -DH4-1]=-3
21
Cofactor of -2 = (1) 11 ‘ =[2-1]=1
24 f
Adj 4 = [Cofactor of A]"= (2 51
1 31

Answer : Model Paper-3, Q16(a)

Let the given matrix be,

(23 13 213
A=|23 23 173
|13 23 23

[-2/3 2/3 173
A=|13 23 -2/3
|23 13 213

The matrix A4 is orthogonal if,

Ad =1
Consider,
23 13 253|[-23 23 173
A4'=|23 253 13|13 23 23
13 23 23|23 13 213
41,4 422 2 2 4
999 99Ty 97979
a2 2 4 1 2 4 2
“T9"9T9 99Ty 99"
22 4 2 4 2 1 4 4
999 997 979"y
100
—lo10|=1
001
= AA'=1

The matrix A4 is orthogonal
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1.3 EIGENVALUES, EIGENVECTORS,
PROPERTIES OF EIGENVALUES, CAYLEY-
HAMILTON THEOREM

Q46. Explain the procedure to find the eigen values
and eigen vector for a given matrix.

Answer :
Step 1

Initially, let the given matrix be,

app ap a1

ay) A4 Aoy
A= :

anl a,n ann

Step 2

The next step is to find the characteristic matrix i.e.,

(4 —AJ).

aj —A a; ags ay

ajy ay —A ars ary

= A-Al=| a3 as,  az—h as,
an ayn a3 Ayp -2

Step 3

The characteristic equation i.e., |4 —AJ| = 0 is determined
to obtain the characteristic roots.

aj —A a; a3 a,
as) ay - ass sy
ie,|[A—Al =| @3 azp  a;z—A ay, | =0
a, a,n a,s o Ay -\

The characteristic roots of A4 are referred to as eigen
values.

Step 4

The eigen vector X with respect to the eigen value A are
obtained as,

aj —A ap ags a, X1 0
ar) ay - a3 sy 2%) 0
asy asz) a3 —A as, x3 |=]0
ay a,n a3 Ayp -2 Xn _0_

Q47. Find the eigen values and the corresponding
2 3

1
eigen vectors of A= |0
0
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Answer : (Model Paper-3, Q11(a) | June-14, Q16(a))

Given matrix is,
1 2 3
A=10 4 1
0 0 6

The characteristic equation of matrix 4 is,

A-AI|=0
(1 2 3] 1 00
= 0 4 1|-xl0 1 of|=0
0 0 6/ [0 01
[1 2 3] [r» 0 0
= 0 -lo & of|=0
10 0 6] [0 0 &
- 2 3
= 0 4-2» 1 |=0
0 0 6-A

= (1WA~ 1) (6-2)— (1)(O0)] - 2[0(6 1)~ 1(0)]
+3[(0)0) ~ (0) (4~ M)] =0

=  (1-M[24-41-61L+A]-2[0-0]+3[0-0]=0
= (1-M)[A-4r-61+24]1=0
= (A1-MAr-H9Rr-6)=0
A =1, 4, 6 are the eigen values of 4
Xl—
Let X= | x, | be the required eigen vector then, [A —A ] X=0
X}_
-2 2 3 ][x 0
= 0 4-1 1 |[x,|=]0 (D)
L0 0 6-Af|x 0

Eigen Vector Corresponding to . =1
Substituting A = 1 in equation (1),

02 3[x 0
03 1{|x|=10
00 5[|x| [0

From the above matrix
2x,+3x,=0
3x,+x,=0
5x,=0
= x,=0
= x,=0
Let
X, =0
Then, the eigen vector corresponding to A = 1 is,

o 1
XI:OZ()(O
0 0




UNIT-1 Matrices

1.17

Eigen Vector Corresponding to A = 4

Substituting A = 4 in equation (1),

-3 2 3])[x 0
0 0 -3||x,| =0
00 2||x 0

From the above matrix,

—3x,+ 2x, + 3x3 =0

-3x,=0
= 2x,=0
= x,=0

=3x,+2x,=0

2x2
X, ==
3
Let,
=
2
Then, x, gf’
2
- x] EB
x,= [4
x.=0

3

The eigen vector corresponding to A = 4 is,

2

X 3P 3
X=|xn|= B |=B]|1
X3 0 0

Eigen Value Corresponding to A =6

Substituting A = 6 in equation (1),

=5 2 3| |x 0
0 -1 1|=|x,|=]0
0 0 0f |x 0
From the above matrix,
=5x,+2x,+3x,=0
-x,+x,=0
x,=0
= X, =X,
—Sx, +2x,+3x,=0

—=5x,+5x,=0

Let
X, =Y

X =Y %= X5 =Y

AR

The eigen vectors for eigen values A =1, 4, 6 are,

X =

3

9X:

3

S = W

Q48. Find the eigen value and the corresponding
[3 1 -1
eigen vectors of the matrix A=|-2 1 2
|0 1 2

Answer :
Given matrix is,

31 -1
21 2
01 2

The characteristic equation of 4 is |4 —Al] =0

A=

31 -1 100
= |21 2| =alo1 0|[=0
01 2 001
31 -1] [r00
= |21 2 |-]0oro0]|=0
01 2 00 X
3 1 -1
= |2 12X 2|=0
0 1 22
= GBG-M)[1-2)2-1)-2]-1[-2(2-21)-0]
~1[-2-0]=0
= B-AN)[2-A-2A+A> —2]-1[-4+22]
~1[-2]=0
= (B-N[A-3A]+4-21+2=0
= 32-9h-M+3N2+6-24=0
= —M+6R2-11A+6=0
= M6 +11A-6=0
A=1]1 -6 11 -6
01 -5 6
1 -5 6 0
= A-1)R=5L+6)=0
= A=1)R=3L-21+6)=0
= A=-1DR-3)(A-2)=0

r=1,2,3
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X
Let, X= | y|be an eigen vector corresponding to eigen
z
value A.

Then (4 -A) X=0

3= 1 —1]]x] [o
= -2 12 2 |[y|=|0 (D)
0 1 2)lz] lo

Eigen value corresponding to . =1
Substituting A = 1 in equation (1),

2 1 —1|[x 0
= (20 2]|y|=]0
0 1 1]{z] {0
The above matrix reduces to the following equation
= 2x+y-z=0
—2x+2z=0
y+z=0
—2x+2z=0
= x=z
y+z=0
= y=-z

Let, x=c¢, =>y=-candz=¢,

X cl 1

y|=|-cal=al|-1

z cl 1
1

X =|-1

1

1
Eigen vector corresponding to A =2

Substituting A = 2 in equation (1),

I 1 -1 b 0

-2 -1 2|=|y|=|0

01 0 z| |0

The above matrix reduces to the following equation

x+y—z=0
—2x—y+2z=0
y=0
= x+t0-z=0
= X=Zz
Let,x=c, = z=¢,

X cl 1
y|=10|=c|0
z cl 1
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2

1
X, =0
1

Eigen vector corresponding to . =3
Substituting A = 3 in equation (1),

0 1 -1][x] [o
2 -2 2||ly|=|o0
0 1 -1]lz] o

The above matrix reduces to the following equation,
= y—-z=0
= —2x-2y+2z=0

= y-z=0

=>y=z
—2x-2y+2y=0
= x=0
Let,y=c,
= z=¢
X 0 0
yvi=la|=all
z| |a
[0
X, = |1
11

Hence, the eigen vectors of 4 corresponding to eigen
values A =1, 2, 3 are
1 1 0

X, =[-1|X2=|0and X3 =|1
1 1 1

Q49. Find the eigen values and the corresponding

113
eigen vectors of the matrix [1 5 1] )
311

Answer :

Given matrix is,
1 1 3
A=|1 5 1
311
The characteristic equation is given as,
|[A—Ml| =0

113
™ 15 1f-a
3011

10 0
01 0[=0
00 1
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-1 1 3 Eigen Vector Corresponding to A =3
=+ |1 5= 1]=0 Substituting A = 3 in equation (1),
3 1 1-A\ - I
-2 1 3 ||x 0
= (1-M[G-A) A -2)-1]-1[1 -1 -3] 21 =0
+3[1-15+3A]=0 |3 1 =2]lz] |0]
= (1-A)@-6A+A)+2+A—-42+91=0 R &R,
— SN+ -36=0 “L o 10 To
- AM-TA+36=0 -2 1 3 |yl=
By inspection A = — 2 satisfies the equation, L3 1 =2]tz] (0]
R,—R,+2R,
- 1 -7 0 36
A=-2 R,—>R,- 3R,
0 -2 18-36 L 2 17«1 To
I -9 18 [0 0 5 5|lyl=|0
0 -5 -5z 0
= (A+2)R2-9+18)=0 R, >R +R
= (A+2)A-3)(A-6)=0 1 2 1][x
Thus the eigen values of 4 are A, =—2, 3 and 6. 05 3|r|=
0 0 0]z
X
Let, X=| » | be an eigen vector corresponding to eigen Which reduces to the equations,
values of A. z
x+2y+z=0 .. (5)
Then, (4 — AJ) X =0 y+35z2=0
—_ + :0: = _
1-\ 1 3 ][ x 0 e : Y
Let,

5-2 1 ||y|=]|0
0 .. (1)

= 3 1 1-Af|z
Eigen Vector Corresponding to A =—2

Substituting A = — 2 in equation (1),

31 3[x| [0

17 1||y]=|0

31 3|z 0
3x+y+3z=0 .. (2)
x+7y+z=0 ..(3)
3x+y+3z=0 .. (4)

Equations (2) and (4) are same,

Considering equations (2) and (3),

X y z
1-21 3-3 21-1
X 7y7i
—20 0 20

The eigen vector for eigen value A =-2is, (-1, 0, 1).

z=ktheny=-k%k

Substituting the values in equation (5),

x=k
X k 1
X =|V|=|"k|=k -1
z k 1

Thus the eigen vector for eigen value A =3 is, (1,1, 1).
Eigen Vector Corresponding to A = 6
Substituting A = 6 in equation (1),

-5 1 37x] [o
1 -1 1 |[y|=|o
31 =5{z| |o

Which reduces to the equations,

—Sx+y+3z=0 ... (6)
x—y+z=0 - (7)
3x+y-5z=0

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



1.20

MATHEMATICS-II

Solving equations (6) and (7),

-5x+y+3z=0
x—y+z=0
—4x+4z=0

—_ xtz=0=x=z
Let,x =kthenz=k

Substituting the above values in equation (7),

y=2k
X k
X,=|y|=|2k] =4|2
z k

Thus the eigen vector for eigen value A = 6 is (1, 2, 1).

Q50. Prove that the eigen vectors corresponding
to two different eigen values are linearly
independent.

Answer :

Let, X, and X, be any two eigen vectors for any given
matrix 4 for two distinct eigen values A, and A,

ie, AX=AX,AX=2X,

Let, a X +a,X,=0 .. ()

Multiplying equation (1) by matrix 4,

= A(a X, +a,X) =0

= Aa X +A4a,X,=0

= a(4X) +a (4X) =0

= a(AX)+aX X)=0

= Aa X +ha X =0 .. (2)

From equation (1),
aX =-akX,

Substituting the above value in equation (2),
A (—a,X)+ha X =0
a,X,(h,—A)=0

= a,=0

[ &, 2L, X, 20]

From equation (1),

a X =0
= a1=0
aX +aX =0

a,=0anda,=0
X, and X are linearly independent.

Hence, two eigen vectors corresponding to two different
eigen values are linearly independent.
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Q51. Write any two properties of eigen values and
if A and B are non-singular matrices of same
order, then show that AB and BA have same
eigen values.

Answer :

Properties of Eigen Values

(1) For any square matrix (4), and its transpose (47) have
same eigen values.

(ii))  The sum of eigen values of a matrix is equal to the
trace of the matrix.

The given matrices 4 and B are non-singular matrices.
Consider,

AB=1I4B

=(B'B) AB

= AB=B"'(BA)B
Consider a matrix 4 and a non singular matrix K.
The characteristic equation of K™' AK is,
|K'AK — Al =0
|K'AK — AK'IK] =0
|K'(A-ADK|=0
K™ K[ |4 = M||=0
|[A-AL =0

("* I=K'IK)

[ 1K K| =1]

L

The characteristic equation of 4 and K™! AK are same.
A and K'4K have same eigen values.
Similarly, B-'(BA)B and BA have same eigen values.
From equation (1), we have,
B'(BA)B=AB

AB and BA have same eigen value.

Q52. Show that A and A" has same eigen values but

different eigen vectors.
Answer :

Let, A=[a)), ., [w=i,j=1,2,..., 1]

T =
A [aij]nxn
Consider the characteristic equation of 4 and 4".
all _7\« alz e aln
ay  ap-—h o
A AM|=0 . =20 )
a, Ay e Ay — M
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ay =\ ajy an
app ay =\ Ay
=0 . o 0
a, yy e Ay — A

Since, the interchanging of rows and columns does not alter the determinant.
Equations (1) and (2) are same.
| A=A |=]A"= M|

The characteristic roots of 4 and A” are same.

Q53. Prove that distinct characteristic vectors of T corresponding to distinct characteristic values of T are
linearly independent.

Answer :

Consider a linear operator 7 defined on V(F) for which ‘m’ number of distinct characteristic values are represented as ¢,
c,....c, and their corresponding characteristic vectors are represented as o, 0.,,.....,0

ie, Ta=c o forl <i<m
Let S be a set containing these characteristic vectors
ie, S={o,0,, ..o}
In order to prove that S is linearly independent, induction is performed on m and the number of vectors in S.
For m =1, S contains only one non-zero vector. Hence it is linearly independent.
Consider a linearly independent set
S, =100, ..., o} fork<m

Consider another set S, given by,

S, = {0 e O, O,
Leta, ....a, = Fsuch that,
a o +...+a, o, =0 .. (1)
= Ta, o +..+a, o, )=T(0)
= a No)+..+a, T(o,)=0
= afca)t..+a, (c, o, )=0 .. (2)

Multiplying equation (1) with ¢, and subtracting the resultant equation from equation (2),

a(c,—c,)o,+..+aol,—c, )o=0

Since, ¢ ,c

.., are all distinct, the vectors o, 0, ....,0, are linearly independent.

a=0,..,a=0
Substituting @, = 0, ....,a, = 0 in equation (1),

a (xkﬂ = 0

k+1

0 = a,.=0

Since, o ”

kel T
a,=0,..,0,=0,a,,=0
S, is linearly independent.
Hence, it can be concluded that distinct characteristic vectors of 7" corresponding to distinct characteristic values of 7 are
linearly independent.
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Q54. State and prove Cayley-Hamilton theorem.

Answer : Dec.-12, Q16(a)

Statement

For answer refer Unit-1, Q22.

Proof
Let,
Pu P Pz -+ Pu
P P P - Py
A=|Ps1 Py P33 -+ P
pnl pn2 pn3 e pnm

The order of matrix 4 is n x n whose characteristic equation is,

|[4-21| =0 (1)
Here, A — Characteristic root of 4 and

1 — Identity matrix of order n x n

Since equation (1) is a polynomial in A of degree ‘»’, it can written as,

|[A=MI| =1y [V +p A p, M2t p, At p =0 (2
Here, p,, p,, p,....p, |, p, are the constants.

Since the matrix equation (4 — AJ) has at most ‘n’ degree in A, the adjoint matrix i.e., adj (4 — Al) will have atmost (7 — 1)
degree in A.

The adj(4 — Al) matrix can be written as,
AdA-A)=C '+ C M2+ C, A3 +...+C A+ C, | E)

Here, C, C,, C,,.... C C, _, are the matrices of order n % n and their elements are the functions corresponding to the

n-2>"n

elements of 4.
Where,
(A—AD) - Adj (4 —AD) = [A=M|I . @
Substituting equations (2) and (3) in equation (4),
A-A)[C, A"+ C A2+ C NP+ +C A+ C 1= (1) [A+p, M +p, M2+ +p  Atp )]

= ACN 'HAC N I+AC, NP+t AC, (A+AC,  + (M) A+ (M) C, A2
+ (M) C N+t (M) C, M+ (A C, = (A1) ML+ (1) p, A= T+ (1Y p, A2 [ +.....
+(1yp, M+(E1yp,1

= ACN '"tAC AN P+AC, N +..+AC A+AC  —IC A" "= IC A" 2=IC, A3
IC,  NV—IC = (=1 I+ (1) p I+ (1Y p T2 4k (1Y p Do+ (1Y p ]
= ACN '"+AC N ?*+AC,N P+..+4C A+AC - IC N -IC A!
—IC, N2 = IC, N —IC,  A=(=1y I+ (=) p [N+ (1) IV 2+ + (<) p I+ (-1 pl
= —ICH+ N [AC,— IC ]+ M2 [AC, —IC] + ...+ MAC, ,+IC, 1+AC, = (1IN + (1) p A
Y p I (L)Y p A (1Y p ]
Comparing the coefficients of A7, A=, A"~2 ... on both sides of the above equation,
—IC,= (~1y1 (5
AC,~IC, = (-1)'p I . (6)
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AC, —IC, = (=1yp,l .. (7)

ACan_ICrlflz(_l)npnfl[ (8)

AC,  =(1)pl . (9)
Multiplying equations (5), (6), (7), (8) and (9) with 4", 4"~', A"~* ... 4, I respectively,

= —IC A"=(1y14" ... (10)

[AC,—IC JA" ' = (-1)p 14" .. (11

[AC, - IC,]A" > = (-1)'p,IA"* ..(12)

[AC, ,—1C 1A=(-1)p, |14 .. (13)

ACM—] 1: (_1)npn[[ (14)

Adding equations (10), (11), (12), (13) and (14),
= —IC,A"+[AC,—ICJA" '+ [AC, —ICJA" >+ ...+ [AC ,-IC A+ [AC ]I
=1y A+ (=1yp A"+ (1) p A" >+ ...+ ()yp, LA+ (1)'p 11
= —IC,A"+AC A" "'-IC A" '+ AC A" >~ IC A" *+ ...+ AC ,A-IC | A+AC I
=(y[A +pAd-'+pA*+..+p | A+p.I]
From L.H.S, considering only C, and C, terms,
= —ICA"+A" I C-IC A+ AT C — = (Y [A +p A A p A+ L+ p, A+ ]
= —IC,A+AC,—IC A"+ A" ' C I+ .. =)y lA"+p A " +p A"+ ...+p  A+pl]
= —IC,A"+A"IC,—IC A" '+ A" "IC +..=(C1)1[A"+p, A" " +p A" >+ ... +p
[ AI=A= A" 1= A4"]
I[-C A"+ AC,—CA" '+ A4 ' C + . J=(1)[Ad"+p A" ' +p, A" *+..+p  A+pl]
= 0=C1)y[d"+p A '+p, A" *+..+p  A+pl
A" +p A" +p, A"+ +p A+pl=0

2 3 4
Q55. Using Cayley-Hamilton theorem find the inverse of the matrix A=|0 1 5
0 0 1
Answer : Model Paper-2, Q16(a)

Given matrix is,
2 3 4

A=[0 1 5

00 -1

The characteristic equation of 4 is,

|[A-M|=0
2 3 4 1 00
= 0 1 5(-x0 1 0 =0
0 0 -1 0 01
2-1 3 4
= 0 1-A 5 |=0
0 -1-2
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= Q2-M[(1=A)(=1-A)—0]-3[0]+4[0]=0 The characteristic equation 4 is |4 —A |=0
= QR-N[-1-A+A+A]=0 (2 -1 1] 1 00
= Q2-MA-1]=0 =+ -1 2 -=1[-A0 1 0[ =0
= 2-2-AM+A=0 (1 -1 2] [0 01
= M+2M+A-2=0 (2 -1 1] [~ 00
; o = -1 2 -1[-»0 r of=0
By Cayley-Hamilton theorem, 4 should satisfy its char- | - o1
acteristic equation such that, L+~ 1L
—A+242+4-21=0 2-1 -1 1
Multiplying above equation with 4™, —+ -1 2-A -1/_9
CAPH2A+T 2471 =0 1 -1 2-A
—_

QM) [4—ah+ 22— 1] +1[-2+A+1]
+1[1-2+A]=0
QN[N —dA+3]+A-1+L-1=0
’ A HAN -BA 22 —8A+6+A—-1+A-1=0

23 4023 4 W+ -9A+4=0

B N 26N+ N —4=0

00 -1/l0 0o -1 ' - o

:4 040 6+3+0 8+15-4] [4 9 19 w46 9d-4=0
TOF0 64340 B+ Multiply 4™ on both sides,

—0+0+0 0+1+0 0+5-5|=[0 1 © o B

(04040 0+0+0 0+0+1] |0 0 1 AL~ 642 +94-4)=0

= A +24+1=24"

= 4! =%(—A2+2A+[) .. (1)
A*=A4.4

L1

. = A= 64+9[-441=0
Consider, — A2 64+91=44"
—A*+24+1 1,
= A'= J (A7 =64+91) (D
4 9 19 23 4] [1 00 )
=—{o 1 of+2[0 1 s5|+[0o 1 0 A*=4x4
00 1 00 —1] |0 0 1 2 -1 12 -1 1
- - =|-1 2 —1|-1 2 -1
-4 -9 —19] [4 6 8] [1 00
1 -1 21 -1 2
=|-0 -1 —0|+|0 2 10(+[0 1 0 -
-0 -0 -1] |0 0 -2] |0 0 1 [6 -5 5
) 42=|-5 6 -5
-4+4+1 -9+6+0 —19+8+0 s .
_|=040+0 —1+2+1 —0+10+0 L=
_0+04+0 —0+0+0 —1-2+1 Substituting the corresponding values in equation (1).
(1 -3 —11 1'6—55 2 -1 1 100
=0 2 10 At=Z||5 6 S|=6|-1 2 ~1j+9]0 1 0
0 0 -2 s =5 6 1 -1 2 00 1
Substituting the corresponding values in equation (1), ((6 -5 5 12 -6 6 9 0 0)]
. “MHlos 6 —s|l-6 12 —6]d|0 9 0
1 -3 -11 4
A,I_%O 2 10 (5 -5 6) (6 -6 12)]0 0 9]
0 0 -2 ~
| 6-12+9 —5+6+0 5-6+0
Q56. Using Cayley-Hamilton theorem find the inverse =—|-5+6+0 6-12+9 -5+6+0
2 1 1 | 5-6+0 -5+6+0 6-12+9
of the matrix |-1 2 -1]. [3 1 -1
1 1 2 711 3]
Answer : Model Paper-3, Q11(b) 4
. .. -1 1 3
Given matrix is,
2 -1 1 | B
A=|-1 2 -1 A*‘—*I L1
1 -1 2 11
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Q57. IfA=

Answer :

The given matrix is,

2 11
A=|0 1 0
11 2

The characteristic equation of matrix 4 is,

U

Lt e

|[4-M|=0

211 100
01 0[-2l0 1 0of=0
112 00 1
2-n 1 1

0 1-» 0|=0

1 1 2-A

C-HA-HE-M)-1O)+1(=(1-21)=0
Q-2 (1N 2-N)+0-1)=0
Q2-22-A+A)2-A)+A-1=0

420 AhH 22— 2A+ A2+ 202N+ A —1=0
SN HSR—TA+3=0

W -SSR+ TA=3=0

By Cayley-Hamilton theorem, A4 should satisfy its characteristic equation i.e.,

A =54*+74-31=0

Multiplying equation (1) by A' on both sides,

=

=

AV (AP~ 542 +TA-3D)=0
A= 54+71-34"=0

A= %(AZ —54+7I)

Where,

—_
—_— O N
—_ = =
N O =

2 1 1
A2=10 1 0
_1 2_

S~ = B

5 4 211 1 00
= A>-54+71=10 1 -5/0 1 Of+7]0 1 0
4 4 112 0 01

2 1
0 o} then find the matrix represented by A® — 5A7 + 7A® — 3A% + A*— 5A% + 8A%2 — 2A + 1. And
1 2

(D)
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Consider,
A =547+ TA =34 + A* 543 + 84> - 24+ [= A (A> - S5A* +TA -3+ A(A> - 542+ TA -3+ A*+ A+ 1
=A0)+A40)+A*+A+1 [.. From equation (1)]
=A*+A+1

5 4 4 2 11 100 8 55
=10 1 0[+|0 1 O|+|0O 1 O|=]0 3 O
4 4 5 112 0 0 1 558

8 55
A= SATH TA -3+ A -S4+ 84224+ 1= {0 3.0
558

—_—

]
Q58. Verify Cayley-Hamilton theorem and find AS. Where, A = l[—Z 0 2 Jl
1 -2 0

Answer :

Given matrix is,

Ifo 2 —ﬂl

A=1-2 0 2
[1 -2 OJ

The characteristic equation is |4 — Al = 0,

0 2 -1 1060
- 2 0 2|-A[01 0f|=0
1 20 001
- 2 -1
= -2 -1 2|=0
1 -2 -2

= AN EMN-2-D]-2[D) M- (2x D] 1[E2) () - 1=M]=0
= _A[AH4]-2[2L-2]-[4+A]=0
= N 4h-dA+4-4-L=0

= —A-9A=0
The matrix A must satisfy the characteristics i.e., by Cayley Hamilton theorem,
—A*-94=0
Where,
A3 = A.A?
0 2 <1 ffo 2 —1]fo 2 1))
=1-2 0 2 x|72 0 2|><|—2 0 2|
|1 -2 0] UI -2 OJ[I -2 OJJ
[0 2 -1] [-5 2 4]
=1-2 0 2 xl 2 -8 2|
|1 -2 0] [4 2 —SJ
[0 —18 9]
A3:|18 0 —18|
[9 18 0 J
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lfo ~18 9 1| lfo 2 —ﬂl
A4 -94=—-118 0 —18{-9({-2 0 2
[9 18 0 J [1 _2 oJ

1 To o ol

=-18 0 18|-;—-18 0 18|:|O 0 0|=0
[9 -18 OJ[9 —-18 OJ[ 0 J
Hence Cayley Hamilton theorem is verified.
Consider,
—A*-94=0
Multiplying with 4% on both sides,
A-94=0 = A°=94°

[0 —18 9
“9{18 0 -18

[9 18 0 J

[0 —162 81 |

A5=]162 0 -162
[81 162 0 J

—_—

1.4 QUADRATIC FORMS, REDUCTION OF QUADRATIC FORM TO CANONICAL FORM BY
ORTHOGONAL TRANSFORMATION, NATURE OF QUADRATIC FORMS

Q59. Define quadratic form of a matrix.
Answer :

Quadratic Form
Let 4 be a symmetric matrix of order 7.

X1
RY)

WriteA=[a.] and X=| - |,

ij-nxn

Xn

Where x,, x x, are n real variables.

e
Then, X" 4 X = [ X5 ]

aqir G o ayy X1
Ay Qyy = dyy X " n
= bl-jxixj (1)
i=l j=l1
_anl Ayy ann_ _xn_
Where,
b - (aj+a;) ifi#]
i a;; ifi=j
2a; fi#]j
¥ a; fi=j

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.




1.28

MATHEMATICS-II

. _ D
Since, a;=a, i %]

The expression on R.H.S. of equation (1) is homogeneous
quadratic polynomial in variables x,, x,,...x and is called a

quadratic form in 7 variables x,, x,,...,x, corresponding to the
symmetric matrix 4.

B 1 -2 B X
Let, 4= 5 0 and X = X,

Then the quadratic form corresponding to 4 is,

1 -2
o-wevonal L3

Q=X +2(2)xx,+ 0.33

Example

2
= X; —
1 4x1x2

Q60. Write the quadratic form corresponding to the

033
symmetric matrix| 5 7 1l
2
312
Answer :
Given matrix is,
0 > 3
2
A=1|5
5 7 1
312

The quadratic from corresponding to the symmetric
matrix A is given as,

X
XAX = ['xl Xy X3]A Xy

X3

Substituting the corresponding values in above equation,

5
0 5 3 xl
XAX = [xl Xy X3] 5 X,
=5 71
2 X3
312
5 .
= 0+§x2+3x3 5x1+7x2+x3 3+ X, T 2x; [ X2
X3

5
= Exlx2+3x3x1+5x1x2+7x22+x2x3
2
+3x, x; +x, x; + 2x;

= 5x, X, + 6x, X3+ 2x,x; + 7x5 + 2x3

XAX = 7x§ + 2x§ + 5x; x, + 2x, X3+ 6x; X3
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Q61. Define the following with reference to
quadratic form of a matrix,

(a) Positive definite
(b) Negative definite
(c) Positive semi-definite
(d) Negative semi-definite

(e) Indefinite.

Answer :
Consider a matrix ‘4’ with quadratic form ‘X7AX".
(a)  Positive Definite

A quadratic form X”4.X is said to be positive definite if
the eigen values of 4 are greater than zero.

(or)
Ifr=nands=n
(b)  Negative Definite

A quadratic form X”4 X is said to be negative definite, if
the eigen values of 4 are less than zero.

(or)
Ifr=nands=0
(c) Positive Semi-definite

A quadratic form X7AX is said to be positive semi-
definite, if it satisfies the following conditions,

(i) Eigen values of 4 >0
(ii) At least one eigen value should be equal to zero.
(or)
Ifr<mands=r
(d) Negative Semi-definite

A quadratic form X7AX is said to be negative semi-
definite, if it satisfies the following conditions,

(i) Eigen valuesof 4 <0
(i) At least one eigen value should be equal to zero.
(or)
Ifr<mands=0
(e) Indefinite

A quadratic form X74X is said to be indefinite if it has
both positive and negative eigen values.
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Q62. Reduce the quadratic form 6x2 + 3y? + 3z2 — 4xy — 2yz + 4zx to the canonical form also find rank, index
and signature of the quadratic form.

Answer : Model Paper-1, Q11
Given quadratic form is,
6x2 + 3y + 322 — dxy — 2yz + 4zx

It can be represented in the matrix form as,

6 -2 2
A=|-2 3 -1
2 -1 3

The characteristic equation of matrix 4 is,

|A-MI|=0
6 -2 2 100
= |-2 3 —1|-a|o1 0|=0
2 -1 3 001
6-% -2 2
= 2 3-1 -1 |=0
2 -1 3-a

= (6E-MC-MNC-NMN-(D]+2[-2B3-A)+2]1+2[2-2(3-1)]=0
= G-I +A-6L—1]+2[-6+2A+2]+2[2-6+2A]=0
=  (6-N)[A—61+8]+2[21L—4] +2[2L—-4]=0
=  OA-36A+48 A+ 6N —8A+4A—-8+4L—-8=0
= A+ 12A2-36A+32=0
=  AM-1202+36A-32=0
= A=28,2,2.
The eigen values are, A =8, 2, 2

The eigen vectors corresponding to different eigen values are obtained by solving (4 — AN)X =0

Where,
X
X=1y
z
Case (i)
When A =8,
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(4-8DX, =0
6 -2 2 100
= -2 3 —1|-8/010
2 -1 3 001
6-8 -2 2 |[x] [O
= -2 3-8 —1||y|=|0
2 -1 3-8llz] [0
-2 -2 21]|x] |0
= |-2 -5 -1}[y[=|0
2 -1 =511zl 10
R,—>R,-R,
R,—>R,+R,
-2 -2 2] |[x] [0
= 0 -3 =3]|.|y|=|0
0 -3 -3]1[z] [0
R
R]—>3
R,
R, > 3
Ry
Ri—> ==
11 —-1][x] [0
= |01 1]|{y[=|0
01 1/lz] [0
R,—>R,—R,
L1 —1][x] [0
= |01 1]|[y=]0
00 O0llz] 10
= x+y-z=0

= y+z=0

Substituting z = k in equation (2),

y+k=0

y=—k
Substituting y = —k

x—k—k=0

in equation (1),

2

Normalizing the above vector, e, =
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S La

(D)
o)

Case (ii)
When A =2
= (4-2DX,=0
6 -2 2 1.0 0][[x] [0
= -2 3 —1|-2/0 1 Of||¥|=|0
2 -1 3 00 111zl 10
6-2 -2 2 |[x] [0
= -2 3-2 —1[|y|=10
2 =1 3-2f{z] [0
4 -2 21]1[x] [0
= -2 1 -1 =10
2 -1 11]lz] 10
R, — 2R, + R,
R,— 2R, - R,
4 -2 2][x] [0
= 10 0 0 =10
0 0 Oftzl 1[0
= 4x-2y+2z=0
= 2x—-y+z=0
Let, x=k,y =k,
z=-2x+y
=2k, +k,
k + Ok, 1 0
=| 0k +1k, [= k| 0 [+ k|1
-2k +k, -2 1
1
X=10
-2

Normalizing the above vector,

1
Vs
0

—_ = O |
S0

Normalizing the above vector,

w
Si-Sl-e
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The Eigen vectors of symmetric matrix are orthogonal.

-2
e (ez)T =0,¢ (e3)T =0, but ez.e3T = W #0.
Hence, the vector X is,

T _ T _ T _
XX =0, XX =0, X,xT=0

a
Let, X, = |b| be the required Eigen vector,
c
[2
XX=0= |-1|[a,b,c]=0
| 1
2a—b+c=0 .. (3)
la
XX=0= |b|[0,1,1]=0
lc
b+c=0 . (4)

Solving equations (3) and (4),

The normalized vector is,

S

The normalised matrix is, N =

SSLE
Sl -
S S i

The diagonal matrix is, D = N"AN

2 -1 1 2 1
V6 Ve vo 6 -2 2 V6 3 800
LLi -2 3 -1 ;lLl_zo 20

NERRERE] Vs V3 V2
T T Lt NI | I 002

0 - -

VZ NIREIRE

The canonical form is,

" 80 0y,

[yl y2y3]Dy2 :[yl y2y3] 020 2

s 00 2f13

= 8yf +2y3+ 293
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Rank of matrix = Number of non-zero rows.
r=3

Index = Number of positive terms
s=3

Signature =2s —r=2(3)-3=3
Signature = 3.

Q63. Reduce the quadratic form 2x2 + 2y? + 2z — 2xy — 2yz — 2zx to canonical form by orthogonal transfor-
mation and hence find rank, index, signature and nature of the quadratic form.

Answer :
Given quadratic from is,
2%+ 2y + 222 — 2xy — 2yz — 2zx
The above expression in the matrix form is written as,
2 -1 -1
A=|-1 2 -1
-1 -1 2

The characteristic equation of 4 is given as |4 — M| =0

2-x -1 -1

-1 2-% -1 |=0

-1 -1 2-x

C-M[C-P-DED] —EDE1R =M= D D] —1[ED (=D = (=D -A)]=0
Q-V(4+27—an—1) +(=2+A-1D—-(1+2-2)=0
8+202—8h—2—-4L—2° +40 2+ A -2+A—1-1-2+1=0
A +6M2 -9 =0

A — 602 +90=0

AAZ—61+9)=0

A=0,12—6L+9=0

A=0, A2 =31 -31+9=0

A=0, ML -3)-3(A-3)=0

A=0, A-3)(A-3)=0

A=0,A=3,3

Eigen values are, A =0, 3, 3.

U

L O 2 2 L A

The eigen vector corresponding to different eigen values are obtained by solving (4 — ANX =0

Where,

X
X=x,
X3
Case (i)

When A =0,
2 —1 -1][x] Jo
-1 2 —1{[x|=]0
-1 -1 2||x] [O

Applying R, = 2R, + R, R, = 2R, + R,

2 —1 —1[x] [0
0 3 -3|[x,|=|0
0 -3 3]lx] [0
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Applying R, — R, + R, Solving the above two equations,
2 -1 —1f|x 0 x,+2x,=0
0 3 =3||x|=|0 i k=0
00 0]lx) [0 Letx, =k x, +2k=
2x, —x,—x,=0; x,=—2k
3x,-3x,=0=x,=x, Then, x, -2k + k=0
Letx,=x,=k = x-k=0
Then, 2x, —k—k=0 = x =k
= 2x,-2=0 X, k 1
= x,=k = X, = |xn|=|2k|=k-2
[ x, k 1 :x3 k !
= X, = |x|=|k|=K1 1
BN 1 X,=12
,1 _1
X =1 The normalised matrix () is given as,
1 i
. ) .. €
Case (ii) ML Tl Tl
When A = 3,
1-1-1 0] 1 - 1
I VIH1+1 J1+0+1 Y1+4+1
-1 -1 —1{[x,|=]0 1 2
-1 =1 =] 0] = N i JTa+1
ApplyingR, > R, - R,R, > R, - R, 1 1 1
—1 1 ~1][x] [0] VIH1+1 J140+1 J1+4+1
0 0 O0f[x]|=|0 (1 1 1
10 0 O0]]x;] [O] ﬁ 7 ﬁ
=X =%, =%, =0 - N= L 0 __2
= x tx,+x,=0 x/lg X x/lg
Let.x,=0; 5 s
Thenx +0+x,=0 | 1 1
S nex FERREG
_ _ -1 1
Let,x,=k,thenx, =—k - |— 0 —
3 1 p— NT \/E \/E
X -k -1 1 -2 1
= X, =|x|=| 0[=k0 V6 V6 6
X, k 1
1 Diagonal matrix D = N"AN
X,=10 .
1 L I
3 3 3 3 2 6
Hence, X, can be determined using the orthogonal £ V3 \/17 2 -1-1 \/17 V2 [2
property, =D=|—"= 0 —|-1 2 —1{|—= 0 —
ie, X;.X,=0and X;.X; =0 e L .
N . /6 W6 V6l V3 V2 e
1 1
% 3 = D=[030
= xtx,+x,=0;-x+x=0 003
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Canonical form is given as,

CF =Y'DY

00 0][y,
= CF=[y 1|0 30y
00 3|y,

Y

= [0 3y, 3y]|»,

V3

= Oy} +3y; +3y3

=3y3+3y]
Canonical form (C.F) = 3y +3y3
Rank of the quadratic form =2
Index =2
Signature = 2

It is positive semi definite.

Q64. Reduce the quadratic form 3x2 + 5y? + 3z2 — 2xy — 2yz + 2zx to canonical form by orthogonal transfor-
mation and hence find the rank, index, signature and nature of the quadratic form.

Answer : Model Paper-2, Q11
Given quadratic form is,

3x? +5y% + 322 — 2xy — 2yz + 2zx
The above expression in the matrix form is written as,
3 -1 1

A=|-1 5 -1
1 -1 3
The characteristic equation of 4 is given as,
[A-M=0
34 -1 1
= -1 5-A -1(=0
I -1 3-A

G-MIG-2)G -1~ DED] - DG -2~ D]+ EDED - 16 -] =0
B-A)[15-5L-3A+A>—1]+1[-3+ +1]+1[1-5+X]=0
B-AA-8A+14]-3+A+1+1-5+1=0
3240+ 42 - N+ 82— 14— 6+21 =0
-+ 1A -36L+36=0
A =112+ 361 -36=0
By trial and error method,

r=2|1 11 36 -36
0 2 -18 36
1 9 18 |0

L R

L A9 +18=0

, A —6L—3%+18=0
, ML—6)—3(L—6)=0
, (A=3)(A-6)=0
A=2, A=3,1=6

Eigen valuesare A =2, 3,6
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The eigen vectors corresponding to different eigen values | Case (iii)
obtained by solving (4 — L)X =0 When & = 6,
X, )
Where, X = | x, =3 - x| 0
B -1 -1 ~1|x|=|0
3
1 -1 =3]|x] o
Case (i) : B
Applying R, > 3R, - R, 3R+ R,
When A =2, .
‘ 3 -1 1][x] [0
U A 0 2 4||x|=|0
-1 3 —1||x,|=0 0 -4 =8]|x] [0
1 -1 1|x] o
Applying R, > R, + R, R, > R, — R, Applying R, — R, - 2R,
1 -1 1][x] [0] 3 —1 1][x] [0
02 0f1x%1=10 0 -2 ~4|x|=|0
0 0 Offxs] 10 0 0 0/f[x] [0
2x,=0=x,=0 ~2x,—4x=0
xl—x2+x3=0:>x1—0+x3=0 = x=-2,
= hTTh Letx,=kthenx,=-2k
Letx, =kthenx =—k
=3x,~k, k=0
x| |-k -1
X =|x|=|0|=k 0 = —3x,+2k+k=0
] Lk 1 = —3x+3k=0
-1 = x =k
X=10
C . 1 X, k 1 1
ase (i) = X, =|x|=|2k[=HK-2|=|2
When A =3, X3 k 1 1
0 -1 1|[x] [0 : . o
1 The normalised matrix () is given as,
-1 2 —1||x,|=]0 _
1 -1 0]lx] [0 No| B X K
R,—>R,+R+R X X X
0 -1 1][x] [o -1 1 1
-1 2 -1 x2:0 \/l+0+l \/1+1+1 1+4+1
1 —2
0 0 O 0 = 0
5 = N JF1+1 J1+4+1
-x,+x,=0 1 1 1
= x-=x | V1+0+1 YI+1+1 J1+4+1
Lets X2:k —;1 L L
—x, +2x,-x,=0=>-x +2k—-k=0 V2 ‘/15 ‘/g
= —x +k=0 = N5 0 T3 g
1 1 1
= x,=k —— = ——
1 [v2 V3 el
>X1 k 1 - .
= X, =|x|=|k|=k[1 2 2
R AR
, = NGB s s
1 12 1
S x|l Ve Vo Vsl
11 Diagonal matrix (D) = N"AN
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1.36
1, L SRS
N ;Y IR W RS
A Vi Vs
I I T e N I N T
Js Vs Vs 2 s
200
= D=1030
006
Canonical form is given as,
CF=YDY
20 0| |»n
=[» » »l1{0 3 0| |»
0 06|y
N
= [2% 3y, 615] |1,
3
= 2y12+3y§+6y§

Rank of the quadratic form =3
Index =3
Signature = 3

It is positive definite.

Q65. Reduce the quadratic form 2x? + 5y? + 3z2 +

4xy to a canonical form through an orthogonal
transformation. Find also its nature.

Answer :
Given quadratic form is,
2x2+ 5y% + 322 + 4xy (D)
Equation (1) can be represented in matrix form as,
220
A=1250
003

The characteristic equation of matrix 4 is,

A-A=0
220 100
= [250[-A[010|=0
003 001
2-% 2 0
= 2 5-2 0 |=0
0 0 3-%

= 2-MG-ME-A)-0)-223-1)-0+0=0
= 2-M)(15-5L-3L+22)-2(6-21)=0
= 2-N02-8A+15)—12+41L=0
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202 —16A +30 -3 +8A2— 150 —12+41=0
A+ 10A2 =270+ 18=0

A —10A2+270-18=0

A=6,A=3,A=1

I

The eigen values obtained are A =6, A =3, A = 1.
Case (i): When L =6
Characteristic equation is,
A4-1DX=0
= A-6DX=0

22 0] [10 0],
= |25 0[-6/0 1 0]]|y|=]0
10 03] oo 1]tz
2-6 2 0 Jy1 To
= 2 5-6 0 =10
| 0o o 3-6fzl 10

-4 2 0 X 0
0f»l=10
3|z 0

= 2 -1
0 0

R,—2R +R,
>—420x 0
= |00 o0lyl=]0

0o 0 -3zl 10

—4x+2y=0
-3z=0
Let,y=k andz=0

=  Ax =2k

X = Ekl
The eigen vectors corresponding to A = 6 are,
ky 1
X . _
Y- 2] i 2
| T ki M
= 1o 0

Case (ii) When A =3
Characteristic equation is,
A-ADX=0
= A-3DX=0

220 10 0llx1 10
= {[250[-3[010]y]=]0
003 00 1|tz 0
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2-3 2 0 0 Let, y=k,
= 2 5-30|»|=10 = x+2 =0
o o ofzl 10 x=-2k,
-1 2 0Ofy 0 2z2=0=2z=0
= 220 Y| = 0 [x 72]{1 )
0 oofzl 10 = X=|y|=|k |=k|1
=  x+2y=0 (D -z 0 0
242y =0 Q) % 0 2
Solving equations (1) and (2) X=1 %= 0.4, 1
-6 0
X y z L0
2 0 —1 ) Hence X, X,, X, are pair wise orthogonal.
2 0 2 2 Normalising the vectors,
x y oz L
Z 00 —2-4 —2 (1
] -
x] [0 2 OO Ls
= X, =|y/=10 R X 1 \/;
z -6 a= x| 1V 11
. RO S I v
Case (i) When . = 1 \ﬁ
0 4
Characteristic equation is, 1B .l 0
—| +(1)2+(0)?
(A ADX=0 > TM7HO)
= U-DX=0 0
Y02+ 0%+ (-6)*
220] [1o0]lx1 70 1 (=6) 0
— = A [ — O
= |[250[=]0o1 0|fy|=]0 Nl s
003] oozl 10 P -
21021 (6)2
2-1 2 0 |1 10 | /02 +02+(=6)? |
= |2 5-1 0 [y|=]0 ' )
2
0o o 3-1)lzl 10 P07 =
A ! s
6r = -
P20 o PV ()24 (0)? 75
= [240[y|=|0 0 05
00 2fzl 10 [V(2)"+(1)*+(0)” |
R,—> R,-2R The normalised matrix, ‘N’ is,
120 X 0 N:[él éz é3]
00 0|y|=0 | >
00 2)lzl 10 50
=0 N=| 2 0 1
+ — _ P
2z=0 0 -1 0
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The diagonal matrix D is,
D = N"AN

[e]
|
oG =& b

220
250
003

(=]
S =G

(=)
(=)

}

o

Il
o&“w}“ —
o}"w}“ —

S O
(=N =
- o O

The canonical form is given as,
6007y,
Y'DY=[y, y, »,1|0 3 0[]|»
00 1fL)3
N
=6y, 3y, »l|»2
V3
= 6y7 +3y3 +3
The canonical form is,
67 +3y3 +y3
Here, all the eigen values are positive.

Nature of the quadratic form is positive definite.

Q66. Reduce the quadratic form 2xy + 2xz + 2yz to

a canonical form and also find its nature of the
matrix.
Answer : May/June-12, Q11(b)
The given quadratic form is,
2xy + 2xz + 2yz

Then, the quadratic form can be represented in matrix
form as,

A=

)

1
0
1

S = =

The characteristic equation of the matrix 4 is,
|A-A|=0

0 1 1 100

1 0 1|-Aj0 1 0=0

110 0 01

2 1 1

I & 1(=0

I 1 -\

M- —-1(-A-1) +1(1+1)=0

“AH+A+ A+ 1+ 1+A=0

-A+3A+2=0

AM-3A-2=0

1

) R R A |

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

=—1|1 0 -3 =2
0 -1 1 2
[T -1 2 [o

A+DHR*-A-2)=0

A+ 1) A2=2L+A-2)=0
A+1D)AMA-2) +1(A=2))=0
A+tDHA-2)A+1)=0
A=-1,2,-1

The eigen values are, A =—1,2,— 1

L

The eigen vector corresponding to different eigen values
are obtained by solving (4 — ANX =0

Where,
X
X=1x
X3
Case (i): A=-1
11 1 x 0
1 1 1 -xz = 0
11 1|x] |0

—_ X Tx,+x,=0

Let,x,=0

The eigen vector is,

1
X =10
-1
Case (ii): A=3

-2 1 10[x] o

1 -2 1 ||x|=]o0

11 =2||x] |o
—2x, +x,+x,=0 .. (1)
X, —2x,+x,=0 .. (2)

Solving equations (1) and (2),

XX X
1+2 -2-1 4-1

X _ X% _ X%
3 3 3
The eigen vector is,
1
X, =1
1
The third eigen vector (X,) can be determined as,
p
Let, X,= | q

7




UNIT-1 Matrices

Since X, is orthogonal to X, and X, we get two equations
corresponding to eigen vectors X, and X i.e.,

pt0g—r=0 ..(3)
ptq+tr=0 .. (4)
Solving equations (3) and (4),
A -~
0+1 1+1 1-0
r
= =5

The eigen vector is,

Normalizing the above three eigen vector,

1

JEror 2 | |L
0 V2

e — =|o0

S B CI ST B e §
-1 V2

»,/12+02+(—1)2 |

V2412 412
1
e = | —1|=
2 VP +12 412
1

N2 +12 412

-t

r

1

Y2+ (=2)2 +12

-2

V2 +(=22 +12 -

B
J/12 +(=2)* +17 |

The normalized matrix, ‘N’ is,

g
I
B o

N=lee,e,]
1 1 1
2B
ve|o L =2
N3
-
2 B
1 -1
NN
vl L Lo
= 5 BB
12 1
6 6 6

1.39
The diagonal matrix D is,
D=N'AN
Ry BRI
*/15 | \/15011 V2 43 e
D=+ —+= =|[t o 1|0 L =2
NERENERING] NG
o2 |
Vo 6 el V2 3 e
N
R CH NN
|22 2, L -2
VB VBB N3
e s B e R S
V6 Vo ellv2 V3 o
(-1 0 0]
{0 2 0
0 0 -1
-1 0 ©
= D=|0 2 0
[0 0 -1

The canonical form is given as,

=10 0||»n

YIDY =y, 3,1][ 0 2 0 [|»
0 0 1|y

N1

=y 2y, —»l|»n

V3

— _y12 +2 yzz_y32
The canonical form is,
7y12 + 2y227y32

Since some of the eigen values are positive and some are
negative, therefore the nature of quadratic form is indefinite.

Q67. Reducethequadraticform x} + 3x3 + 3x3—2X, X3
by orthogonal transformation. Find rank
signature and nature.

Answer : Jan.-12, Q11(b)

The symmetric matrix 4 corresponding to the given
quadratic form Q is,

1 0 0
A=1{0 3 -1
0 -1 3

The characteristic equation is |4 — AZ] = 0.

(1 0 o0 1 00
0 3 —1|-AM0 1 of=0
0 -1 3 0 0 1
1-» 0 0

= 0 3-A -1|=0
0 -1 3=\
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Applying C, = C, + C;
I-» 0 0
= 0 2-» -1{=0
0 2-A 3-A
1 0 0
= (1I-MDQ2-MP0 1 -1{=0
0 1 3-A
Applying R, > R, - R,
1 0 0
= (1-MQ2-A 1 -1/=0
0 0 4-A
Applying C;, —» C, + C,
1 0 O
= (1-AMNC2-A)|0 1 0 |=0
0 0 4-2

= (1-NC-V@E-1)=0

A =1, 2 and 4 are the eigen values of 4.

The eigen vectors corresponding to different eigen values are obtained by solving (4 — AN)X = 0.

Where,
X
X=1|x
X3
Case (i)
When A =1

= A-DX=0

0 0 O0f[x 0
N 0 2 —1||x|=1|0
0 -1 2||x 0

Applying R, = 2R, + R,

0 X 0
2 1| |x|=]0
00 3 X3 0

= 2x2—x3:Oand3x3:O

= x2:0andx3:0

Let, x, = kl, arbitrary. Then, the eigen vectors corresponding to A = 1 are,

—xl k] 1
Xlz X |=10 :C1 0
X3 0 0
1
X, = 0
_0
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Case (ii)
When A =2

= (A-2DX=0

-1 0 0][x] o
= 0 1 —1f|x,|=|0

0 -1 1f|x]| [0
Applying R, —» R, + R,

-1 0 0][x] [o
= 0 1 -1||{x,|=10

00 0f|x]| |0
= fx1:0andx27x3:0
= x1=0andx2=x3

Let, x, = k, be arbitrary so that x, =k,

Hence, all the eigen vectors corresponding to A = 2 are,

[x, 0 0
X, =% |= ky =k2 1
X3 ky 1

[0

X = 1

2 »1

Case (iii)
When A =4

= (A-4DX=0

-3 0 0][x] To
= |0 -1 -1f|x|=]0
0 -1 -1||x| o

1
Rl_)_gRl
R, —>R,—R,
1o o0][x

0
= |0 -1 -1||x|=]0
0 0 o|[lx]| |o

= X, =0andfx27x3=0

= x1=0and X, ==X,

Letx, = k, be arbitrary. Then, x, =k,

Hence, all the eigen vectors corresponding to A = 4 are,

X 0 0
AX; =|x|= —k3 :k3 -1
X3 ks 1
oS
X =1-1
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1 0 0

Thus, X, = |0 ,X2: 1 andX3: —11 are eigen vectors

0 1 1

corresponding to distinct eigen values (A = 1, 2 and 4) of the
symmetric matrix A4.

Hence X|, X, and X are pair wise orthogonal.
The inner products,

X X, =X]X,= X[ X, =0
Normalizing the eigen vectors,

1

ezizo
x| 0
0
_ X | L
© X, \15
2
0
IR SR et 3
ST (V2
1
-2

Hence, N=[e, e, e,]is the normalised matrix,

1 0 0
0 1 1
= N= 2 2
0 1 1
J2 2
The diagonal matrix is,
D = N"AN
1 0 0 1 0
. 1|t oo . 1 1
- V2 2o 3 -1 22
1 1 1 1
0 — —110 -1 310 —_— —
/2 V2 V2 V2 |
1 0 0 1 0 0
. 22|, 1 1 100
A ] 2 T2l=[o20
4 4 1 1
0o — —|lo —= =] o4
> 2 2o
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The canonical form is,

1.0 0fy,
YDY=[y, », »1{0 2 0f»
00 4|3
= yi+2y3 +4y3
No. of positive terms (index) (s) =3
rank of quadratic form, (r) =3
signature of quadratic form = 2s —r

The given quadratic form is positive definite.




UNIT

DIFFERENTIAL EQUATIONS
OF FIRST ORDER

PART-A
SHORT QUESTIONS WITH SOLUTIONS

Q1. What is exact differential equation?
Answer :
Exact Differential Equation
An equation of the form Mdx + Ndy = 0 (where M and N are functions of x and y) is said to be Exact differential equation.
oM _ oN

Le., —
dy  ox
Example

@+ y)dx+ (*+x)dy=0
The general solution of this form is obtained as,

I Mdx + J Ndy=c

(y constnat) (terms independent of x)

Q2. Solve (3x2 + 2eY)dx + (2xeY + 3y?)dy = 0.
Answer : (Model Paper-1, Q3 | June-11, Q2)
Given differential equation is,
(3x% +2e)dx + (2xer + 3y)dy =0 . ()
Equation (1) is of the form Mdx + Ndy =0 .. (2)
Comparing equations (1) and (2),
M =3x*+2¢ and N = 2xe’ + 3)?

aﬂfisZJ’_Zy
P —ay[x e’
aﬂz_32+i2y
= dy ay[x] ay[e]
el 9,
= o _0+28 (@)
oM
§:2e)’ ..(3)
aa—])\: = a—[2xey+3y2]
oN 1.9
> ox [2xer] + == 13V7]
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2.2
oN d
= g :26}'ax(x)+0
N
= (2)_x =2¢e'(1)
oON
— =2 .. (4
FE “4)
From equations (3) and (4),
v
dy  Ox

Equation (1) is an exact differential equation.
The general solution is,

Mdx +

(terms independent of x)

Ndy =c¢ .. (5)

(y constant)

Substituting the corresponding values in equation (5),

- J(3x2 +2¢")dx + Igyzdy .
= J.3xzdx + .[Zeydx + J3y2dy =c
= 3JX2.dx+2€dex -1-3'.'y2 dy=c

3 3
= 3[%] +2e() +3 [%] =c

= xX+e'ty'=c

The general solution is x* + * + 2xe’ = ¢

Q3. Find the solution of the differential equation,

(y—-x+1)dy—-(y+x+2)dx=0

Answer : Jan.-12, Q2
Given differential equation is,
y-—x+Ddy—(y+x+2)dx=0
= —(+tx+2de+(y—-x+1)dy=0 .. (D)
Equation (1) is of the form Mdx + Ndy = 0.
2

Comparing equations (1) and (2)
M=-(@+x+2)and N=(y—-x+1)

oM d
oM d 0 0
a7 = — —(2
= 5 [ay(y)+ay(x)+ay()]
M
= % =—[1+0+0]
oM
g—fl ..(3)
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ON 0
—=—((—x+1
% (v )
ON O 0 0
2 —()——Mm+=—q
= = ax(y) ax( ) ax( )
oN
—=0-1+0
ox
oN
= = .. (4
. “)
From equations (3) and (4),
. _oN
ay ox
Equation (1) is an exact differential equation.
The general solution of equation (1) is given as,
[ max Nedy =c 05

(y constant) (terms independent of x)

Substituting the corresponding values in equation (5),

= j—(y+x+2)dx+](y+1)dy=c

= _[fydx+/xdx+/2dx fydy+fdy]

2 2
- - y(x)+x7+2(x):|+[ Lty

+

=c

—2xy+x2+4x:|
o T

~(Qxy+x’Hax)HyP 2y
= 2 =cC

= 2xy-—x’—4x+)y*+2y=2c
= P -x*-2xp+2y—4x=2c

The required solution is, > —x? — 2xy + 2y — 4x = 2¢

Q4. Solve ﬂ+y.cosx+siny+y:0.
dx sinx+xcosy+Xx

Answer : (June-13, Q2 | May/June-12, Q1)

Given differential equation is,

dy N ycosx+sin y+y ~0
dx sinx+xcosy+x

d _ .
- a4y _ —(ycosx+siny+y)

dx (sinx+xcos y+x)
= (sinx +x cos y + x)dy =—(y cos x + sin y + y)dx
= (sinx +xcosy +x)dy+(ycosx +siny +y)dx=0
= (yeosx+siny+y)dx+(sinx+xcosy+x)dy=0 ... (1)

Equation (1) of the form is, Mdx + Ndy =0 .. (2)
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Comparing equations (1) and (2),
M =ycosx+siny+y and N=sinx+xcosy+ux

oM ) o 4 siny )
—— = - (ycosx+siny+y
dy 9y
oM
= E:costrcoserl ..(3)
IN )
Ox = a(smx+xcosy+x)
dN
= Ox = cosx + cosy + 1 .. (4)

From equations (3) and (4),
oM _ N
dy dx
Equation (1) is an exact differential equation,

The general solution is given as,

/de-i-

(y constant) (terms independent of x)

Ndy =c ...(5)

Substituting the corresponding values in equation (5),

I(ycosx+siny+y)dx+_[0dy=c

= y(sinx) +x siny +xy =c¢

x siny +y sin x + xy = ¢ is the required general solution.

Q5. Define an integrating factor.
Answer :

A function F(x, y) which can make a non-exact
differential equation of the type M(x, y) dx + N (x, y) dy =0
exact, is called the integrating factor of the differential equation.

Q6. LFofxy(1 +xy2)% =1is,
Answer : X (Model Paper-2, Q3 | May/June-12, Q2)

Given differential equation is,

N
xy(1+xy)dx =1

1
= (1+x2)dy= x_ydx

1

= dx—(1+x*)dy=0 .. (D)
Xy

Equation (1) is of the form,
Mdx + Ndy =0 .. (2)

Comparing equations (1) and (2),

1
M=—and N =-(1+x)?)
Xy

oM -1 9N ,
= =, — =-—
W xp* ox 7

2.3
M ON
Since, — # — the integrating factor is given by,
dy  Ox
1
ILF = —— ..(3)
Mx + Ny

Substituting the corresponding values in equation (3),
LF= !
(E) x—(1+xp?)y
1 y
;- 1-y*(1+x)%)

1
P
Y

IlF= —— ——>~
1-y*(1+xy%)

Q7. Find an integrating factor of (x2y — 2xy?) dx — (x3
- 3x%y) dy = 0.
Answer : (Model Paper-3, Q3 | Dec.-13, Q1)

Given differential equation is,
(x%y =2xy*)dx — (x> =3x%y)dy =0 .. (D)
Equation (1) is homogeneous and is in the form of Mdx
+Ndy=0 .. (2)
Comparing equations (1) and (2),
M=x*-2x)? , N=-x*+3x2y
Integrating factor, is expressed as,

LF= m ..3)
Substituting the corresponding values in equation (3),
_ 1
x(@%y = 2% + (= 4 3ay)y
1 1
B x3y—2x2y2 —x3y+3x2y2 - W
~ LF= :
~1E= 7
Q8. Define linear differential equation.
Answer :

Linear Differential Equation

: : : dy
A differential equation of the form T +Py =0 (Where

P, Q are functions of x or constant) is said to be linear if the
dependent variable and its derivatives are of first degree.
Example

ﬂ+2ytanx=sinx
dx

The general solution of linear differential equation is
obtained as,

yx(LF)= fQ X (ILF)d+c¢
Where,

Integrating factor (L.F) = ej Prdx
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e—z&

x

Ly |dx _
CUx Jdy

(Model Paper-3, Q4 | Dec.-13, Q2)

Q9. Solve [

Answer :

Given differential equation is,

e y |dx
—— [—=1 (1
[J} &]dy W

E ﬁ = \/; (2)

Equation (2) is a linear differential equation of the form,

dy
. +Py=0 .. (3)

Comparing equations (2) and (3),
1 efz‘/;

P =— =
NN
1
Pdx T
Integrating factor (I.F) = e-[ = ej[&] dx
. LF= o
The general solution is,
W(LF) = J'(Qx(I.F))dx+c (4

Substituting the corresponding values in equation (3),

dx+c

—2[x+24/x
Z‘F J \/7 dx+c

J‘—dx+c
J—dx+c— X

V. ezﬁ = 2/x isthe required general solution.

Q10. Define Bernoulli’s equation.
Answer : Model Paper-1, Q4

If P and Q are the functions of a variable ‘x’, then the
Bernoulli’s equation is defined as,

d n
Y ipy=0y
dx

Where, 7 is real constant.
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Q11. Define Riccati’s equation.
Answer :

A first order differential equation of the form y’ = P(x)
¥+ Q(x)y + R(x) is called Riccati’s equation.

Q12. Define Clairaut’s equation.
Answer :

An equation of the form y = px + f(p) is called clairaut’s
equation.

Q13. What is an orthogonal trajectory?
Answer :

A curve intersecting every member of the family of
curves at right angle is referred to as orthogonal trajectory and
is depicted in figure below.

y
A

Figure

Here, curve ‘4’ represents an orthogonal trajectory.

Q14. Find the orthogonal trajectories of the family
of curves x? + y% =
Answer : Model Paper-2, Q4

Given equation of family of curves,

X+yr=a (D)
Differentiating (1) with respect to ‘x’
dy
2x+2y— =0
4 dx
dy
2y— =2
4 dx o
L
dx y

The equation of orthogonal trajectories is obtained by

—d
replacing % by d_yx and then integrating,

A ox g _dy

dy y = x y
Integrating on both sides,

1
J.ldx = J.—dy
X Yy

= logx=1logy+logc
= logx—1logy =logc
X
= log| = [=1logc
y
x
— =c
y
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PART-B
ESSAY QUESTIONS WITH SOLUTIONS

2.1 EXACT DIFFERENTIAL EQUATIONS

Q15. What is exact differential equation? Mention the steps involved in determining an exact differential equation.

Answer :
Exact Differential Equation

An equation of the form Mdx + Ndy = 0 (where M and N are functions of x and y) is said to be Exact differential equation.

am _ow

T Oy ox
Example

@ +p)dx+(*+x)dy =0

The general solution of this form is obtained as,

/ Mdx + f Ndy =c¢
(v constant) (terms independent of x)

Procedure

The sequence of steps involved in determining an exact differential equation are:

Step 1
First step is to write the given equation in the form Mdx + Ndy = 0.
Step 2
In this step, the differential equation is tested for exactness.
ie., aﬂ = a—N
Step 3 Y o
The final step is to determine the general solution using the formula,
J.de + dey =c
(veonstant)  (termsindependentof x)
Q16. Solve (x +y—2)dx + (x —y + 4)dy = 0.

Answer :

Given differential equation is,

(x+y=2)dx+(x—-y+4)dy=0 (D
Equation (1) is of the form, Mdx + Ndy =0 .. (2)
Comparing equations (1) and (2),

M=x+y-2 ..(3)
N=x—y+4 . ()

Partially differentiating equation (3), with respect to ‘y’,
M _, - (9)
dy
Partially differentiating equation (4), with respect to x,

IN_, . (6)
ox
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From equation (5) and (6),
a_av
dy  ox

Thus, the given differential equation is exact.

The general solution of an exact differential equation is

given as,
f Mdx + f

(y constant) (terms independent of x)

Ndy =c

[ty -2+ [(yraay =

2 2
X -y
—+xy—2x [+ +4y |=c

2 2

Xy
———+xy—2x+4y=c
) Y y

= Xy +2xy—-4x+8=2c

X =)+ 2xy—4x+ 8y =2c

Q17. Solve the initial value problem 3x2y*dx + 4x3y3dy
=0,y(1)=2
Answer : (Model Paper-1, Q12(a) | Jan.-12, Q11(a))

Given differential equation is,

3xytdx+4x%3dy =0 .. (1)
n1)=2
Equation (1) is of the form,
Mdx + Ndy =0 (2

Comparing eqations (1) and (2),
M =3x%* N =4x%)?

= oM = 12x%7? ..(3)
dy
= N _ 12x%° . (®
ox
From equations (3) and (4),
ar_av
dy  ox

Hence, equation (1) is an exact differential equation

The general solution is, J(de + Ndy)=c
= J3x2y4dx + I4x3y3dy =c

= 3y4jx2dx+4x3jy3dy =c

3 4
= 3y4 L B [
3 4
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= x+xyt=c

= WYHt=c .. (2)

Applying initial value condition i.e., (1) =2 = ¥(x)) =,
ie, x,=landy =2
y=2whenx=1

Substituting the corresponding values in equation (5),

201y =c

L 32=c

Substituting the value of ¢ in equation (5),
23%4=32 = xH* =16
Xyt =16

2.2 INTEGRATING FACTORS

Q18. Define integrating factor. Write the rules for

finding integrating factor for Mdx + Ndy = 0.
Answer :
Integrating Factor

For answer refer Unit-2, Q5.

Rules for Finding Integrating Factors of the equation Mdx
+ Ndy =0

1. Integrating Factor Found by Inspection

In many cases, the integrating factor can be determined
by regrouping of terms and recognizing each group as a part of
an exact differential equation. The important useful differentials
are,

(1)  xdy +ydx=d(xy)

(i) xdy—zydx :d(lJ
X X

(iify FDYdx _ g [log[l)j
Xy X
dy — yd
(v) 2= yx——( ]
y
) B d(tan 1)
x* +y? X

2. Integrating Factor of a Homogeneous Equation

If M(x, y) dx + N(x, y) dy = 0 represents a homogeneous
equation and Mx + Ny # 0, then the integrating factor of Mdx +

Ndy =0 is, m
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3. Integrating Factor for an Equation of the Type f, (xy) . 5

ydx +f(xy) xdy=0 - e_+2[x7] —

If differential equation Mdx + Ndy = 0 is of the form 7
Yf (xy) dx + xf,(xy) dy = 0 and Mx — Ny # 0, then integrating ) . e,

1 The required solution is, —+ x“ =¢

. y
factor is given as, My + Ny
4, Integrating Factor of Mdx + Ndy = 0 Q20. Solve (x*+y® + 1)dx + xy?dy = 0.
Case (i) Answer : June-10, Q2

For a continuous single variable function f{x) such that
oM oN . .
Y = Nf (x), the integrating factor of Mdx + Ndy = 0,
)y X

is given as e

Case (ii)

[

For a continuous and differentiable single variable func-

) ON oM . .
tion of g () such that Fe g = Mg(y), the integrating factor

. Jg(y)dy
is, e
5. Integrating Factor of x*y"(mydx + nxdy) + x*"y"'
(m'ydx +n' xdy) =0
For the equation x* y* (mydx + nxdy) + x“y" (m' ydx +
n' xdy) = 0 an integrating factor is given as x" y*
Where,
a+h+1 _b+k+1 a'+th+1 b'+k+1

’ 1 '

m n m n

Q19. Solve y(2xy + e¥) dx = e*dy.
Answer :
Given equation is,
y(2xy +eY)dx =e'dy
= 2xp%dx + ye’dx = e’dy
=  (ye'dx —e'dy) + 2xy* dx =0 .. (1)
Dividing equation (1) with y?,

(ve*dx —edy)+ 2xy*dx

5 =0
y
edi—ed) sar -0
y
ex
= d 7 +2xdx=0 .. (2)

e’ | ye'dx—e'dy
odl == |= -
y y

Integrating equation (2),

Jd[%}+'[2xdx =0

Given equation is,

P+ +1)de+x*dy=0 .. (1)
Equation (1) is of the form M dx + Ndy =0
Comparing equations (1) and (2),
M=x*+y"+1,N=x)?

oM 32 oN
= ay =35, ox =)
oM  oN
JR— ¢ _

dy Ox
Equation (1) is not exact.
Consider,

1 (oM oN 1 2 2
—| === =06y =)
N(ay Bx) g

Integrating factor,

IF= | 5 o

B N
2
e‘[;dx

_ elogxz _

I[BM N

— e210gx

X2

LF =x?
Multiply equation (1) by L.F to make it exact.
B+ +x) dx +x3ydy=0
It is exact differential equation of the form, Mdx + Ndy =0
The general solution is,

Jde+

(yconstant)

INdy =c

(termsindependent of x)

= J[x5+x2y3+x2] dx=c

= Ixsdx+y3jx2dx+Jx2dx=c
P
= —+y —+—=c
6 3 3
x+2x°y +25°
L rTer )y e .
6

The required solution is,
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Q21. Solve (3x2y3eY + y* + y?)dx + (x%y%e¥ — xy)dy = 0.
Answer : (Model Paper-2, Q12(a) | June-13, Q11(a) | June-10, Q11(a))

Given equation is,
Bx?ye? + 37 + yHdx+ (xPye?’ —xy)dy=0 )
Equation (1) is of the form,
Mdx+Ndy=0 .. (2)
Comparing equations (1) and (2),
M=3xy ety +y’and N=x*)* & —xy

M _ e’ 3x2y* +9x%y?)+3y7 +2y
dy
N =3x%y%’ —y
ox
oM  oN
_¢ R
dy  ox
Equation (1) is not exact.
oM oN
——— =3x%%e" +9x% %’ 43y + 2y —3x2 e + y
dy  Ox
M IN
= M N _ 9x’y’e’ +3y% +3y
dy  ox
= M N _ 33x%y%e” +y7 +y)
dy ox
IN_M _ -33x*y%e’ +y* +y)
ox dy

1(ON oM ) -33x"y’e’ +)” +y)
M| ox dy | 3xBHlel 4y +)?

—3(3x2yzey + y2 +y) 3
y3x*yPer +y +y) Y

L{oN_oM)_-3
M| ox oy v

. (N _am ),
Integrating factor, LF = e'[ M| ax oy |V

Sy

Multiplying equation (1) by L.F, exact differential
equation is obtained as,

2.3y 3 2 3.3 y
[wﬂ_ﬁy_}}dﬁl%_x_{}@ 0
y yor y y

1
= [3x2ey+1+—:|dx+|:x3ey—i2]dy=0
y X
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The above equation is an exact differential equation of
the form, Mdx + Ndy =0
1 X
M=32" +1+— ,N=x¢e -
y Y

The general solution is,

= Jde +

(yconstant)

dey —¢ - (3)

(termsindependent of x)

Substituting the corresponding values in equation (3),

= J[3ey.x2 +l+l]dx =c
y

3
X x
= 3P —+x+—=¢
y
The required general solution is,

x
el +x+ = =
y

Q22. Solve y(xy + 2x2y%) dx + x(xy — x?y?)dy = 0.
Answer :
Given equation is,
Y(xy+2x°y)dx + x(xy —x*y*)dy =0 « (1)
xy(ydx+xdy)+x2y2(2ydx—xdy) =0 .. (2)
Equation (2) is of the form,
x“x" (mydx + nxdy) + x“y” (m'ydx + n'xdy) =0 ... (3)
Comparing equations (2) and (3),
a=b=1,m=n=1,a=b'=2,m'=2,n"=-1

The integrating factor is given as,

X"k .. (4)
Where,
a+h+l b+k+1 d+h+1 b'+k+1
m n o om' n'

I+h+1 1+k+1 24h+1_ 2+k+1

= >
1 1 2 -1
= h+2=k+2
= h—k=0
= h=k .. (5)
and (h+3)(-1)=(k+3)2
—h-3 =2k+6
= -h-2k-9=0
= ht2k+9=0 ... (6)
Substituting equation (5) in equation (6),
k+2k+9=0
= 3k+9=0
= 3k=-9
= k=-3
h=k=-3
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Substituting the corresponding values in equation (4),
LF =x37
LF = % (D)
Xy
Multiplying equation (1) by equation (7),
(ov? +2x%yHdx + (x2y — x> y*)dy ~0

x3y3
xy’ 2:°y" X’y Xy
= dx+ dx + dy— d =0
N 293 293 Y 2y 'y
= de+ d+—dy——dy 0
Xy y
1 2y 11
—_— = ldx+| ——— |dy =
B R L F

Equation (8) is an exact differential equation of the form
Mdx + Ndy =0

1 2y 11
M=——+"= N=—-—
x y X Xy y
The general solution is
Jde + INdy =c
(yconstant) (termsindependent of x)

Substituting the corresponding values in equation (9),
= J. L+ 2y dx+J-(—l)dy =c
x? y X y

111 1 1
= —.[—de+ 2yf—dx —J.—dy =c

yex X y

[
= —Jx dx+2ylogx—logy=c

y

1(x!
= 3\ +2ylogx—logy=c

= —L+2ylogx—logy:c
Xy

The general solution is,

2ylogx—1ogy—)37=c

Q23. Solve (x®—2y?)dx + 2xy dy = 0.

Answer : (May/June-17, Q1 | May/June-15, Q11(a))

Given differential equation is,

=20 dx+2xydy=0 .. (D)
Equation (1) is of the form,

Mdx + Ndy =0 .. (2)
Comparing equations (1) and (2),

M=x*—2)? ..(3)
And N=2xy - (4

Partially differentiating equation (3) and (4) with respect

to ‘y” and ‘x’ respectively,

oM _ IN

= Ty —4y, 7 Pre =2y
oM  oN
_i_
dy  ox
Equation (1) is not exact
Consider,
oM oN 1
= N e—(4 —
(ay axJ Py (—4y-2) = 2xy( 6y)
-3
Cx

oM oN
Sl
e.[?dx

e—}logx

Integrating factor (I.F)

-3

elog)f3 =y

Multiplying equation (1) by ZF on both sides,

s 72y2)( >dx+2xy(i3 ) dy="0

2
= (1—%}3&(2—5)@:0 - (%)
X X

Equation (5) is in the form, M dx + N dy = 0

2y? 2y
M=1- x_3 and N‘:x_2

oM, -4y ON, 4y

By x3 ax x3
oM, _oN,
ay ox
Equation (5) is exact and the general solution is given
as,
JMldx+ JNldy:c
(yconstant) (termsindependent of xin NV, )

Substituting the corresponding values in above equation,
2
J{l —%)dx+ J.Ody =c
X

= Jldx ZJ dx=c
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I Hence, equation (2) is exact and its solution is given as,
_22 =
- X [_3+1J ¢ ledx+ J.Nldyzc
5 (yconstant) (termsindependent of x)
-
= x-2)° [—]= c
- 1 2 3, _
: = J(5 R o [Jame
x+y"
——=
x = /deff;dx-i-S‘/‘l—dy:c
o y X Y
= Xty =cx
x +y?=cx? is the required solution. -
Q24. Solve (x%y — 2xy?)dx + (3x?%y — x3)dy = 0.
Answer :

April-
Given differential equation is,

Py =20 dx + (3x*y —x*)dy =0

Equation (1) is a homogenous exact differential equation
of the form Mdx + Ndy = 0.

M = x’y —2xy* and N= 3x*y — x°

Hence, the integrating factor is given as
_ 1

LF= Mx+ Ny

1

T Wy - 200 Fy(3xy - X)
1
Py 2 3 Xy
1
LF= —xzyz

Multiply equation (1) with integrating factor,
1

x2y2 [(xzy — 2% dx+ (3x*y — x)dy ] =0
x*y — 2xy* 3’y — x°
+ =
2 yz dx 2 yz dy=0
X’y 2x)° 3x%y X
_ + _ =
= ( xzyz x2y2 dx x2y2 zyz dy =0

3
Y

(

1 2
b _

)dx+(y

X
2

)dy =0

(2
) )
Equation (2) is in the form of exact differential
equation M dx + N, dy =0
Where,
-1 2 -3 _x
M=% M=y
M _ 1, N _, 1
Ay yz -0, ox 0- yz
- 1 o
yZ s yZ
oMy _ N,
Iy ox

1 1 1 _

y—fldfof;dx-i-?b‘/‘?dy—c
1

16, Q11(b) 5 (1) =2 (logx) +3(logy) = c

(D

The general solution is given as,

% —2logx+3logy=c

2.3 LINEAR DIFFERENTIAL EQUATIONS

Q25. Define linear differential equations. Mention
the steps involved in determining the linear
equations.

Answer :

Linear Differential Equation

For answer refer Unit-2, QS.
Procedure

Step 1

Write the given equation in the form ﬂ+ Py=0
x
Step 2

In this step, the functions P and Q are identified.

Step 3
Evaluate the integrating factor i.e., IF = e-[ p.dx
Step 4
Determine the general solution using the formula,
% (LF)= JQX(I.F)dx+c
Q26. Solve Y

+y tan x =sec x.
X
Answer :

Given differential equation is,
dy

—+ ytanx =secx
dx

L d
The above equation is of form, Dy yP(x)=0(x),

which is a linear differential equation.

Where,
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P(x) =tan x, O(x) = sec x
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Integrating factor is expressed as,

LFe e_[P(x)dx: eJtanxdx

_ eloge secx

LF=secx
The general solution is
WLF) = _[(I.F.)Q(x)dx te
Substituting the corresponding values in above equation,

y(sec x)= Jsec x.secxdx+c

y(sec x)= Jsecz xdx+c

y(secx)=tanx +c

_ tanx ¢
sec x secx

y=sinx+ccosx

d

Q27. Solve x =Y + y=x3yb.
dx

Answer : May/June-12, Q11(a)

Given differential equation is,

dy
x——+y=x)° .. ()
dx
Dividing equation (1) by x)° on both sides,
1 d 1
— L= ()
y® dx  xy
Let, — =v

5

Differentiating on both sides with respect to x,

D dv
o dx dx
1l dy -
= —6—y= L (3
y dx 5 dx
Substituting equation (3) and ‘v’ in equation (2),
Zldv v e
5 dx x
LR
dx  x

d
The above equation is in the form of d_y + P(x)y = O(x)
X

-5
Where, P(x) = —, O(x) = —5x?
X

. P(x)d
Integrating factor .LF= e'[ e

jlsdx —sjldx
e’r =—e X
e—Slogx
_ elog)f5

1
=5
X

The solution of the given differential equation is,
v x LF =I(I.F)><Q(x) dx

Substituting the corresponding values in above equation,

y'x X
1 -1
= 5=—5X—2+C
y X 2x
1 5
= S Tl T

The general solution is given as,

1 5
P 2
dy .
Q28. Solve —— -y =y?(sin x + cos Xx).
x (June-14, Q11(b) | June-13, Q11(b) | Jan.-12, Q11(b))
OR
Solve the differential equation,
d .
9Y _y = y?(sinx + cosx).
dx
Answer : Model Paper-3, Q12(a)

Given differential equation is,

ﬂ—y = 32(sin x + cos x)
dx Y
Dividing with »* on both sides,
ldy 1 ) .
— -~ =sinx+
y2 Ay sin x + cos x (D)
1 d -1
_2_y+ (1)[—J =sin x + cos x
y© dx y
-1
Let, —=vV
Yy
Differentiating on both sides w.r.t. ‘x
1 dy dv
——— = -2
y?dx  dx @
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2.12
Substituting equation (2) in equation (1),

dv )
—+()v =sinx+cosx

X

The above equation is in the form of, dy + P(x)y = Q0(x)

Where,
P(x)=1, O(x) =sinx+cosx
. J-P(x)dx
Integrating factor = e
[1.ax
=e =e"

The solution of differential equation is,

W) = [(LF)O()dx+e
Substituting the corresponding values in above equation,

Vet = Jex (sin x + cos x)dx

-1 .
{]e’* = Je’“ sin xdx +Jex cos xdx
Y

* e
(sinx—cosx)+———
: 1°+1

T 241
J.e‘”‘ cos bxdx =

X X
e e
(sinx —cos x) + 7(cosx+sinx)+c

X

= —_ =
y 2
2e” ) )
= 77 = ¢*(sin x — cos x) + e*(cos x + sin x) + 2¢
2 :
= f;=smxfcostrsmx+cosx+2ce*
B -2
(sinx —cos x) + (cos x +sinx) +ce™™
-2
2sinx +2ce™
. -1
The general solution is y = ————
sinx + ce

X
5-(cosx +sinx)+c l Ie"“" sin bxdx =
a

a

2

ax

+b

ax

+b

> (asinbx—bcosbx)

5-(acosbx +bsinbx)

Dec.-12, Q11(a)

Q29. Solve the differential equation, cot 3x%— 3y =cos 3x +sin 3x.
X

Answer :
Given differential equation is,

dy .
cot 3x ——3y =cos 3x + sin 3x
dx

Dividing both the sides by cot 3x,

B cot3x

@,

dx | cot3x

( -3 )y cos3x +sin 3x
SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD
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dy 3tan3 _ cos 3x N sin 3x
= E—'_ (=3tan3x)y = cot3x cot3x
_ cos3x N sin 3x
cos3x cos3x
sin 3x sin 3x
. sin? 3x
= sin 3x+
cos3x
= sin 3x + sin 3x tan 3x
= %+(—3tan3x)y =sin 3x(1 + tan 3x) .. (1)
X
Equation (1) represents a linear differential equation of the form,
d_y + Py = Q
dx (2

Comparing equations (1) and (2),
P =-3tan 3x, O =sin 3x(1 + tan 3x)

Integrating factor (I.F) is = olPdx

_ e](f3tan3x)dx _ e(—l)J3tan3xdx

_ e(—l)loge sec3x _ elogc(sec}x)’1

= (sec 3x)! =cos 3x

LLF = cos 3x
". The general solution of the given differential equation is obtained as,
Y(IL.F)=](LF x Q)dx +c
Substitution the corresponding values in above equation,

= ycos3x = J.[cos 3x x sin 3x (1 + tan 3x)] dx + ¢
= J[cos 3x x (sin 3x + sin 3x tan 3x)] dx + ¢

= j[sin 3x cos 3x + sin 3x cos 3x tan 3x] dx + ¢

sin 3x

+
cos 3x dx +c

= Jsin 3x cos 3x dx + jsin 3x cos 3x %

:l —cos6x +1J.(1—cos6x)dx+c
2 6 2

—cosbx 1 sin 6x
=+ —|x—|+c
12 2

—cosbx x sin6x
- +c

12 2 12

= %(6x —sin6x — cos 6x) + ¢

The general solution is, y cos3x = %(m —sin6x — cos6x) +¢

sin2(3x .
J.T()abc+‘|.sm2 3xdx+c (" sin 20 =2 sin O cos 0)

. % [sine+ J(%)d ( Gin2 o [ c0s20
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d _

Q30. Solve YL =e*Y(e*-¢’),
dx

Answer : Dec.-13, Q11(a)

Given differential equation is,
&

=e" V(e e (1
e ( ) (1
= b _ e*e (e -e)
dx
d
= = e=e'(e =)
dx
d
- _ye):e2x_(erey)
dx
= e’ﬂ+ex.ey =ex .. (2)
dx
Let,
e=u
Differentiating on both sides with respect to ‘x’,
= e)’ﬂ = ﬂ
dx  dx

d
Substituting the value of ¢’ and e}'d—i in equation (2),

u 2.
te.u=e”
dx

The above equation is a linear differential equation of
d
the form, & +Py=0
dx
P =e¢,Q0=¢*

Je"dx — e

Integrating factor is, e-[ Pdx e

=ée

The general solution is,

w(LF) = JQ.(IF)dx s

Substituting the corresponding values in the above
equation,

o e _[Q.([F)dx+c

X X
= Y = Jezx.ee dx+c

Let,
e=t
Differentiating on both sides with respect to ‘x’,
= e"dx=dt
= ee= Jtetdt+c = [t(et)—let:|+c
= ee=¢t-1]+tc
= e = e —1]+e
= e —ef (F-1)=c
= &l —(e"-D]=c

¢ (¢’ —e* +1)=c is the general solution.
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2.4 BERNOULLYI’'S, RICCATI’S AND CLAIRAUT’S
DIFFERENTIAL EQUATIONS

Q31. Define Bernoulli’s equation. Write the steps
involved in solving a Bernoulli’s equation.

Answer :
For answer refer Unit-2, Q10.
The steps involved in solving a Bernoulli’s equation are:

(1) Initially, the given differential equation should be
converted into the standard form of Bernoullis equation.

. d
ie., @y Py=0y"
dx

(i1)  Divide the entire equation by )" to obtain an equation

of the form, ;™" Q_F Py =0.
dx

(iii)  Replace y' by ¢ and solve to obtain a linear equation
in‘t.
(iv)  Finally, replace ¢ by y' in the solution obtained in step

(iii) to achieve the desired solution.

d
Q32. Solve d—i(xzy3 +xy)=1.
Answer : Model Paper-1, Q12(b)
Given differential equation is,

ﬂ(xzf +xy)=1
dx

=  dy(x» +xy)=dx

= £:x23+
yoTXxy
dy
d
= d—;—xy:xzf .. (1)

1 dx 1
— .y =y (2
d LY =Y (2)
1

Let,— =z )

Differentiating on both sides with respect to y,

dz -1dx
d_y = x_zd_y .. (4)
dx , dz

= d_y = —X d_y

Substituting equations (3) and (4) in equation (2),

_dz

dy r=y

= £+Zy:—y3 .. (5
dy
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Equation (5) is a linear differential equation in ‘z’ i.e., Z,%Z/ +Pz=Q

P=y, 0=— .. (6)
The general solution is,

ZXLF = IQ.([.F)dy+c (D)

LF = P e

Lp=e
Substituting the corresponding values in equation (7),

2 3, %2
zxe’ ? = J-_y (e" ")y +c

- (8)

2
Z€y2/2: —Jy3-€y /Zdy .09
2

Y
Let, — =¢
6,2

Differentiating the above equation on both sides,
ydy = dt
The R.H.S of equation (9) becomes

__[eyz/z.y%zy - —Jef(zt)dt
=-2(te' — Jl.e’ dr)
=2e(t-1)+c

2
= —2ey2/2<y7—1>+c

Substituting the above value in equation (9),

2
ze’ 2= =2e” A +c
- 2 =
(or)
-, 7
1 2 2
i ECES |
1 20 2\ 22 . )
¢ - (2—y7)e” '“ +c is the general solution.

Q33. Define Riccati’s equation. Write the procedure for determining the Riccati’s equation.
Answer :
Riccati’s Equation

For answer refer Unit-2, Q11.
Procedure
Step 1

Initially, the given equation is expressed in the form of,

V' =Py +0y+R

Step 2

In this step, the particular solution v(x) is determined.
Step 3

In next step, a linear differential equation (Leibnitz equation) is determined by substituting,

1

Yx) = v(x) + 0

Finally the required general solution is obtained.

Step 4
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Q34. Find the general solution of the Riccati equation
y'=3y?—(1+6x)y+3x2+x + 1, ify = x is a particular solution.

OR
Solve y' = 3y2 - (1 + 6x)y + 3x2 + x + 1, y = x is particular solution.
Answer :
Given differential equation is,
y'=3—(1+6x)y+3x2+x+1

d
- d—y=3y2—(l+6x)y+3x2+x+l
X

The particular solution is, y = x
y=ux)
= v(x) =x (y=x

1
Let,y=v(x)+ —
z

= y=xt ;

Differentiating equation (2) with respect to ‘x’,
by 1d

dx 22 dx
Substituting equation (3) in equation (1),

2
_ldz_ l:x+l:| —(1+6x)|:x+l:|+3x2+x+l
z% dx z z
S T R TR PR L
= 2 X 2t —( X)X — ( x)Z x“+x
1 dz , 3 bx ) 6x )
= T o EXt gt —x -6 - -3t
z° dx 2?2z z z
_le 31
= z2 dx a 22 z
&
= it
S E L
dx

The general linear differential equation is,

d
£+ P(x) = O)
dx
Comparing equation (4) with equation (5),
P(x)=-1,y=zand O(x)=-3
The integral factor is, e 7

_ el

e~

The general solution is, y (L.F.) = I(I.F) Qdx+c
ze ' = Je_x (=3)dx+c
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(Model Paper-2, Q12(b) | Dec.-12, Q11(b))

(D)

)

- (3)

(4

.. ()
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= ze*=3e¢*tc Equation (4) is a linear differential equation of the form,
z=3+ce" ... (6) dy

Substituting equation (6) in equation (2), oI +P(x)y = O(x) .. (5)

1
3+ce”

y=x+

1
3+ce*

The general solution is y =x +

Q35. Find the general solution of the Riccati equation
y'=4xy?+ (1-8x)y +4x -1,y =1 is a particular
solution.

Answer : Jan.-12, Q12(a)
Given differential equation is,

V' =4+ (1-8x)y+4x—1

dy
—=4x)’+ (1 -8x)y +4x—1 . (D)
dx
The particular solution is,
y =1
y =vx)
v(x) =1
Let,y =v(x)+ l
z
1
= y =14+— .. (2)

z

Differentiating equation (2) w.r.t. ‘x’,
dy -—ldz
- = .. (3)
dx z°dx

Substituting equations (2) and (3) in equation (1),

2
_—21% = 4x|:1+l:| +(1—8x)|:1+l:|+4x—1
z° dx z

z
N :4x[1+L2+£:|+(1—8x)|:1+1]+4x—1
2% dx z® oz z

—ldz 4x+4—§+8—x+1+l—8x—8—x+4x—1
22 dx z z z z
“ldz _4x 1
Z2de ¢z
= E = —Zz|:4—);+l:|
dx z z
dz 2|:4x+z:|
= — =-z >
dx z
L 4x +
- dx ~ ]
= E =A4x-z
dx
LA (4
dx

Comparing equation (4) with equation (5),
P(x)=1, y=z and Qx)=-4x

P(x)d
The integral factor is, ej (o
.[l.dx
=l =
ILF =¢"

The general solution is,
WILF) = I(I F)Ox)dx+c

Substituting the corresponding values in the above

equation,

z.et = Jex(4x)dx+c

= z.e' = —4Jexxdx+c

= ze- —4|:x.J.ex—[J1XJexdx]dx] e

= ze =—4xe"—e'+c
=  ze = —4e’[x-1]+c
= z.et=4e[l—-x]+c
4e[l-x]+c

ex

41 —x] +ce™ ... (6)

z
Substituting equation (6) in equation (2),

1
poel—
41—x]+ce™™

1

The general solution is, y = +—
41-x]+ce

Q36.

Define Clairaut’s equation. write the Steps
involved in determining the Clairaut’s equation.

Answer :

Clairut’s Equation

For answer refer Unit-2, Q12.

Procedure
Step 1
Initially, the given equation is expressed in the form,
If, y = px + f(p) .. (D)
Step 2

to ‘x’.

In this step, equation (1) is differentiated with respect
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e, LS r(p)
s AT -
= %z p+le—i+f’(p)%
AT
p=Lirs fpy+p [ %w]

4 \
= S+ f1(p) =0
dx
—=0=p=c
dx P
Step 3
Substituting, p = ¢ in equation (1),

y=cx+flo)
Thus, the required general solution is obtained.

Q37. Find the general solution and the singular
solution of the Clairaut’s equation y = xy' +
vy

Jan.-10, Q11(b)
OR
Solve y = xy"+(y').
Answer :
Given differential equation is,
y=xy' 0
= y=x't0)
Where,
SO =0 = fle)= (e
The general solution is,
y=xc+ f(c)
y=xc + c? .. (D)
The singular solution is obtained by differentiating
equation (1) with respect to ‘x’,

dy dC d d 2
— = x.— tc— +—
X. c e (x) dx (c?)

dx dx
¢ o=
C—Uuv=uv +vu
dx

— d_y = x.£+c.1+2.c£
dx dx dx

— Q = x.£+c+20£
dx dx dx
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= P ﬁ(x+20)+c
dx  dx
dc dy
=—(x+2c)+c L =c
I (o)
= ﬁ(x +2¢)=0
dx
= x+2=0
= x=-2 (2
Substituting equation (2) in equation (1),
y=020) ()t
= y=-2c+c
= y=-=
a2
- C =Y .. (3)
—X
From equation (2) c¢= >
Squaring on both sides,
a= ﬁ 4
4

= —4dy=x

= x*+4y=0

The general solution is, y = xc + ¢? and the singular
solution is, x* + 4y = 0.

Q38. Find the general and the singular solution of
Clairaut’s equation y = xy' — (y')°.
Answer : (Model Paper-3, Q12(b) | June-13, Q12(a) | June-11, Q12(a))

Given differential equation is,

y=x'-0)
The above equation is in the form of,
y =px+fip)
y =x'=f0)
Where,
SO =0
= fo=() (oy'=0

The general solution is, y = xc + f{c)
y =xc-¢ .. (1)

The singular solution is obtained by differentiating
equation (1) with respect to “x’.
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dy dc d d d
o e () - — (B v —uv=uv'+vu'
dx " dx Cdx(x) dx(c) |: dx :l
dy dc dc
—=x.— tecl-3"—
= X e c s
d
= —y=x.£+cf3czﬁ
dx dx dx
dy dc )
— = —[x-3+
= 4 [x—3c]+¢
ae -
= c = x[xf cl+e Uk
d
- Lnr-3¢ =0
dx
= x-3¢*=0
= x=3¢ ..(2)
Substituting equation (2) in equation (1),
y =3c(c)-¢
= y =3-¢
= y =2
s - Y 3
= c 5 ...
From equation (2) ¢*= —
X
N = |= .. (4
c 3 “

Substituting the value of ¢ in equation (3),

(] -3

Squaring on both sides,

3 2
IR
7 4
- > 4x3
Y
o . o 4x°
The general solution is y =xc — ¢* and the singular solution is, y* = 7
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2.5 ORTHOGONAL TRAJECTORIES OF A GIVEN FAMILY OF CURVES

Q39. Define orthogonal trajectory and write the procedure to obtain equation of orthogonal trajectory for
Cartesian and polar curves.

Answer :
Orthogonal Trajectory
For answer refer Unit-2, Q13.
Procedure to Find Equation of Orthogonal Trajectories of an Cartesian Curves
Consider the Cartesian curve,
fx,y,¢)=0 .. (1)
Where,
c is the arbitrary constant.
Step (i)

The first step is to differentiate equation (1) with respect to x,

Step (ii)
In this step, eliminate the arbitrary constant ‘c’ by substitution method which forms a differential equation of the form.
d
F x,y,—y)=0 Q)
dx

Step (iii)

—d
By replacing Z—y with d_x in the equation (2),
X 'y

F(x,y,;l—j:x) =0 ..(3)
Step (iv)
Finally, by solving equation (3) the required orthogonal trajectories are obtained.
Procedure to Find Equation of Orthogonal Trajectories of Polar Curves
Consider a polar curve,
fr,0,c)=0 .. (@)
Where,
¢ = Arbitrary constant.
Step (i)
Initially differentiate equation (4) with respect to 0,
Step (ii)

In this step, eliminate the arbitrary constant ‘c’ by substitution method which forms a differential equation of the form,
F|r.0 L 0 5
7 b .. (5)
Step (iii)
d d
By replacing L with —r? a9 in equation (5),
do dr

2d0 )
f(r,e,—r EJ_ 0 ... (6)

Step (iv)

Finally, by solving equation (6) required orthogonal trajectories are obtained.
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Q40. Find the orthogonal trajectories of the family of curves r = c(sec 0 + tan 0).
Answer : June-10, Q11(b)
Given family of curves,
7 =c (sec O + tan 0) .. (1)

Differentiating equation (1) with respect to ‘0°,
d
Ly (sec O tan 6 + sec? 0)
do

1 dr

_ ar 2
¢ secO(secO+tan6) dO )

Substituting equation (2) in equation (1),

- ! X (sec 0+ tan 9).i
secO(sec 0+ tan 0) do
L dr
~ secH db
edr
r=cos 00—
do
Replace = by 122
cplace de y dr
do

2
r=-cos0.r —
dr

1
= ;df” =_cos 0 do

= ldr+cos€)de =0 - (3)

7

Integrating both sides of equation (3),
1

I—dr + J.cosede =logc
B

= logr+sin0=1logc

= logr—logc+sinB=0

r
= log(—) +sin®=0
C

The equation of the orthogonal trajectories is log [1} +sin 0 =0.
c

Q41. Find the orthogonal trajectories of r = ce®, where c is the parameter.
Answer : June-14, Q11(a))
Given,
r =ce® .. (1)
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Differentiating equation (1) with respect to 0,

a )
J0 e ..(2)
— ﬂ -0 3
= €= ge ..(3)
Substituting equation (3) in equation (1),
dr
| el,0
= o)l
_ar
= T ae
This is the differential equation of the family of curves.
dr 40
Replace 70 by —2 ar
_(_,2do
o (e
__2db
rE
Lar =—a0
P

Integrating on both sides

[ Lar=—[ao

logr=-6+logc

|-

7
=1 — :e’e
C

ol

= log[

= r=ce?

r = ce® is the required orthogonal trajectory.

2 2

Q42. Find the orthogonal trajectories of the family of curves a2 + b2y+k =1, A being a parameter.
Answer : Dec.-13, Q11(b)
Given,
x2 y2

+

=1 .1
a’+n bE+A M

Differentiating with respect to x,

! Ly
T @t @)y -

y 4y —x
P+ dx 424

= (d® +}\.)y% =—x(B*+2)
X
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dy
Let, —=
et, dx 1

(@+Nyy, =—x(b*+ 1)
a’yy, + Ay, =—xb*—x\
Ay, + A =—bx —a’yy,

L

Mx+yy)=-bx—da’yy,

 (O’x+d’yy)
X+n

A=

Consider,

(b*x+a’yy)
X+ Yy,

A +r=a>—

a2x+a2yyl —bzx—azyyl
X+yn

Consider,

p BPx+a’yy)
X+

bE+ A

b2x+b2yy1 - azyyl —b%x
X+yn

(@@=
X+ 0

b* + h=

Substituting equation (2) and equation (3) equation (1),

2 2
X y -1

+
Ff—#n}[4f—#mn]
X+ 0 X+ yy

(o) vt
(@>-b*)x  (a>-b*)yy,

(xy+y2y1) =B

= (& +xyy) -
N

= X Hxyy —xy— iy =y (a’ - b%)

sty (v, —y) =y, (@ - D),

Equation (3) is the Differential Equation (DE) of the given family.
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For orthogonal trajectory replace & by — X in equation (3),
dx dy

)3+

I Ol | S e Gt i0)
i - 1
(4

2 2
[xy, =y] [x +yy, 1=y, (@ = b%)
Equation (4) and equation (3) are same, i.e., D.E of the given family and equation of the O.T are same. Therefore, the

2 2
. . X y .
iven family of curves ———+——— =1 is self orthogonal.
& Y a’?+h b2+ g

2 2
Q43. Show that the family of curves x? + c{rz + 1 =0 is self orthogonal.
(Model Paper-1, Q16(a) | June-11, Q11(b))

Answer :
Given that,
2 2
X Y
—+ +1 =0 ..
c c+2 ()
Differentiating the above equation with respect to ‘x

c+2dx

. 2[£+Ld_y}:
c c+2 dx

2
2, Ay

c

X,y ody

= A
c c+2 dx

X y B

+ =0
¢ e

= x(c+2)+cyy,=0
xc+2x+cyy, =0

clx+yy] =-2x
—-2x
c =
X+

L

Substituting equation (2) in equation (1),

2
SE— J +1=0
—2x —2x

- +2
X+ [x+yy1]

) Y@,
=2x+2(x+yy)

—2x

Pt VEtm)
—2x =2x+2x+2yy

- (2)
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Pty | )

=0
—2x 2yn
x(x+ym) -yt yn) -1
2 2y
2500, (x4 yy,) = 29(x +
o, ZonCGrtp) =2yt an)
4y
= (tyy) (2, -2y) =4y,
= (e +yy) (v, =) =2y,
= Xy -ty -y =2, - 3)
1 1Y
Replacing y, by = y_ and yi by y—J we get the required orthogonal trajectories (O.T)
1 1
2
. 1 -1 -1 -1
e, | — |y +xy|— | =) —|=2]—
» 34| 1 N
—x? Xy y2 -2
= —xyt —F +—— =77
N yviooon |
—y—wt vty 2
= > =
b N
—1| x*y, +x97 —xy—y? -2
- Xyt ==y | -2
N N bgl

2 2 2
XN+ —Xxy—y n
N

Xy Xy p2 = xy =y =2y - (4)

Equations (3) and (4) are same i.e., D.E of the given family and equation of the O.T are same. Hence, the given equation
is self orthogonal.

Q44. Show that the family of parabolas x? = 4a(y + a) is self orthogonal.

Answer : April-16, Q11(a)

Given family of parabolas,

x? =4da(y + a)
= xX* =4ay +4a° .. (1)
Differentiating equation (1) with respect to ‘y’
dx _
2x dy 4a+0
2vdr _
4 dy a
d.
%d—; =a .. (2)
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Substituting equation (2) in equation (1)

2

X dx +4y

2 dy

X dx

¥=4 2 dy

_ofdxy dx
= x2=x2 <dy> +2xy<dy> ..(3)

. —d . .
Replacing, % by T; we get the required orthogonal trajectory,

) B —dy \ fdy>
ie, x> =x2 <W) +2xy<W

dy d
= ¥=x (7“;) —ny(%>
. . . dx .
Multiplying both sides by dy

= x*=x? (5)24_2)0}(@) .. (4

Equations (3) and (4) are same.

The given equation is self orthogonal.
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UNIT
DIFFERENTIAL EQUATIONS
OF HIGHER ORDERS

PART-A

SHORT QUESTIONS WITH SOLUTIONS
Q1. Solvey" -5y'+6y=0.

Answer :
Given differential equation is,

Y'=5+6y=0
(D*-5D+6)y=0

Let,
AD)=D*-5D+6

The auxiliary equation is f{m) =0
m—5m+6=0

= m-3m-2m+6=0

= (Mm-3)(m-2)=0

= m=2,3

The roots are real and distinct

The general solution is y = ¢, e + ¢, e™

Q2. State the n*" order homogeneous differential equation of type f(D)y = 0.

Answer :

A linear differential equation of the form
equation.

-
ayd” a;d” ) . .
0 ny T L. - a y =0, is known as n™ order homogeneous differential

dx dx"™!
The symbolic form of above equation is,
(@D +aD'+ .. a)y=0
or
S(Dy=0
Where,
AD) polynomial of n™ order.
Q3. Solve (D*+D?2+1)y=0.

Answer : (Model Paper-1, Q5 | May/June-12, Q3)

Given differential equation is,
(D*+D*+1)y=0
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Auxiliary equation is,
f(m) =0
ie,mt+m*+1 =0
m* +2m* +1-m> =0
(m*+ 172 -m?>=0

m*+m+1)(m*-—m+1)=0

uu

m+m+1=0orm?>-m+1=0

—1+41-4 1£4/1-4
2

m= or m=

2
1423 1443
m=-—__-_  0Oor m=
2 2
1 3 1 43
- o2 Y2
me Ty ermEL T

The roots are complex, hence the general solution is,

ﬁ]e;[ V3 V3

- 3 . .
y= e 2 C] COST’”'CZ sme C3 COSTX+C4SII17X

Q4. Solvey"-y=0,wheny=0andy'=2atx=0.
June-14, Q3
OR
Solve y" -y =0, y(0)=0, y'(0) = 2.
Answer : (June-13, Q3 | June-11, Q4 | May/June-09, Q4)
Given differential equation is,
y'-y=0 .. (1)
Initial conditions are,
70) = 0;y/(0) =2
Equation (1) in symbolic form is represented as,
Dy—y=0=(D*-1)y =0

Let,
AD)=D*-1
The auxiliary equation is f{m) =0
= m-1=0 .. (2)

= Mm+1)(m-1)=0
= m=1,m=-1
The roots of equation (2) are m =1, —1.
Since the roots are real and distinct, the general solution of equation (1) is,
y=Ce~+C, e
o y=Ce+Ce
Where, C, and C, are constants
= yx)=Ce*+Ce ..(3)
Substituting x = 0 in the above equation,
W0)=Ce’+C,e
= y0)=C+C,
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UNIT-3 Differential Equations of Higher Orders 3.3
But, »(0) =0 Differentiating equation (2), with respect to ‘x’,
~C+C,=0 - (4) d _
! 2 = Yy = _[clex Tce 2X]
Differentiating equation (3) with respect to ‘x’, dx
o d d_ .
y(x)—fcle + Cz.e* = V() = Cl—[ex]+C2_[e : ]
Y(x)=Ce'~C e dx dx
Substituting x = 0 in the above equation, = YW= ale’(D]+ele™(2)]
0)=C,e'-C.e?
YO =Ce-Ce = Yx)=ce —2ce™ (4
y0)=6-¢ o . .
But, y(0) = 2 Substituting x = 0, in equation (4),
2=C,-C, Y'(0) =c,.e” —2c, e
= ¢ =C-2 - (5) = y(0)=c.e’"-2ce’
Substituting equation (5) in equation (4), = Y(0)=c,(1)- 2¢(1)
C,-2+C,=0=>C=1
2 2 =4 = )'(0) =c,—2c,
o C =-landC,=1 v
= ¢ —2c,=3 [ »'(0)=3] .. (5)

Substituting the values of C| and C, in equation (3),

) —e e

Q5. Solvey"+y'—2y=0,y(0)=0,y'(0)=3.
Answer : (Model Paper-2, Q5 | Jan.-12, Q4)

Given differential equation is,

VY -2y=0
d*y d
- 2+ % 0y -0 (1)
dx dx
Initial conditions are,
»(0)=0,
Y(©0)=3

Equation (1) in symbolic form is represented as,
D*»+Dy-2y=0

= D*+D-2)=0

Aucxiliary equation is f{m) =0

ie, m*+m—-2=0

= m+2m-m-2=0

= m+2)(m-1)=0

= m=1,-2
The roots of the equation (1) are real and distinct,

Hence, the general solution of equation (1) is given as,
y(x)=ce +ce™ (2

Substituting x = 0 in equation (2),
W0)=c,e®+ce?”

= ¥0) =ce’+ce

= ¥(0) =c,(1)+c,(1)

= 0=cl-i-c2

[~ »(0)=0] ..(3)

Solving equations (3) and (5),
=>c,= -1

Substituting ¢, value in equation (2),

¢, tec,=0
= c,—-1=0
= c =1

1
Substituting ¢, ¢, values in equation (2),
) = (e + (e =e*— e

X —2x

Ly(x)=e " —e

Q6. Ify, =e*is one of the solutions of y" + 3y' -4y =
0, then find general solution, by reducing order
of differential equation.

Answer :
Given differential equation is,
y'+3y -4y =0

= (D*+3D-4p=0
AD)=D*+3D -4

The auxilliary equation is f{m) =0

= m+3m-4=0

= m*+4dm—-1m—-4=0

= m+4)(m-1)=0

= m=-4,1

Jan.-12, Q13(b)

1 1 = 1x —4x
The general solution is y = ¢ e™+ c,e
=y=cetce™
Given that y, =e*is one solution, then the second linearly
independent solution is y, = e ™*.

Ly, =e
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Q7.

Answer :

Find the particular integral of (D> + 1) y = 8 e™.
June-14, Q4
Given differential equation is,

(D*+ 1)y=8e™ . (1)

Equation (1) is a non-homogeneous linear differential
equation of the form,

SDy=X )
Comparing equation (2) with equation (1),
f(D)=D*>+1and X=8e™

The particular integral (P./ ) = %
8™
- T
8e ™
T (=D?+1
8e™

:T:4e’x [+ D=-1]

Particular integral is 4e™

. . . d
Q8. Find the particular integral of d—¥ +y = cosh 3x
X
Answer : Dec.-13, Q3
Given differential equation is,
2
Y
—=+y =cosh 3x
dx? 4
Equation in symbolic form is given as,
(D*+ 1)y=cosh 3x .. (1)
Particular integral is given as,
P ey = cosh3x
N T T prh
3x —3x X —X
_ e te .+coshx=E 1€
2(D* +1) 2
1 [ e3x e—3x
=5+t
2| D"+1 D" +1
1 [ e3x e—3r
=Sl 2t e
2]137+1 (-3)"+1
[-+ D=3 and-3]
B L e3x e—3x
= 2|10 710 ]
lpe3x +e—3x
2 10
1 3x —3x
= —[e" +e
20[ ]
. y :L[63x+e—3x]
720
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Q9. Find the particular integral of (D? — 1)y = 8e®.
Answer : June-13, Q4
Given differential equation is,
(D*=1)y=8e* . (D)

Equation (1) is a non-homogeneous linear differential
equation of the form,

fD)yy=X .. (2)
Comparing equation (2) with equation (1),
fID)=D—1,X=8¢*
AD)=D*-1 =0
= D=1
= D=+1

The particular integral of the given differential equation is,

X
%7 f(D)
8e™* 8e>*
= % T (D oy T (321
8 3x
— 68 — e3x
LY, = e

Q10. Find the particular integral of (D?+ 1) y = cos x.
Answer : Dec.-12, Q4
Given differential equation is,

(D* + 1)y = cosx (1)
Particular integral is given as,

COS X
P.1 =y,= m
D*=-1=f(D)=0
_, cosbx _ xsinbx
D*+b? 2b

_ xsin(l)x
20
xsinx
2
. _ xsinx
Y, = 5
Solve (D? + 4D + 5)y = 2e2%,
(Model Paper-3, Q5 | Dec.-13, Q4)
Given differential equation is,
(D*+4D + 5)y =2e™
Auxiliary equation is m?+4m +5=0

4%’ -40)5)

m=

Q1.

Answer :

2(1)
_ 4xJ-4 4+2i
B 2 2
= 24
m=-2—i,—2+i
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The complimentary function C.F" = c,e > cosx +c,e > sinx d’y
) Q13. Find a particular integral of ——5 —y = (ex+ 1)2
= e ¥(c,cosx + ¢ sinx) dx
Answer : Model Paper-3, Q6
TR e (¢; cosx + ¢, sin x) ) ) ) o
Given differential equation is,
The particular integral (P.I) is, &
ay -y = (ex_;’_ 1)2
2672)6 de
Y D>+4D+5 The given equation can be written in symbolic form as,
2e7" D'~y =(e'+ 1) ..
= 2e—Zx [ o D=— 2] ( )y (e ) ( )

Sy, = 27
The general solution is given as,
Y=y,
=e > (c,cosx + ¢ sinx) + 2
= e (c,cosx + ¢ sinx + 2)

. — ,2x 3
. y=e*(ccosx +c,sinx +2)

Q12. Solve (D? +9) y = sin 3x.
Answer : May/June-12, Q4
Given differential equation is,
(D*+9)y=sin 3x
Auxiliary equation is f{m) =0
e, m*+9=0=>m>=-
m ==+3i
.. The roots are complex conjugate.
Hence, complementary function is given as,
v, =e*(c, cos Bx + c, sin PBx)
=y =e"(c, cos 3x + ¢, sin 3x)
(Here 0.=0, f =3)
s Ve =c1c083x + c28in 3x
The particular integral is given as,

1
D*+9

y, = sin 3x

= y, = Dz—_l_32sin 3x

x (1 D=9 - f-3)?
=——|—cos 3x sinax X COoSax
213 - =_
D*+d? 2a

—X
=—-cos3x
Yp 6
The general solution of given differential equation is,
y=y.ty,

X
"y =c, cos3x+c,sin3x 3 cos 3x.

Equation (1) is a non - homogeneous linear differential
equation of the form,

ADy=X ..(2)
Comparing equation (2) with equation (1),
AD)=D*—1and X=(e*+ 1)
The auxiliary equation is (m*— 1) =0
= m-1)m+m+1)=0
= m-1)=0,m*+m+1=0

14
2

m=1,m=

—1+iy3
)

1, .V/3

—T oty

The complementary function is,

V3x f3x>

CF=y =Ce+ e CzCOS(T)+ CsSin( 5

Particular integral,

1
%= Dy X
— l x+1 2
yp (D3*1)'(e )
_ e t2et 1
(D*-1)
1 2x 1 X 1 Ox
= + +
DO -1¢ 2affne o -1
1 2x 1 X 1
= + +
@ -n¢ "3p ¢t o-n
2x
- Grge

The complete solution is y =y + Y,

2x
y=Ce+ ez Czcos< €x>+Cgsin( @x) + %*‘%e‘”fl
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Q14. Solve by the method of variation of parameters

y" +y =sec Xx.
Answer : Model Paper-1, Q6
Given differential equation is,

y"'+y=secx
= Q +y=secx
dx
= (D*+1)y=secx .. (1)
Equation (1) is a non homogeneous linear differential
equation of the form,

AD)y = 0)
Comparing equations (1) and (2), .. (2)
f(D)=D*+1, O(x) =sec x
General solution is given as,
y=y.ty, - (3)
Auxiliary equation is, f{m) =0
= m*+1=0
= m==%i
Roots are complex conjugate of the form o + i3
The complementary function is given as,
Y, = c,cosx + ¢ sinx .. (4)
The particular integral (P.I) is,
v, =P + R, .. (5)
Where,
S, = cosx, f, = sinx
fi =—sinx, f5' =cosx
A5 = [l f, =sin’x + cos’x
=1

[ A0
P i np®

sinx. secx
= —/ 1 dx

_ sinx
- fcosxdx

I
I
P
=]
2
=

=— (- log (cosx)) = log (cosx)

/0
k= ff e

COSX.SeCx
_ [eosnseer,

=fldx
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Substituting the corresponding values in equation (5),
= log (cosx) cosx + x.sinx
= y,=cosx. log (cosx) + xsinx
Substituting the corresponding values in equation (3)
» = ¢ cosx + ¢, sinx + cosx log (cosx) + xsinx.

Q15. Using the method of variation of parameters
solve (D2 + 1)y = x.

Answer : [Model Paper-2, Q6 | June-14, Q12(a)]
Given differential equation is,

(D*+1l)y=x
Let, f(D)=D*+1, 0(x) =x
The auxiliary equation is,
f(m)=0
m+1=0
m?=—1

m==i

ud Ul

m=i,—1i

The complimentary function is given as,
y.=ccosx + ¢,smnx

y.=ccosx + ¢,sinx

The particular integral is given as,

v, =Pf, + Rf, .. ()
Where,

Jf,=cosx, f, = sinx

fi =—sinx, f, =cosx

S = ff | = cosx(cosx) — (sinx)(sinx)
= cos?x + sin’x
=1

b [_5O®

W= HH

— /x sinx.dx

—|x(= cosx)fffcosx.dx

dx

= —[— xcosx + sinx]

= XCOSX — Sinx

£0()
k= /fh e

J'xcosx
1

dx

J-xcosxdx

= xsinx—J.l.sinx dx

xsinx —(—cosx)

xsinx+cosx
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Substituting the corresponding values in equation (1),
y,= [xcosx — sinx] cosx + [xsinx + cosx] sinx
= X cos’x — sinx cosx + xsin’x + cosx sinx
= x(sin*x + cosx)
L y,=X
The general solution is given as,
y=y.ty,
y = c,cosx + c,sinx + x.

Q16. Find the particular integral of

d’y _dy 5
27 7 _— - = —_—
X dx2+de 9y 10+x2.

Answer :

Given differential equation is,

d*y dy 5
277 = — =
X dx2+xdx 9y 10+x2
5
= (PD*+xD-9)y=10+— (D)
X
Let,
x=e¢€=>z=logx
= xD=D'
X*D*=D' (D' -1) D'Ei (2)
, e

Substituting equation (2) in equation (1)
(D' (D'-1)+D'-9)y=10+5¢*
= [(D')Y-9y=10+5¢*

The particular integral is given as,

- 10 +5¢
(DP9
B 1060‘2 . 56—22
(DY -9 (DY-9
10 Se >
= +
0-9 (-27-9
- _ % _ e—2z
. . . 10
Particular integral is, — 9 ¢ i

Where, z = log x.

Q17. Find the particular integral of

d’y dy

2—_ —_— =
(x+2) ax? (x+2) +y=3x+4.
Answer :

Given differential equation is,
d’y dy
+2P— —(x+2)—=—+y=3x+
(x+2) 12 (x 2) o ty=3x+t4

[(x+22 D (x+2)D+1]y=3x+4  ..(1)

=

Let,

x+2=e¢=z=log(x+2)

d
x+2)D=D',(x+2?=D'(D'-1),D'= P 2)
Substituting equation (2) in equation (1),
[D'(D'-1)-D'+1]y=3[e¢-2]t4

= [(D')Y-2D'+1]y=3&-2
The particular integral is given as,
B 3e°-2

(DY -2D'+1
B 3é* 27

(DY -2D'+1 (DY -2D'+1

3e* 2
1-2+1 0-0+1
3¢ 2

0 1

PI

_ 3zef )
2D -2

3ze”
0 2

32267

2

The particular integral is, -2

Where, z =log (x + 2).
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3.8 MATHEMATICS-II
PART-B
ESSAY QUESTIONS WITH SOLUTIONS

3.1 SOLUTIONS OF SECOND AND HIGHER ORDER LINEAR HOMOGENEOUS EQUATIONS
WITH CONSTANT COEFFICIENTS

Q18. Write about homogeneous second order differential equations of the type f(D)y = 0.

Answer :

A linear differential equation is of the form,

dzy dy
an—=—+a,—+a =0 . (1
de2 Uiy 2y (1)

Where, right hand side (R.H.S) of the equation is zero and is known as a homogeneous second order differential equation.
Where,

a, a, and a, — Constant coefficients
2

If the terms dx_z’ o are replaced with D? and D respectively, then equation (1) becomes,

a,D’y+a Dy+a,y=0
= (@D+aD+a)y=0 ..(2)
Equation (2) is the symbolic (operator) form of equation (1), and is of the type f{iD)y = 0.
Therefore, f{D)y = 0 is the standard form of second order homogeneous linear differential equations.
The steps involved in solving a second order homogeneous differential equation of type f{D)y = 0 are,

d’ d
(1) In the first step, write the equation 4, Eg} +a, d_i +a, =0 in the symbolic form, (@, D* + a,D +a,)y =0

(i)  In the next step, determine the auxiliary equation (A.E), taking AD) =0 i.e., (a, D* +a,D + a,) =0
(i)  Determine the roots of auxiliary equation and write its corresponding general solutions (or) complementary functions.

Depending on the nature of roots, different forms of general solutions are shown in table below.

S.No. Nature of Roots General Solution
1. | Real and equal roots (m, m) y=(c, tcx)e™
2. | Real and distinct roots (nz,, m,) y= " e

3. | Complex conjugate roots (ot £ i) |y =e* (c, cos Px +c, sin Bx)

4. | A pair of surd roots (0% \/E) y= e*(¢; coshy/Bx+ ¢, sinhy/Bx)

Table

Q19. Solve (D- 6D +18)y =0

Answer :
Given differential equation is,

(D*~6D+18)y=0
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Auxiliary equation is f{m) =0

m2—6m+18=0

:—bi\/b2 —4ac

m
2a
_—(=6)+4(—6)’ —4x1x18
a 2x1
64436
2
6+ 6i
m=
2
= m=3=+3i
m=3+3i,3-3i

The roots are complex conjugate of the form o+ i 3

The general solution is given as,
Y(x) = e*(c,cosPx + c,sinfx)

— 3x :
y= e (c, cos 3x + ¢,sin 3x).

Q20. Solve the initial value problem y" — 2y' + 3y = 0 with y(0) =1, y'(0) = 0.

Answer :
Given differential equation is,
y"=2y'"+3y=0
Initial points, (0) =1,y '(0)=0

(Model Paper-1, Q13(a) | June-14, Q16(b))

(1)

Equation (1) can be represented in symbolic form as,

f(D)=D*%—-2Dy+3y=0
= (D*-2D+3)y=0

Auxiliary equation is, f{m) =0 i.e., m* - 2m +3 =0

The roots of above equation are,

B —b+Ab*—4ac

2a

(D2 -40B)

2(1)

2+4/-8
2

2+4/-4x2

2

2422
-2

m=1+i\2
= m= 1+i\/z,1—l'\/5
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.. The roots are complex conjugate of the form o + i3

Hence, the general solution of equation (1) is given as,
¥(x) = e*(c, cos Px + ¢, sin Pix)
= y(x)=e(c,cos V2x+ ¢, sin V2 x) .. (2)
Substituting the initial condition y(0) = 1 in equation (2),
(0) = e [c, cos \/5(0) +c, sin \/5(0)]
1= 1[c,(1) + ¢, (0)]

Lo =1

Differentiating equation (2) with respect to ‘x’,

y'(x)= % [e*(cicos V2x+casin ﬁx)]

:ex

+[cl cosﬁx+cZSin\/5x]%ex

%(Clcosﬁerchin\/Ex)

= ¢*[ a1 (—siny2x(¥2) + c2c08y2x(v2)) |+ e cos V2 x + crsiny2x [e!
7' = | ~v2esiny2x+y2ercosy2x | +e*| crcosv2x + crsiny/2x |
Substituting »'(0) = 0 in the above equation,
¥'(0)= €*[~v2eisiny2 (0)+ 2 c2c08y/2 (0) | + €[ c1cosy'2 (0) + e2siny2 (0) |

0=1[0+y2e)]+1[a)+0]
0=+2c, +¢, (e, =1
= V2, +1=0=+2¢,=— 1

1

- C2 = ——F

NG

Substituting the values of ¢, and ¢, in equation (2),

y(x)= e"(l .cosﬁer(%)sinﬁx)

Soylx) = e"(cosﬁx—%sinﬁx)

Q21. Solve the initial value problem y™- 5y" + 7y’ — 3y = 0, y(0) = 1, y'(0) = 0, y"(0) = 5.
Answer : June-13, Q12(b)
Given differential equation s,
Y5y Ty =3y =0 (D)
Initial points, 1(0) = 1,'(0) = 0, y"(0) =— 5
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Equation (1) in symbolic form can be expressed as, Solving equations (5) and (7),

(D}-5D*+7D-3)y=0 2x(c,+ec,+3c,)=0

ﬂD):D375D2+7D73 2Cl+2(3 +6C3:0

¢, t,+9c,=-5

Auxiliary equation is f{m) =0 = m*—5m*+7Tm—-3=0 - -/ — +

. tec - 36’3 =5 (®)
By trial and error method,

m=1 1 -5 7 -3

0 1 -4 3
1 -4 3 0

= m-1)m-4m+3)=0

= m-1)m*-3m-m+3)=0

= (m-1D(mm-3)—1(m-3))=0

= m-1)m-1)m-3)=0

= m=1,1,3

.. Roots of auxiliary equations are, m =1, 1;m, =3

The solution is given as,
v, =(c,te,x)e" +c e™ =(c, +c,x)e + e
@)= (c, e, x)et +c e .. (2)
Substituting y(0) = 1 i.e., x =0, y =1 in equation (2),
= »(0) =(c, +0c)e’ +c,e
= ¥(0) =c, *c,
= ¢t =1 ..(3)
Differentiating equation (2) with respect to x,
Y(x) =ec, + (¢, +xc,)e’ + c,3e* (@)
Substituting )'(0) = 0 i.e., x = 0, y' = 0 in equation (4),
0=¢éc,+(c, +0.c)e’ +c,3.e
0=c,+c, +3c, .. (5)
Differentiating equation (4) with respect x,
Y'(x) =cet + e+ (c, +xc,)e’ + ¢ 9e™ ..(6)

Substituting »"(0) = — 5ie,x=0and " =—-5 in
equation (6),

_ 5 =00 0 0 (0)
S5=ce’+ce’+(c, +0.c)e’ +c9¢
-5=c,+tc,+(c)+9c,

—5=c +2c,+9c, .. (7

Solving equations (3) and (8),

¢/t ¢,=1
/3c3=5
L4 _

de,=-4

ey =-1

Substituting ¢, value in equation (8),

¢ —303 =5
¢, —3(-1) =5
= Cl =2

Substituting ¢, and ¢, values in equation (5),
¢, te,+3c, =0
2+¢,+3(-1)=0
c,—1=0
= ¢, =1
e =2,¢,=1,c,=-1
The general solution is given as,

v, =2+ x(1))e + (-1)e*

Y. =2+ x)e" —e™

Q22. Solve the initial value problem y"* — 2y" — 5y'

+ 6y =0,y(0)=0,y'(0)=0,y"(0)=1.
Answer : (Model Paper-2, Q13(a) | Dec.-12, Q12(b) | Jan.-12, Q12(b))
Given differential equation is,
Y= =5y 6y =0

¥(0) =0,)'(0)=0,y"(0)=1

Symbolic form of given differential equation is,
(D*-2D*-5D+6)y=0
fAD)=D*-2D*-5D+6

Auxiliary equation,
fim) =m*=2m* - 5m+6

Substitute m = 1

fiH=1-2-5+6=-7+7=0

m =1 is one root
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By trial and error method,

m=1f 1 -2 -5 6

m-m-6 =0
= m-3m+2m-6=0
(m+2)(m-3)=0
m=-2,3
m=1,-2,3
y=ce tce*+ce”
Differentiating equation (1) with respect to ‘x’,
y'=ce(l)+ce™(-2)+ce™(3)
Y'=ce —2ce™+3ce”
Differentiating equation (2) with respect to ‘x’,
Y'=ce(1)-2c,e™ (-2) + 3c,e™(3)
Y'=ce +4ce™ +9ce
Given conditions are,
H  »0)=0
x=0and y=0
Substituting the corresponding values in equation (1),
0 =ce’+ce’+ce
= ¢, te,te,=0
(i)  »y'(0)=0
x=0and)'=0
Substituting the corresponding values in equation (2),
0=ce’—2ce’+3ce’
= ¢ -2¢,%3¢,=0
(i) »"(0)=1
x=0andy"=
Substituting the corresponding values in equation (3),
I =ce’+4ce’+9c.e’
= ¢ t4c,+9c,=1
Solving equations (4), (5) and (6),
-1 1 1
4= 6 %" 155" 10
Substituting ¢, ¢, and ¢, values in equation (1),

-1 x 1 -2x 1 3x
y=——€ +—e +—e
6 15 10

1 X 1 —2x 1 3x
SLy=——e +—e +—e
6 5 10
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3.2 METHOD OF REDUCTION OF ORDER FOR THE LINEAR HOMOGENEOUS SECOND
ORDER DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS

Q23. Discuss about the method of reduction of order.
Answer :

A higher order differential equation can be reduced to equation of lower order only when one solution of a differential
equation is known. This method is called the reduction of order process. For instance, consider a second-order differential equation
of the form.

d’y dy _
AP0y =R e

Let y,(x) be a solution of equation (1).

Let y(x) = v(x) y,(x) be the general solution where v(x) is to be determined.

y(x) =v(x) y,(x) - (2)
Differentiating equation (2) with respect to ‘x’,
d ’ ’
= VA (N () . 0)

Differentiating equation (3) with respect to ‘x’,

2
T = O+ V@R T 0+ (]
= () (x) + 20" (x) y{(x) + V"' (x) 31 (x) (4
Substituting equations (2), (3) and (4) in equation (1)
[V )7 () + 20 (1) (0) 49 (0) 3 () ]+ PO M) v () + V()3 () J+ QGe)v(x) 3 () = R(x)
= V)3 () V[ 207(0) + PO (0) ]+ v(0)[ 1) + P y{ () + Q)3 (x) | = R)
Since, y,(x) is a solution of equation (1),
V()3 (0)+V (D[ 20 (x) + POy () ]= R(x) ()
Substituting v '(x) = u(x) in the equation (5),
u’(x)y; (X) +[ 20 (x) + P(x) y; (x) Ju(x) = R(x) .. (6)
It can be observed from the equation (6) that, it is a linear differential equation of first order.

It can be solved easily and the general solution can be obtained by integration of u(x) = v’ (x). The v(x) value is substituted
in y(x) = v(x) y,(x) which is the required solution of differential equation.

Thus, a higher order (i.e, a second order) differential equation can be reduced to lower order (first order) equation.

Q24. Ify, = e is the one of the solutions of y" —y' — 6y = 0, find other solution by reducing the order of the
differential equations.

Answer : June-11, Q13(b)
Given differential equation is,

y'=y'=6y=0

= (D’-D-6)=0

f(D)=D*-D-6

The auxiliary equation is f'(m) =0

= m-m-6=0

= m-3m+2m-6=0

= Mm+2)(m-3)=0

= m=-2,3

The roots are real and distinct.
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: : — —2X 3x
The general solutionisy=c e~ +c, e
Given that, y, = ¢ % is one solution, the second linearly

independent solution is y, = e,

LY, = e

1
Q25. If y, = X is one of the solutions of the

differential equation x2y" + 4xy' + 2y = 0 then

find the general solution of this differential
equation by reducing its order.

Dec.-12, Q17(b)
OR

1
If X is a solution of the differential equation
x?y" + 4xy' + 2y = 0. Find the second linearly

independent solution.

Answer : Jan.-10, Q12(b))
Given differential equation is,

X" +4xy'+2y=0 . (1)

Equation (1) is of the form a )" +ay' +ay =0

Since,
1
Y= ;
a(x) 4x 4
P(x) = L =—=—
a, X X
1 —jP(x)dx 1 —I%dx
But, v(x)=—7¢€ =—e "’
34! 34!
1 —4logx 2 logx™* 2 -4
V(X):Te =x"e™® =xx
X
1
= v(x)= x_2
Let,
u(x)= Jv(x)dx
1
=  ulx)= J_zdx
X
-1
u(x)= o
-1Y1
=y, =|— | <
-1
y,(x)= 2
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The general solution is y(x) = Ay, (x) + By,(x)
A B

=TT

As y (x) = l/x is one solution, the second linearly

-1
independent solution is y,(x) =5
x

3.3 SOLUTIONS OF NON-HOMOGENEOUS
LINEAR DIFFERENTIAL EQUATIONS

Q26. Write the solution of nt" order differential
equation of the type f(D)y = X.

Answer :

A linear differential equation of the form,
dn dn—l
Rt

dx dx .. ()
Where, the right hand side (R.H.S) of the equation is

non-zero, is known as n - order non-homogeneous linear
differential equation.

a

The symbolic form of equation (1) is,
(@, D'+a D'+ --- +a)y=X ..(2)
ie, (AD)y=X
Where,
A(D)- Polynomial of n' order.
X — Function of the form K, e, sin ax, cos ax, x"

The general solution of an n™ order non-homogeneous
differential equation is,

General solution = Complementary function + Particular

integral
ie., y=CF+PlI
Where,
_ X
Pl fm
And,

X =K, e*, sin ax, cos ax, x"

Depending on the type of X, the different particular
integrals can be obtained as,

S.No. | Function type (X) Particular Integral

(P.D)

1. Constant = K 1
PI = O] K

Let, D =0 in (D)

k

P.I :%

: f(0) # 0

2. (a)e™; f(a) # 0 1
P.I :f(iD)'

Let, D=ain f(D)

ax

L oax
= PI= %ﬁ
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(b) & f(a) = 0 or o e _ xe™ The auxiliary equation is, f(m) =0
B € ) B :V) ie, m~5m+6=0
(c)e™; f'(a)=0 e xZe™ = m-2m-3m+6=0
Pl = &y = Foiay
fr (D) ") = mm-2)-3(m-2)=0
: a2 _ _ 1) =
3. (a) sin ax; f(—a?) =0 PI= 12 sin ax = Mm-2)(m-3)=0
() = m=2,m,=3
1 >
2 _ 2
Let, D a .. Roots are real and distinct.
PI= foa? -sin ax Hence the complementary function is,
- CF= ¢ e +c,e™”
(b) sin ax;f(—a?) =0 _x
PI= TCOS("‘X); a#0 = CF=ce*+ce” (4
a 1 2
The particular integral is,
L A2
(c) cos ax; f(—a*) #0 P.Izl—zcosax b X
£ ST D)
Let, D>’=—a? 35
=3¢
PI= —cosax D7 =3D+6
S(=2a%) Here, X is of the form e*
(d) cos ax; f(—a?) = 0 L . LetD=a1e.,D=5
= —— sinax;a# Sx Sx Sx
2a ’ _ 3e _ 3 _ e
= PI= = = .. (5
52_5(5)+6 6 2 )
4. x" 1

PIl= mxn = [f(D)]™
Xﬂ
Where, [f(D)]! = [1 +

g(D)] 'is expanded in
ascending powers of D,

using binomial theorem
upto the term D". Since
Dn+1 (Xn) = O’ Dn+2 (Xn)

=0,..

Q27. Solve (D?- 5D + 6)y = 3e*
Answer :
Given differential equation is,
(D*- 5D+ 6)y =3¢ .. (D)

Equation (1) is a non - homogeneous linear differential
equation of the form,

fDy=X .. (2)
Comparing equation (2) with equation (1),
AD)=D>-5D+ 6 and X = 3e*

The general solution of a non-homogeneous linear
differential equation is,

y=CF+P.I 03

Substituting equations (4) and (5) in equation (3),

eSx

— 2x 3x
y=certcer+

Q28. Solve : (D?+ D -6)y =e >+ 5,
Answer :
Given differential equation is,
(D*+D—-6)y=e>+5 .. (1)
Equation (1) is a non-homogeneous linear differential
equation of the form,
fDy=X -2
Comparing equation (2) with equation (1),
AD)=D*+D—-6and X=e>+5
The general solution of a non-homogeneous linear
differential equation is,
y=CF+PI ..(3)
The auxiliary equation is, f{m) =0
ie, m*+m—-6=0
= m+3m-2m-6=0
= mm+3)-2(m+3)=0
= Mm+3)(m-2)=0
m, =2andm,=-3
The roots are real and distinct
Hence, the complementary function is,
CF= " " +cye™”

CF=ce*+ce™ . (4)

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



3.16

MATHEMATICS-II

The particular integral is,

pr= X _ e™+5
- f(D) D*+D-6
_ e n 5
D*+D-6 D*+D-6
=  PI=PIL +PlL (5
Consider,
—2x
_ e
PI = D°+D_6

Here, X is of the form e*

Let, D=aie.,D=-2

PI = e
T T (P26
_ e—Zx
T 4-2-6
_e—2x
= PI=—3 ... (6)
Consider,
_ 5
= PL= D iD_6
Here, X is of the form K,
Let, D=0
_ 5
= PI = 0F0-6
5
= PL=-7 .. (7
Substituting equations (6) and (7) in equation (5),
“2x
- PI=4 -2 (8

Substituting equations (4) and (8) in equation (3),

y=c e tcer— %e’z"f%

Q29.

Solve (D? - 1)y = cosh 2x.

Answer :

Given differential equation is,
(D*— 1)y = cosh 2x . (D)
Equation (1) is a non-homogeneous linear differential

equation of the form,

fADy=X - (2)
Comparing equations (1) and (2),
AD) =D*—1 and X= cosh 2x

The general solution of a non-homogeneous linear

differential equation is,
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y=CF+PI ..(3)
The auxiliary equation is, f{m) =0
ie, m*~1=0
= (m-1)m+1)=0
= m=1m=-1

The roots are real and distinct.
Hence, the complementary function is,

CF=cemn+cem

= CF=ce+ce” )
The particular integral is,
X
Pl= —FH5
/(D)
_ cosh2x
D*-1
_ er + e—2x
2(D*-1)
_ er N e—Zx
2(D*-1)  2(D*-1)
=  PI=PI +Pl, - (5)
Consider,
2x
Pl = %
L2(D*)
Here, X is of the form e~
Let, D=aie,D=2
2x
Pl=—%—
- 2@
_ et
2(4-1)
2x
_ e
= PI = G
Consider,
—2x
PL= S5
= 2~ (D)
Here, X is of the form e~
Let, D=aie.,D=-2
—2x
PL= %5 —
T e
_ e
2(4-1)
e—Zx
= PL="% - (7
Substituting equations (6) and (7) in equation (5),
2x —2x
PI= 66 +eT .. (8)
Substituting equations (4) and (8) in equation (3),
2x —2x
y= clex+cze_x+%+ e6
Q30. Solve (D? + 5D + 6)y = sin 5x.
Answer :
Given differential equation is,
(D*+ 5D + 6)y =sin 5x .. ()
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Equation (1) is a non-homogeneous linear differential
equation of the form,

fDy=X .. (2
Comparing equation (1) with equation (2),
AD)=D?*+ 5D+ 6 and X = sin 5x

The general solution of a non-homogeneous linear
differential equation is,

y=CF+PI ..(3)
The auxiliary equation is f{m) =0
ie,m*+5m+6=0
= m+2m+3m+6=0
= mm+2)+3m+2)=0
= m+2)(m+3)=0
= m=-2,m=-3

Roots are real and distinct
The complementary function is given as,

C.F= ¢ ™"+ c,e™*
= CF=ce ¥ +ce ™ .. (4
The particular integral is given as,
_ X _ sin Sx
AAD)  D*+5D+6

Here, X is of the form, sin ax

PI

Let D?’=-a’ie,D*=-5=-25

_ sin 5x

PI==35+35D+6
sin 5x

—19+5D

sin 5x 3D +19
5D-19 " 5D +19

5.D(sin 5x) + 19 sin 5x
(5DY -19?

5cos5x(5)+ 19 sin 5x
25D% - 361

25 cos5x +19sin 5x
25(-25)—1361

25cos5x +19sin5x
6

= PI= gge [25cosSx +19sin5x] - (5)

Substituting equations (4) and (5) in equation (3),

L y= e+ e M —grs[25cos Sy + 19sin5x]

Q31. Solve : (D? + 8)y = sin*x.
Answer :
Given differential equation is,
(D* + 8)y = sin’x .. (D)

Equation (1) is a non-homogeneous linear differential
equation of the form,

ADy =X .. (2)
Comparing equation (2) with equation (1),
AD)=D?+ 8 and X = sin’*x

The general solution of a non-homogeneous linear
differential equation is,

y =CF+PI ..(3)
The auxiliary equation is, f{m) =0
ie, m*+8=0
= m*=-8
m= + 2\/51'
The roots are complex conjugate of the form o * i3
Here oc=O,B=2\/§

Hence, the complementary function is,
C.F = e™(c, cosPx + c, sin Px)
=™ (¢ c0s2y/2x+c,sin2y2x)

C.F=c,cos2y2x+c,sin2y/2x (4

The particular integral is,

X  sin’x

PL=77Dy ~ s
- 7;(5;)45-253); [ cosx = 2sin’x — 1]
1 cos2x

T 2(D*+8)  2(D*+8)

=  PI=PI +PL - (5)
Consider,
1
Pl =—"——F——
1 2(D*+38)
Here, X is of the form K,
LetD=0
_ 1 _ L
Consider,
_ —cos2x
PI,= 2(D*+38)

Here, X is of the form cos ax,

Let, D’=—a*ie.,D*=-2*=—4

__cos2x  cos2x

Substituting equations (6) and (7) in equation (5),

_ 1 cos2x
PI= 6~ 3 .. (8)
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Substituting equations (4) and (8) in equation (3),

y2010052\/§x+czsin2ﬁx+ %7%

Q32. Solve (D? + 5D + 6)y = e + sin x.
Answer : Model Paper-3, Q13(a)
Given differential equation is,

(D*+ 5D+ 6)y=e*+sinx . (1)

Equation (1) is the non-homogeneous linear differential
equation of the form,

fiDy=X - (2)
Comparing equations (1) and (2),
AD)=D*+5D+ 6 and X=e* +sinx

The general solution of a non-homogeneous linear
differential equation is,

y=CF+PI ..(3)
The auxiliary equation is, f{m) =0,
ie,m*+5m+6=0
m>+3m+2m+6=0
mm+3)+2(m+3)=0
(m+2)(m+3)=0

m =-2,m,=-3

U

The roots are real and distinct
The complementary function is,
CF=ce Z+ce™ .. (4)

The particular integral is,

X
PlI= 7]‘(1))
_ > +sinx
D*>+5D+6
_ e sinx
= 2 3
D°+5D+6 D +5D+6
= PI=PI +PI, .. (5
Consider,
2x
_ e
ML= sp+e
Here, X is of the form e®
Let, D=aie,D=2
2x
Pl=—5% ——
L@ H5()+6
4+10+6
er
f— P'Il = 20 e (6)
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Consider,
sinx

L= prispre

Here, X is of the form sinax,

Let Let, D’=-d?ie.,D*=—-12=-1
_ sinx
PL="35p+6
sinx D=5
5D+5 " 5D-5
5D(sinx)—-5sinx
(5D)*~(5)*
5.cosx—5sinx
25D%-25
5[cosx—sinx]
25(-1)-25
5(cosx—sinx)
-25-25

5(cosx—sinx)
=50

= PI= —{g(cosx—sin) (7

Substituting equations (6) and (7) in equation (5),

pr= ¢ 1 -
1= 5010 (cosx —sinx) .. (8)

Substituting equations (4) and (8) in equation (3),

2x
y=ceF+tee >+ 3—0—%(00”— sinx)

Q33. Solve: (D?+ 3D + 2)y =5 + 2x.
Answer :
Given differential equation is,
(D*+3D+2)y=5+2x .. (1)

Equation (1) is a non-homogeneous linear differential
equation of the form,

fDy=X .. (2)
Comparing equation (2) with equation (1),
AD)=D*+3D+2, X=5+2x
The general solution of a non-homogeneous linear
differential equation is,
y=C.F+PI ..(3)
The auxiliary equation is, f{m) =0
e, m*+3m+2=0
S>m*+2m+m+2=0
=>m+2)y(m+1)=0
=>m =-1,m,=-2
The roots are real and distinct
Hence, the complementary function is,
CF= e +ce™

= CF=ce“+ce™ .. (4
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The particular integral is,

p= X - 5+2
© fiD)  D*+3D+2
_ 5 " 2x
D*+3D+2 D*+3D+2
= PI=PI +PI, .. (5
Consider,
_ 5
ML= 3p+2
Here, X is of the form K
Let, D=0
_ 5
Pl = 0°+3(0)+2
- PL=3 . (6)
Consider,
_ 2x
PL= " 3p 2
- 2x
2
2[1 D ; 3D ]
i , .
:x1+D%3D] [(1+D)y'=1-D+D*~D*+ ...
~ 41 D*+3D n D*+3D
x - 2 2 ......
_ D* 3D D', 9D’
7x>l_T_T+T+ 4 — e ]
8 3D D* 9D’ 6D’
=5 05 O+ FT @+ 0) ) —.. ]
=x-— %D(x)
3
=x—5 (D
—~  PlL=x-> )
. 2 2 “ee
Substituting equations (6) and (7) in equation (5),
-3 3
PI= FyTx—75
= PI=x+1 .. (8)
Substituting equations (4) and (8) in equation (3),
y=ce tcer+x+l1
Q34. Solve : (D? + 1)y = x? + 3x.
Answer :
Given differential equation is,
(D*+ 1)y=x*+3x .. (1)
Equation (1) is a non-homogeneous linear differential equation of the form,
ADy=X .. (2)
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Comparing equation (2) with equation (1),
AD)=D*+1and X=x"+3x

The general solution of a non-homogeneous linear
differential equation is given as,

y=CF+PI ..(3)

The auxiliary equation is, f{m) = 0,
ie, m*+1=0
= mr=-
= m==xi
The roots are complex conjugate of the form o £+ i3 ;

Here a=0,p=1
Hence, the complementary function is,

C.F =¢* (¢, cos Bx + ¢, sin Bx)

= e"™(¢,cosx + c,sinx)
C.F = ¢ cosx + ¢,sinx .. (4)

The particular integral is,

PI= %
_ x>+ 3x
D’ +1
_ X L3
D*+1 D*+1
= PI=PI +PI .. (5)
Consider,
L= szi 1
=x1+D7!

=x[1-D*+D*-D°+....]
=x2-D¥x) + D*(x*) - D°(x*) + .....
= Pl =x"-Dx)

= PI =x*-2 ... (6)
Consider,
_ 3x
PL = D241
=3x[1+ D]

=3x[1 -D*+D*-D°+ .....]

=3[x— D*(x) + D*(x) — D°(x) + .....]
= PL=3x . (D
Substituting equations (6) and (7) in equation (5),
= PI=x>-2+3x .. (8)
Substituting equations (4) and (8) in equation (3),

y=c cosx +c,sinx +x*— 2+ 3x.
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Q35. Solve (D? + D - 2)y = x + sinx.
Answer :
Given differential equation is,
(D*+D-2)y=x+sinx .. (1)

Equation (1) is a non-homogeneous linear differential
equation of the form

JD)y=X ()
Comparing equation (2) with equation (1),
f(D)=(D*+D-2)and X=x +sinx

The general solution of a non-homogeneous linear
differential equation is,

y=CF+PI ..(3)
The auxiliary equation is, f{m) =0
ie, m*+m-2=0
m*+2m-m—-2=0
mm+2)—1(m+2)=0
m+2)y(m—-1)=0

U U U

m ==-2;m,=1
The roots are real and distinct.
Hence the complementary function is,

CF= ¢ +c,e™”

CF=ce”+cye .. (4)
The particular integral is,
pl= X _ _x+sinx
- J®O)  p*+D-2
_ X sinx
D*+D-2 D*+D-2
=  PI=PI+PI, ()
Consider,
_ X
M= b
_ X
(p*+D)
=2(1- 5

-1
_ x|, (D’+D
21 2
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3 4
|+ D*, D D' 2D D' ]

2 2 2 4 4 4 "

3 2
B w0+ B+ B+ 20w + Do+

— D
2T 7™

-1
2"

+%m]

—x 1
= PI= 57 .. (6)
Consider

___ sinx
PL=pp 2

Here, X is of the form sin ax
LetD>=—a*ie., D*=—(1)*=-1

_ sinx
PL="7% D=2

sinx D+3
D-3D+3

sinx (D +3)
D*-9

D(sinx) + 3 sinx
-1-9

cosx+3sinx
-10

= PIL = %[3 sinx+cosx] .. (7

2
Substituting equations (6) and (7) in equation (5),

PI= —2x L 10 [3smx+cosx] .. (8)

Substituting equations (4) and (8) in equation (3),

y=ce*+ce —%—%—11—0[3sinx+cosx]

Q36. Solve (D?-4D + 4)y = 8(x? + e* + sin2x).
Answer :
Given differential equation is,
(D?—4D + 4)y = 8(x* + &> + sin 2x) .. ()
Equation (1) is a non-homogeneous linear differential equation of the form,
ADy =X (2
Comparing equations (1) and (2),
AD)=D>-4D +4
X =8(x* + &> + sin 2x)
The general solution is,

y=y.+y, - (3)
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The auxiliary equation is, f/(m) =0

= m-4m+4=0

= m-27*=0

= m=2,2

The roots are real and equal

Complementary function is, y_= [c, + ¢ x]e™

= y.=[c, tcxle™ .. (4

Particular integral is,
. 1
T F(D) T (D*—4D+4)

8(x? + € + sin2x)

2 2% .
e n sin 2x - (5)

X
= +
= % 8[D2—4D+4 D—4D+4  D—4D+4

Consider,

2 2
X

X _
D>~ 4D+4 4[1+ D>~ 413]
4

2 -1
:HHD:‘@] 2

_1 02741)) <D274D>2
(2 (s

1[, D*> , 4D  16D° 8D3]z
2 L A S T T

_ 1 D’ 4D 16 8D*
= 416 ) E) g DY) - g ()

-1 xz—%(2)+2x+2—o]
= % xz—%+2x+2]
= %[x2+2x+%]
2
X :L[ 2, +i]
= Dap+a AN TET2
Consider,
er _ er
D>~ 4D+4  (D-2)?
¥ N R
2! “(D-a)" n'°
xZeZX
2
2x 2 2x
e _xe
= D 4p+4 2
Consider,
sin 2x
D>~ 4D+4
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Here, X is of the form sinax
Let, D’=-d*ie.,D*=-2>=-4

sin 2x _ sin 2x
=  D_4p+4 -—4-4D+4

= _TIJ sin 2xdx
_ —1| —cos2x
4 2
_ cos2x
8
sin2x  _ cos2x
D*—4D+4 8

Substituting the corresponding values in equation (5)

—e|l(.2 ;) x2e* | cos2x
y,=8 4(x A B
_ §< 249 +;>+x262x.8+8cos2x
4 ) 2 8
_H(.2 3 2 2
yp72<x t2x+5 ) taxeT tcos2x ... (6)

Substituting equations (4) and (6) in equation (3),

L y=(atox) e+ 2<x2 +2x +%>+ 4x? e* + cos 2x

Q37. Solve (D*+ 1)y =cos(2x—1) + x2e™.
Answer : Model Paper-3, Q13(b)
Given differential equation is,

(D*+1)y=cos (2x— 1)+ x> e™ )
Equation (1) is of the form

fDy=X .. (2)

Comparing equations (1) and (2),

AAD)=D*+1and X=cos 2x— 1) + x%~
Auxiliary equation is, f{m) =0

= m+1=0

= m+1)(mM-m+1)=0

1+iy3

= m=-1, 3

The complementary function is given as,

CF=ce*+e? [cz cos \/gx +e sin\/%x]

The particular integral is given as,

pi= L _x

AD)

= ﬁ(cos&x —1)+x2e™)

_cos(2x—1) |y
= PI= s -3

_ 1 _
PI = D il cos(2x—1)
Substituting D> = —4 in above equation,

PI = ﬁcos(h -1

1+4D

= P.I1 = mcos&x -1)
= PI= %cos@x—l)

Substituting D> = — 4 in above equation,

PI = 1_1;67?5)4)(005(% -1))
= PI = 61—5[003(2x —1)+4D(cos(2x —1))]
= PI= geleos2x - 1)+ 4x2(=sin(2x - )]
PI= gslcos(2x ~1)—=8sin2x - D] ... (4)
Consider,
2 —x
_ x‘e
P.sz (D3 1)
e x?
(D-1P+1
e—xx2

D -3D*>+3D-1+1
e x?
D?-3D*+3D
e *x?
D(D*-3D+3)

e x?

2
30[1 23D §3D]

e x?
-~ 3D

02—313]"
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_e*[. D*-3D 02_31))2(
-7 +< 3 )~

e[ (D*-3D) . D*_6D®+9D?

= 3D~ 3 + 9

_ e[ o D 3Dy’ D' -6D’x’+9D%

- 3D|* 3 3

= %x27%+2x+070+2Dx]

5 xz—%+2x+2]

_e'[ 4
= 3D>x +2x+3]

= %/[x2+2x+%]dx

[ 3 2
_ e |x 2x 4x
33 T2ty
T3
_e |x 2, 4x

efx
= T[x3 +3x% + 4x]

Pl = %[ 3-‘1-3)c2+4)c]

2

Substituting equations (4) and (5) in equation (3),

Pl= g—s[cos(zx ~1)—8sin(2x — 1)]+%[x3 + 352 + 4x]

The general solution is given as,

y=CF+PI

Substituting the corresponding values in equation (7)

X

e—x

.. (5)

.. (6)

(7

y=ce+e? c2cos§x+c3 sin@x + 61*5[COS(2x —1)—8sin(2x - 1)] + T[x3 +3x2 + 4x]

Q38. Solve (D?+ 2D + 1) y = xe* cos X.
Answer :
Given differential equation is,
(D*+2D+1)y=xe"cosx
Let, AiD)=D*+2D + 1 and X = xe* cosx
The auxiliary equation is,
fim)=0
= m+2m+1=0
= m+1)y*=0
= m=-1,-1
The roots are real and equal.
The complementary function (C.F) is,

V.= (cl +te,x)e”
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The particular integral (P.I) is given by,
1

-——X
T

= 2—.xexcosx
D +2D+1

1

= W.xe’c COS X
+

o X COS X _ X COS X
(D+1+1)? (D+2)?

. Fx2(D+2):| coS x

—e > 5
(D+2)° | (D+2)
< 2 :| CoS X
=e [x— 3
| D+2]D“+4+4D

M 2 cos x M 2 CoS X
=€ | X— =e | x—
| D+2]-1+4+4D D+214D+3

[ 2 }(41)—3) . 2 ](@4D-3)cosx
e | X———|——CO0SX = e | x—
D+2|16D* -9 D+2 -25

- _825 l:x—ﬁ] (4(~sinx) —3cos x)

X
¢ l:xi](4sinx3cosx)

-25 D+2
X X _ : _
. x(f4sinx73cosx)+Zi —4s1nx 3005 x
-25 25 D+2
X X .
_e ‘x(4sinx+3cosx)fze (4sinx+3cos x)
25 D+2
e'x . 2¢* 2e*(D —2)(4sinx +3cosx)
= + —
75 (4sinx +3 cosx) 25 D 4
_e .x(4Sinx+3cosx)_2i(D72)(4smx+3cosx)
25 ~1-4)
— C siny + 3cosx) + 2 (D - 2)(dsinx + 3 cosx)
= 75 sinx +3cosx) + 153 - sinx + 3 cosx

" . 2e"
=£ x(4smx+3cosx)+ ¢
25 125

(4cosx—3sinx—8sinx—6cos x)

x.x X

= (4sinx+3cosx)+ 2e
25 125

(—2cos x—11sinx)

X X

e . X .
- 4sinx+3cos x) —
%= 5 ¢ )25

(2cos x+11sinx)

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



3.26

MATHEMATICS-II

The general solution is given by,

y=y.ty,
X X

e .x . . 2e
y=(c,tex)e + %5 (4smx+3cosx)7125

(2cos x+11sinx)

3.4 METHOD OF VARIATION OF PARAMETERS, SOLUTION OF EULER-CAUCHY EQUATION

Q39. Determine the solution of second order differential equation using method of variation of parameters.

Answer :

A second order linear differential equation with constant coefficients is expressed as,

&y dy
d—+a1d—+azy 0W)

Where,
a,, a, are constant coefficients
O(x) is a continuous function of x
Ox)#0anda,#0
The complementary function is given as,
CF=cf Tcf,
Where,
c,, ¢, are constant and f,, f, are functions of x
The particular integral is given as,
PI=Pf +Rf,

Where,
f sz (X)
NS

fQ(x)
k= f AR

The general solution is,
y=CF+PI
= yme eyt PR

Q40. Solve (D% + 1) y = sec? x by the method of variation parameters.
Answer :
Given differential equation is,
(D*+ 1)y =sec’x
Equation (1) is a non homogeneous linear differential equation of the form,
AD)y = QO(x)
Comparing equations (1) and (2),
AD)=D*+ 1, O(x) = sec’x
General solution is given as,
y=y.ty,
Auxiliary equation is,
Sfim)=0
ie, m*+1=0
= m==%i
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Roots are complex conjugate of the form o + if3
The complementary function (C.F) is given as,
v, = (¢, cos x + ¢, sin x) (4
Particular integral (P.I) is given as,
y,=Pf, + R, .. (5)
Where,
J, = cosx, f, = sinx
fi=-—sinx, f,' =cosx
S =1 fy=cos’x +sin’x =1
_ SO
IL =N
. 2
_ / smxlsec X

= f/ sinx secx dx
COSX *

P=- dx

= —ftanxsecxdx

= —SeCx

SO )
R R
_ fcosxlsec X

= /secx dx

= log (sec x + tan x)
Substituting the corresponding values in equation (5),
y,= (—sec x)cos x + [log (sec x + tan x)] sin x
Y, == 1 + sin x log (sec x + tan x) ... (6)
Substituting equations (4) and (6) in equation (3),
y=c, cosx+csinx—1+sinx [log (sec x + tan x)]+c

y=c,cosx+csinx—1+sinx [log (sec x + tan x)]+c

2
Q41. Solve %+ y = cosecx by using method of variation of parameters.

Answer :

Given differential equation is,
d? dy
2 +y=cosecx

= (D*+1)y=cosecx .. (1)
Equation (1) is a non-homogeneous linear differential equation of the form,
AD)y = 0(x) -~
Comparing equations (1) and (2)
AD)=D*+1

O(x) = cosec x

The general solution is given as,
y=y.ty, - (3)
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The auxiliary equation is,
fim)=0

= m+1=0
= m*=-1
= m==%i
The roots are complex conjugate of the form o % i}’
The complementary function is given as

v, = e*(c,cosPx + c, sinfix)
Herea=0 ;=1

v, =€’ (c,cosx + ¢, sinx)

Y, =ccosx + ¢, sinx .. (4)

The particular integral is given by

yp=Pf] +Rf, .. (5
Where, f, = cosx  ; f, = sinx
f'=—sinx ; fy'=cosx

£, /2 = Ai'f, = cosx(cosx) — (- sinx) (sinx)
= cos®x + sin®x
=1
LOx)
KHAEE

=_/ sinx(closecx) i

P=—

= —/sinx. cosecx dx

_ : 1
f—/smx. Sinx dx

= P=—x .. (6)

_ [ 9
R= fllfz'—fl'fzdx

cosx.(cosecx)
[ eosieoseen)

_ 1
= _[cosx. Sinx dx

= f cotxdx

= log(sinx)
= R=log(sinx) .. (7
Substituting equations (6) and (7) in equation (5),
y,= — x(cosx) + log(sinx) sinx
= y, =—xcosx + log(sinx). sinx .. (8)
Substituting equations (4) and (8) in equation (3),
¥ = c,cosx + ¢,sinx — xcosx + log(sinx) sinx + ¢
The general solution is,

Y = ¢,cosx + ¢, sinx — xcosx + sinx.log(sinx) + ¢
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d2
Q42. Solve d—X¥+y=cotxby using method of

variation of parameter.
Answer : Model Paper-1, Q13(b)

Given differential equation is,
2
Yy
—5 t y=cotx
dx? 4
The above equation can be written as,
(D*+ 1)y =cotx .. (1)
Equation (1) is a non-homogeneous linear differential

equation of the form,
FD)y=X (2
Comparing equations (1) and (2)
fD)y=D*+1
X=cotx

The general solution of a non-homogeneous linear
differential equation is given as,

y=CF+PI ..(3)
The auxiliary equation is given as,

S(m)=0

ie,m*+1=0
= m=-1
= mr=i
= m==%i
The roots are complex conjugate of the form a + i
Here,a=0,B=1
Hence, the complementary function is,

C.F = e” (c,cosPx + c,sinfx)
= e" (c,cosx + ¢,sinx)

= c,cosx + ¢ sinx

C.F = ¢ cosx + ¢ sinx )
Here,f', = cosx ; f,=sinx
fi1 =-sinx ; f, =cosx

£ fy —f, f1 =(cosx) (cosx) — (sinx) (- sinx)

= cos’x + sin’x

Sy =]

The particular integral is given as,

PI = Pf + Of, (5
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B / _’sz o The general solution is given as,
W= 1112 y=y,ty, ..(3)
sinx cotx The auxiliary equation is given as,
S fm)=0

. cosx
— [ sinx.|— dx
sinx
—/cosx dx

= —sinx
P=—sinx ... (6)
0= fff A

cosx.cotx
_ [z,
1
= /cosx[c9sx]dx
sinx
2
cos“x
=/ - dx
sinx
1 —sin?
_ /'( 'sm x) dr
sinx
.2
:f[ .1 751.nx]dx
sinx  sinx
= f(cosecxfsinx)dx

= /cosecxdx—/sinxdx

= log[cosecx — cotx]+ cosx

0 = log[cosecx — cotx]+ cosx (7
Substituting equations (6) and (7) in equation (5),
P.I

— sinx(cosx) + [log[cosecx — cotx]+ cosx]sinx

= —sinxcosx + sinx. log[cosecx — cotx] + sinx cosx

= log[cosecx — cotx]sinx
PI= log[cosecx — cotx]sinx .. (8)
Substituting equations (4) and (8) in equation (3),

. y=c,cosx + ¢,sinx + log[cosecx — cotx]sinx + ¢

Q43. Solve (D? + 2D + 5) y = e* tanx.
Answer :
Given differential equation is,
(D*+2D + 5) y=e™ tanx . (1)

Equation (1) is a non-homogeneous linear differential
equation of the form

D)y = Ox) - (2)
Comparing equations (1) and (2),
AD)=D*+2D+5
O(x) = e™ tanx

= le,m*+2m+5=0

~2+Y(2)*-4(D)(5)

= 24+44-20

- 2

=24y -16  —2+4

- 2 N 2
m=—1+2i

The roots are complex conjugate of the form o + i
The complementary function is given as,

v, = e* (c,cos Bx + ¢, sinPx)
= y,=e"(c, cos2x + ¢, sin2x)

y,=ce*cos2x +c, e’sin2x .. (4)
The particular integral is given by,

=Pf +Rf, .. (5)
Where, f, = e~cos2x
Ji' = e*(— 2sin2x) + cos2x (—e™)

=  f{' =—2e"sin2x — e cos2x

Jy= e sin2x
= fy =e*(2c0s2x) + sin2x(—e™)

= f; =2e"cos2x — e sin2x

L A = /', =e¥cosx (2ecos2x — e sin2x)
— (—2e7sin2x — e*cos2x) e*sin2x
=2e > cos?2x — e > sin2x cos2x
+ 2e% sin?2x + e sin2x cos2x
=2e > cos’2x + 2e > sin*2x
=2e (1)
=2e™
_SHOX)
P= d
N A

_ e sin2x (e tanx)
- f 2 —2x dx

_ 2]' sm2x tanx

=— 7fsin2x.tanx dx

_ smx
= 2/(2s1nxcosx) cosx &

- /sian dx
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:_f(17c20s2x>dx

— 3 [ (- cos2myar

SH [ v [ cos 2w ax|

p= -1 [ s1n2x] . (6)
£ OX)
R= | 7% mrd
A A
[ e *cos2x (e "tanx)
- f Je —2x dx
-1 f 005722;6 tanx
= ijOSZx. tanx dx
- 3/ Qeosx D
_ 2, sinx  sinx
B 2/ ZC *eosx cosx)dx
=3 /(2 sinx cosx) dx — 3 f gg;i
= 2/sm2xdx+ (CZISII;C)dx
= %[—7 C%S 2x ] + %log(cosx)
R = %Sz}hr%log(cosx) (7
Substituting equations (6) and (7) in equation (5)
= sin2x os 2x o si
v,=|2t 4 ~cos2x + 2 log(cosx) — sin 2x
_ %e_x cos 2y + €8in 24x COS2X lje_x sin 2x log (cos x) — e 'sin 24x cos 2x
= %xe*x cos2x + %e*x sin2xlog(cosx)
R e; [sin2x log(cosx) — xcos2x] .. (8)
Substituting equations (4) and (8) in equation (3),
y=ce*cos2x +c, e sin2x + % [sin2x log(cosx) — xcos2x] + c.
Q44. Write the solution of n" order Cauchy-Euler equation.
Answer :
The n™ order Cauchy’s-Euler equation is given by,
wdy g d Ty dy
X W—#—alx ! e o ta, (xgotay = o) .. (1)
Where, a, a,, .....a,_,, a are constants.
Consider,
x=¢& .. (2)
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Applying logarithm on both sides, Similarly
= &
logr = loge: = x3d—y3=D'(D'-1)(D'—2)y (7
= logx =z loge j
dy
4 '
= = —=D'(D'-1)(D'-2)(D'-3 . (8
= logr=z X3 ( ) ( XN )y ®)

From equation (2),

xX=é
= dx=¢&4dz
dz _ 1
= i e
d: 1 :
— d—)ZC:? ['.'From equation (2)] ..(3)
Consider,
dy _dy dz
dx dx " dz
dy _ dz dy
= dx  dxdz
d 1(d :
= d—i = X<sz}> [ .- From equation (3)]
dy _dy
= DY (@
dy _
= x4 =Dy .. (5)
d
Where, D' = =

Differentiating equation (4) with respect to ‘x’

dy+dy d(dy
Yl Tde  dx\dz

Multiplying both sides by x,
w2Lr dZ)’
dx T dx

_xdz
d*y dy d*y
22 7 “y
AR

Z,—y [.- From equation (4)]

1
X

2
Ly dy _ dy

= S [ From equation (4)]
d*y d dy
20y _4a )y 4y
d*y
— xzizz(sz_Dl)y
d
Where, D'= e
d*y
= PS5 =D -y - (6)
dx

Substituting equations (5), (6), (7) and (8) in equation (1)
to obtain a linear differential equation with constant coefficients.

Q45. Solve (x2D?-3xD)y =x + 11.

Answer : Model Paper-1, Q16(b)
Given differential equation is,
x*D*-3xD)y=x+11 .. (D)
Letx=¢
= z=logx
ThenxD = D'
xD*=D'(D' - 1)

Wh D'= d
ere, =

Equation (1) becomes,

(D'(D'—1)-3D) y=e+11
= (Dy-D-3D)y=e+11
= [(D)Y-4D]y=e+11 )

Equation (2) is a non-homogeneous linear differential
equation of the form,

(D) y=X e
Comparing equation (2) and (3),
AD) = (D) - 4D'
X=e+11
The general solution is given as,
y=CF+PI )]
The auxiliary equation is given as,
fim)=0
= m*—4m=0
= mm—-4)=0
= m=0,m=4
The roots are real and distinct.
The complementary function is given as,
CF=cem+c, e

= CF=ce+ce*

CF=c +c,e ..(5)
The particular integral is given as,
Pl= X _ e+l
D) (D)*-4D
z 1 l.eO.z
Pl= — . (6
(D)?—4D'  (D")*-4D' ©
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4

Consider, m

Here X is of the form e*

Let, D=aie., D=1

e’ e’

(D)?—4D'  (1)*-4(1)

m:—3 . (7

0.z
Consider, %

Here X is of the form e®,
Let,D=aie,D=0

" f(D)at D=0
11" = f(D)=0

_ z 0.z
(D')2—4D' —2D.7411.e

- X
PI_fI(D) e

LetD=aie,D=0

~z.(11.e")
T 2(00-4
— _411 ZeO.z
11.e"* —11
= .. (8
(Dv)z —4D' 4 z ( )
Substituting equations (7) and (8) in equation (6),
=1
PI=-5 -z . (9)
Substituting equations (5) and (9) in equation(4),
y=c +Cze427%_%
111
S et eeme £ 1Mo
111

The general solution is,

y=c te,xt- %—%logx

Q46. Solve x?2y" —xy'+y =log x + 7.
Answer :
Given differential equation is,
xX2y"'—xy'+y=logx + 1
The above equation can be written as,
(D —xD+1)y=logx +m .. (1)

Letx=¢ =z=logx
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ThenxD=D'
x*D*=D'(D'-1)
= d
Where D' = pe

Equation (1) becomes

= DOD-1)-D+1)y=z+mn

= [(DY»-D-D+1]ly=z+nxn

= [(D)?-2D'+1]y=z+m . (2)

Equation (2) is a non-homogeneous linear differential
equation of the form,

[(AD)] y =X E)
Comparing equations (2) and (3)
f(iD)= (D) -2D"+1
X=z+nmn
The general solution is given as,
y=CF+PI .. (4)
The auxiliary equation is given as,
fim)=0
= m-2m+1=0
= (m-1)(m-1)=0
= m=1,1
The roots are real and equal

The complementary function is given as,

C.F=(c,tcp)e ..(5)
The particular integral is given as,
X
Pl= —+Fy

/(D)

_ z+m
(D)?-2D'+1

- )
1+[(D)? - 2D

[1+10)2 - 20]" e+ )
=[1-[(D)Y-2D1+..1z+m)
=[1+2D"(z+m)
=z+n+2D'(z+m)
=z+n+2(1+0)
Pl=z+n+2 ... (6)
Substituting equations (5) and (6) in equation (4),
y=(c, te,z)e+tz+n+2
= y=(c, tc,logx)x+logrx+m+2
The general solution is,

y=(c, +c,logx) x +logx +m+2.
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d’y . dy

Q47. Solve the equation XZW +ax gy

Answer :

Given differential equation is,
d*y dy .

x2 2 Gy T2y =sin (logx)

The above equation can be written as,

(x* D*+4x D +2) y = sin (logx)

+4x

Let,x=¢ = z=logx

Then, xD = D'
xX*D*=D'(D'—1)
= d
Where, D' = g

Equation (1) becomes,

[D'(D'—1)+4D'+2]y=sinz
= [(D)V-D+4D'+2]y=sinz
= [(D)+3D'+2]y=sinz

Equation (2) is a non-homogeneous linear differential equation of the form,

D) =X
Comparing equations (2) and (3),
AD)=(D"Y)+3D'+2
X=sinz
The general solution is given as,
y=C.F+P1
The auxiliary equation is given as,
fim)=0
m*+3m+2=0
m*+m+2m+2=0
mm+1)+2(m+1)=0
(m+1)(m+2)=0
m=—1,-2

O

The roots are real and distinct

+2y = sin(logx).

The complementary function is given as,

C.F=ce*tc,e”
The particular integral is given as,

- X
P1I= 7(D)

_ sinz
(D)*+3D'+2

Here X is in the form sin ax

Let (D)’=-d*ie., (D) =-1

Model Paper-3, Q16(b)

(D)

o)

(3

(@)

(5
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- sinz
PI=213p+2
__sinz
T 3D'+1
_[ 1 X3D'—1].
“I3D T 3D -1
:[ 3D -1 |
(3D)?—(1)? |7
3D -1 |
= 9(D‘)271 sinz
Let (D) =—1
_ 3D -1
9(-1)—1 sz
_3D -1
=""qp sinz

= TH3D' (sinz) - sinz]

P.1 :I—(}B cosz —sinz]

Substituting equations (5) and (6) in equation (4),

y=cetc,e” —11_0 [3cosz — sinz]
= y=c % +e, # - % [3cos(logx) — sin(logx)]

_ [3cos(logx) —sin(logx)]
10

= y=cx'+tcx?

The general solution is,

y=c xl+c x? 7% [3cos(logx) — sin(logx)].

.. (6)

d? d
Q48. Solve x? d—x); +X d—i +y=logx sin(log x).

Answer :

Given differential equation is,

, &y

dx?

The above equation can be written as,

d
x +xd—g: +y=log x sin (logx)

[x2D?+x D+ 1]y =log x sin (log x)

Let,x=¢ = z=logx
Then xD = D'

xX*D*=D'(D'-1)
= d
Where D'= -
Equation (1) becomes

DD -1)+D+1]y=zsinz

Equation (2) is a non-homogeneous linear differential equation of the form

AD)]y=x
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Comparing equations (2) and (3)
AD)=D'D' - 1)+ D'+ 1
=D)Y-D'+D'+1
=Dy +1
X =zsinz
The general solution is given as,
y=CF+P.]I
The auxiliary equation is given as,
fim)=0
= m*+1=0
= mP=-
= m==i
Since the roots are complex conjugate of the form o + i3
The complementary function is given as,
C.F=e%(c cosz+c,sinz)
= CF=ccosz+c,sinz
The particular integral is given as,
PI= 75

= PI= (z sin z)

1
(D) +1

= Imaginary part of (ze™)

1
(D) +1

=[.Pofe (D‘)TIZ

Let,D' =D'+i

— iz 71
PI=1Pofe D1’
1 z
(D)*+(i)*+2D'i +1
1 4
(D)?—1+2D'% +1

1
(D)>+2D'i

=1.P of e

=1.P of e”.
=L.P of e”

N 1

=[Pofe" —F—————5.z
Ao (o)?

b ’[” 2D

1
DV
1+ o

D —1
[1 +E] z

= iz 1
LLPofe 37

4

=1Pof ¢~

2D'i

()

.. (5)
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=LPofe:. 1 }D']
R YU Tl

lPofer. L [ D@
ore 2D|l~. z— 21

=IPofes. 1L [, 1
R ) TR T

— iz 1 1 1 1
LPofe~. Z_i[ﬁ(z) _fﬁ(l)]

— iz 1 2 1 — iz 2
=LP ofe .—.[Z—_Z(Z)]—I.P of e [%_ z

20| 2 4712
(-]

2
G

=L.Pof (cos z+isinz)

=L.Pof (cos z + i sin z)

2
:I.Pof(cosz-i-isinz)[—iszr%

2 2
. Z z 2 - .o
-y cosz+zcosz—1251nz( >+zsmz<

_ Zz_
=LPof )

BN

)

2 2
=LPof [— i%cosz + %cosz +%sinz + i%sinz ]
PI=_Z +Z g (6)
. 4 cosz+gsinz
Substituting equations (5) and (6) in equation (4),
2

_ . z z .
y=ccosztc, smszcosz-i-Zsmz

: logx)* 1
= ¥ =c, cos (logx) + ¢, sin (logr) — (O%fx)cos (logx) + o§x sin (logx)

The general solution is,

logx)* 1
y =c, cos (logx) + c, sin (logx) — %cos(logx) + Ofx sin (logx)
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SPECIAL FUNCTION

PART-A
SHORT QUESTIONS WITH SOLUTIONS

Q1. Define Gamma function and list its important formulae.
Answer: Model Paper-1, Q7

Gamma Function

The definite integral Jefx x"dx (for n> 0), is termed as Gamma function. It is a function of ‘»” and is denoted by ‘I"’.
0o 0

Fm= fe*x"ax  (n>0)
0
It is also known as ‘Euler’s integral of the second kind’.

Formulae
(1) I'n+1)=nl'(n) or T(m)=(n-1)Tn-1)
i) Tm=m-1D!orI'(n+1)=n!

(i) T(n)= L": )
@iv) TI'(m).Id-n)=

© ()

sin nm

. 7
Q2. Find the value of F(E)'
Answer: June-11, Q7
Given function is,

)

Gamma function interms of # is given by,
I'n) =(n—-1DHI'(n-1)

7
Substituting n = 5 in above equation,

-2
-3
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N|jw 7 ~
X N | W
N | —
N | W
1 [
‘ .
N | =
~— —
N | W
|
—
~
—

Q3. Find the value of r(%)
Answer :

Given function is,

r(3)

The above function can be written as,

R

From the property of Gamma function,

I'(n+1)=nl(n)

1)1z} 2r(3

16

r(9>= 105y

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Dec.-12, Q10

1 n—1
Q4. Show that j(log%) dy =T'(n)
0

Answer : Model Paper-2, Q7

Given integral is,

1
Jaog 17" dy
0

= y=e¢e'
Differentiating on both sides with respect to ‘¢,
dy=—e'dt
Limits
1
Fory =0, logea =t=log,o=t=>t=»

1
Fory=1,10gei=t:>10gel=t3t=0

Limits are from oo to 0.

Then,
1 n—1 0
_[ logel dy = J'(t)"’l (—e?).dt
J B ) : )
0
=_ J' et dt
= J elrldt
0
=TI'(n) [ Ie_x X" dx = l"(n)}
0

1 n—1
o T(n) =J(loge l] dy
Ty

Q5. Prove thatT'(n) T'(1-n)=

sinnm

Answer : Dec.-13, Q8

Given that,

I'mT(d-n) = Sinnm

The general expression of a B-function in terms of
(m, n) is,

2 n—1

- [—=—a
pom,n) = [ ()
Relation between ‘I"” and ‘B’ function is given by,
T'(m).I'(n)
BOm, 1) = “Fovm )




UNIT-4 Special Function

4.3

Combining equations (1) and (2),

X" g L)
(1+x)™" T'(m+n)

S —y 8

Let, m+n=1= m=1-n

Equation (3) becomes,

I X" e _T(-mI(»)
o (14+x) ()

_ d=-mT(n)
B 1

J X x=T(-n)T(n)
+Xx

, (1+x)
Also,
* 2m

2m+1
[P——s T cosec 2T
o (L+x™) 2n 2n

Where, m>0,n>0and n>m

Letx*=t= x=(f)""an

Differentiating with respect to ‘x’,
1

[-- T(1)=1]

PRCLEI
n

o
- (3) J’x dy ——"
01+x sin pT

Letp=n

2 n-l

X T
J dx =—
o (1+x) sin nT

T(m(1—n)=—"

sin nm

C(n)(1-n)=

sin nT

Equation (6) can also be expressed interms of ‘x” as,

()

Combining equations (4) and (7),

- (4 Q6. Evaluate J.xze"‘zdx.
0

Answer :
Given integral is,

. (5 sz.efxzdx
0
Let, x>=¢
= x =t
dy = —dr
2w

Ixz.e”zdx = Tt.e"(zj/; t

I —
dx =— (2 .dt T
X 2n ! = lJ‘L.eit.dt =
Limits 294
1 < 271
Forx=0,0= (tA”) =1t=0 = %J.tz e ldt
y 0
Forx=o0,00= ({"?") = t=o0 _1><‘_(3)
Limits are from 0 to oo. 2 2
Substituting the corresponding values in equation (5), = ;(; _1}(; -1
1
(tl/Zn)Z B T
.5t dt= —cosec pn
! (+1) "2n 2n CO%CP _1.1;(1)
_om 1 22 2
I N T 1
Bt dt: - — —A/TC
= -([(1+t) 2n  t 2n cosecpn 4I
T
< j2mi2m) L = T

T
12 odt = —
= -([2n(1+t) o COSEC pT

2m 1

1 e ,_T
= =—— CcoSec pn
203 (1) 2n P
2m+1 1
Nt 2n
= J. dt = 1 cosec ptt
0 1+1¢

oo

7!
L e
01+t sin pm

(Model Paper-1, Q8 | June-13, Q9 | June-10, Q9)

[ ]ix"_l e tdx= F(n)]
0

J [ T(m)=(m-1)T'(n-1)]

Q7. Evaluate X dx.
'([\/1—x2
Answer :
= 2’”“) Given integral is,
2n .
X
J. dx
_ 2
.. (6) oVl-x

Dec.-12, Q9

Let, x=sin 0 = dx =cos 0 dO
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4.4 MATHEMATICS-II

Limits Letx’=y=x=4y
Forx=0= 6=0 2xdx = dy
- _T _dy
Forx71:>672 dx_g
Limits are from 0 to = _ 1
2 dx= ——=dy
24y
Then,
UL:Ifx=0w,y=0o
1 2 . — =
J‘ X :J' SN0 os6d6 LL:Ifx=0,y=0
o V1—x? o V1—sin*@ Then
i [siera = [y
2 x3e ¥ dx = / y)Pe ——dy
= J.Slnecosede b o 2\/;
0cose
o1 -1
g _fyz 3e}—y2dy
- j(sine)lde 0
0 L
=— | eVy6 2
s 1JEF n;—l 2/6 yo 2dy
j(sine)"de = 0
0 2 m n+2 1 00 1
2 = 5/ e’y 3dy
0
1+1 ) ©
- 2 1 2
_\/E 2 _‘/Erz :5/e‘yy3 Ly
- 1+2) 0
21“[2) 2r(1+1)
2 ->1[3)
213
A0
g . 1 (2
2I7 =+1 . 3, B o
[ ) o /x e dx 2 F[3].
0
ZEF(E) C(n+1)=nl(n) Q9. Evaluate ‘/‘114.9_2t dt.
0
_n Answer : May/June-17, Q7
l"(; ) Given integral is,
o (erfd)) Jea
=" 3 :
| From the property of gamma function,
j Y =1 *
= _ax" 1 1+m
0 1—x2 fx’"e ’ dJCZTF[ " ]
0 na n
1
Q8. Evaluate fx3e"‘2dx. Here,m=4,a=2,n=2
0 oo
1 1+4
Answer : Dec.-17, Q7 / # e*Zfzdt = —T F[—z ]
Given integral is, 0 222
Jwetas - EF[E}
0 2.22
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UNIT-4 Special Function

1
_ 2—5/2+1[%_1]r[%_1]

[.T(n)=(n-DT (n-1)]

Il
2
(S8
)1
—
oW
SN~—

3vn
32/2

_3 m

32V 2

4 22, 3 T
fte dt 0 5

Q10. Define Beta function. State its formulae.

Answer : Model Paper-2, Q8

Beta Function

1
The definite integral fxm"'.(l—x)”'l.dx (m>0,n>0)is

0
termed as Beta function. It is a function of m, n and is denoted
by B.
1
Bm, )= [x".a=x)""dx im > 0, n > 0)
0
It is also known as ‘Euler’s integral of the first kind’.

Other Forms of § Function

7

o Trigonometric form :

/2
B(m, n) = 2 Jsin 219, cos™™ 0.40
0

= 2']2:71—1, 2n-1
<> Beta function in terms of improper integral :
ot m—1
= .
B n) = [ s
Formulae
) BOm, n)=p(n, m)
.. (m=Dl(n=1)
(i) Plm,n)= ==~

(m+n-1)!

4.5
(i) B, m)=PBlm + 1, m) + B(m, n + 1)
- _T(m)T(n)
() Blm,m) = T'(m+n)
Q11. Show that f(m, n) = (n, m).
Answer : Model Paper-3, Q7

Given that,
B(m, n) = P(n, m)

The general expression for Beta function in terms of
m, nis,
1

B(m, n) =jx”"1(l—x)”‘1dx (D)

0
Let, l-x=t = x=(1-9)
Differentiating on both sides with respect to ‘x’,
dx =—dt
Limits

Forx=0,1-0=t=1¢=1
Forx=1,1-1=t=1¢=0

Limits are from 1 to 0.

Substituting the corresponding values in equation (1),

0
B(m, )= [(1=0"" 1" (=dr)
1

1
= jt”“ (1-0)""dt
0

= B(n, m)
B(m, n)=P(n, m)

[+ From equation (1)]

Q12. Find the value of [3(%

N[

)

Answer : Jan.-12, Q7

Given function is,

97
(>2)

The relation between ‘3’ and I function is,

'm7T
Bom, ) = “F

9
Substituting m = — and n =

5 5 in above equation,

[ Tm)=@r-DI(#-1)]
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| o<

(3 r(3-

[T(n)=@-1)]

)|

TXx6x5x4x3x2x]

2
3.3
i3

5040

25

(SN

25

7
7><7
2 4

-

I

5040

2,

B )

5040

Z E><9><1)<(\/E)2

244"y
5040

7.25_9 1
—X—X—=X—=XT

_ 2 47474

5040

TX25X9X1IXT
2X4X4x4
5040

1575w

[ 128 ]
5040
5t

T 2048

33 )

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

St
2048

Q13. EvaIuateJ' de)usmg B-T" functions.

Answer :

Given integral is,

T oxd
-0[11;

(1)

Let, x=tan 0 = dx=sec’0 dO

Limits

Forx=0,0=tan0 = tan0 =tan0 = 0=10

T T
Forx:oo,oo:taneztanz =tand = 0=

2

Limits are from 0 to g

Substituting the corresponding values in equation (1),

/2

tan®

[
[ meeron
-

0

/2

tan 0 ¢
'0[ sec* 9= -(’)‘

—J

/2

. m+l n+l1
Since, jsm”’ecos”e do = 7[3 o

0
Substituting, m
/2

0

T xdx
- =
o (I+x

tan® sec’ O

2
[+ tan® 0 (sec? 0).d0

tan Osec’ 040
(1+ (tan® 0)%)

do [ 1+tan® 0 =sec? 0]

(sec’® 0)?

2sine 1

cos 0 sec* 0

/2

. cos*0do = Jsme cos*0d0

cos 0 0

: ()

=1 and n = 3 in equation (2),

1+1 1
[sin6 cos’6.d0 = L B(+,3+)

2 22

1.(24)_1
053] 2002

1 r(yre)
2 T(1+2)

( B(m,n)

1 1))
2 T
1 1) 1)
2 (3-D!
1 T(1) T(2)
2!

o
2

_ T(m) [(n)
 T(m)+(n)

[ T =(n-1)]

D= o

N | —
N | —
PN

N

)




UNIT-4 Special Function

4.7

o

Q14. Evaluate fe"“"(1—e"‘)“dx, where m, n are
0
positive constants.

Answer : May/June-17, Q8

Given integral is,

=3

f e™(l—e™)"dx
0

= [ema-eyar= [ (91— ds
0 0

Let,y=e* = dy=—e"dx
Limits: x=0=y=¢*=

x=wo=>y=e*=0

oo 0
—mx —x\n _ ym(l_y)n
Ofe (1-e™"dx 1[ =y dy

1
fy’”"(l—y)"dy
0

1
= [yia-prtay
0

= B(m, ntl)

n
-1
Q15. Evaluate fx"[1—%]m dx in terms of beta

function where m, n eN.

Answer : Dec.-17, Q8

m—1

m
. X . .
Note: In equation ’/Ax"[l—z] dx is misprinted as
0

Given integral is,

m m—1
f x" {1 — l] dx
m
0

Let [1fi]:t:>x:m(lft)
m

-1

—dx =dt

m

dx =— mdt
UL:Ifx=m,t=0
LL:Ifx=0,t=1

0
/(m(l — )Y Y= mdt)

=
=
—_—
e
|
3=
S
Il

1
0
—m/m"(l—t)”.t””'dt
1
1

= m‘/‘m"(l—t)"ﬂflt’"’ldt
0
1

= m.m”/t’"‘l(lft)”ﬂ_ldt
0

=m" 1 B(m,n+1)

m m—1

/x”[l—%] dx = m" B(m,n+1).

0

Q16. Define error function and complementary error

function. List their properties.
Answer :
Error Function

The error function or the probability integral is defined
by the relation,

erflx) = gJ’e_tzdl‘
o

Complementary Error Function
The complementary error function is defined as,
erfc(x) = 1—erf(x)
(o)

erfc(x) = % f e”zdt
T
Properties x

®  efl-x)=—erflv)

(i) erfl0)=0

(iii)  erflo)=1

(iv)  erf(— o) =—erflo) =-1
V)  erflx) terfl—x)=0
(Vi) erfe(x) + erfe(—x) =2

Q17. Define error function. Prove that erf(-x) =
- erf(x).
Answer : [Model Paper-3, Q8 | May/June-15, Q7]

Error Function
The error function is defined by the integral,
2 ¢
erf(x)=—F71e dt,foo<x<oo
(O

The graphical representation of error function is shown
in below figure.
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erf(x)

Figure
From the definition of error function,

27
erflx) :—Je” dt
X

27 e
= erf(—x)=ﬁ‘l.etdt
0

Let,
t=—u =dt =—du
Lower Limit /=0 =u=0
Upper Limit/=—x > u=x
27
erfl-x) =——=| e (—du)
A x) J;{

" du

0%
:ﬁ-!e
:_Tij‘eftzdt = 7e;j'f(x)

~oerf(—x) =—erf(x)
Q18. Define ordinary point of a differential equation.

Answer :
Ordinary Point

A differential equation of second order is given as,

d’y dy
F(x)—+R(x)—+PB((x)y =0
o )dx2 1( )dx 5 (xX)y
Where,
P,, P, P, - Polynomials in x

Apointx =a is said to be an ordinary point of differential

equation if and only if P, (a) # 0.

Example

2
(1+x2) d—2y+ 2
dx dx
Dividing above equation with (1 + x?),
d*y x dy 1
2t 2 g 2
dx” 1+x”dx 1+x

,y:O

y =0

Here x = 0 is an ordinary point since (1 + x?) # 0.
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Q19. Define singular and regular singular points.
Answer : June-11, Q5
A differential equation of second order is given as,

d*y

Fy(x)—
0 dx?

d
+ R0+ P(x)y =0
dx
Where,
P,, P, P, - Polynomials in x.
Singular Point

A pointx = a is said to be singular point of the differential
equation if and only if P, (@) =0

Example
2
x? d—f+(2x2 —x)ﬂ+y =0
dx dx
Dividing above equation with ‘x*”,

2 2
d y+(2x fx)ﬂ_'_L
dx? x? dx X2

Forx=0,x>=0

=0

x =0 is a singular point since x* = 0.

Regular Singular Point

A singular point x = a of a differential equation is said
to be regular singular if it is in the form of,

d’y QWdy, O

dx*  x—adx (x—a)?

0

Where,
0, (x), O, (x) — Derivatives of all orders.

Alternatively, a singular point x = @ of differential equa-

d’ d
tion —§}+ P(x)—y +Q(¥)= 0 is said to be regular if,
dx dx

(x —a) P(x), (x — a)* O(x) are analytic (i.e., not infinite).

Q20. Classify the singular points of a differential
equation.

Answer :

The singular points of a differential equation are classi-
fied as,

(i) Regular singular points and
(i) Irregular singular points.

(1) A point x = q, is said to be regular singular if for x = q,
the values (x — a)P and (x — a)*Q are not equal to infinity
(=)

(il) A point x = q, is said to be irregular singular if for x =
a, the values (x — @)P and (x — @)*Q are equal to infinity

(=)




UNIT-4 Special Function 4.9
Q21. Find the singular points of x2 y" + xy'+ (x2 — n?) Equation (1) can be written as,
y = 0. Classify them. o
Dec.-12, Q7 X 2 £ +(x+x ) i -y =0 .. (2)
OR
Classify the singular points of, x?y" + xy' + Equation (2) is of the form,
(x2 - n?)y =0, n is a constant.
Fy(x +P x +P X)y =
Answer : Dec.-09/Jan.-10, Q7 ol ) i ) 2(*)y =0 E)
Given differential equation s, Comparing equation (3) with equation (2),
= y2
X"+t (2-n?)y=0 . (D) Py (x)=x
Equation (1) can be written as, For P, (x)=0
22 J X*=0= x=0
24y Y 22
Y2 +x$+(x —n7)y=0 - (2) x = 0 is a singular point.
Equation (2) is of the form, From equation (1),
d2y dzy (x+x Yydy 1
—- —+—y =
5 PW PO P00 0) e vt S A
Comparing equation (3) with equation (2), 4y 4y, ( 1 +1) & . L
P, (x) = x> = 2 G a2 =0 .. (4
For P (x)=0 Equation (4) is of the form,
= 0=x = x=0 22 &y
+ P(x + by 0 .. (5
x = 0 is a singular point. A ( ) Q) = )

From equation (1),

2 22
d’y x dy+x n »=0
dx*  x* dx x?
d*y ldy x*-n?
> - -
2 xdx 2 Yy =0 .. (4)
Equation (4) is of the form,
dz
—+P(x)—+Q(y) = .. (5)
dx?

Comparing equation (5) with equation (4),

P(x)= %

0=—L(*-n?)
5 X
Forx =0,
(x-a) PO) = (x—0) L =120

(x—a)* O(x) = (x — 0)? % —n)=x*—n*#

Equation (1) has regular singular point at x = 0.

Q22. Find the singular points of x2y" + (x + x2)y' —y
= 0 and classify them.
Answer : Jan.-12, Q5
Given differential equation is,
X"+ (x+x2)y —-y=0 .. (1)

Comparing equation (5) with equation (4),
P(x) = (1+ 1) 0(x)=
X ) X
Forx =0,
(x—a) P(x)=(x—0) (%4—1)— 1 +x#oo
1
(x—a) Ox) = (x — ) (x—z]= 1 %00

The given differential equation has regular singular
point at x =0

Q23. Determine the nature of the singular points of
the differential equation x2y" + 9xy' + 6y = 0.

Answer : May/June-17, Q5
Given differential equation is,
2"+ 9xy' + 6y =0 (D)

Equation (1) can be written as,

dy+9 Y =0 2
X O by = - 2)

Equation (2) is of the form,

R~ y+P(x) P ()y =0 )
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Comparing equations (2) and (3),
P (x)=x
For P(x)=0
X¥*=0=>x=0
x =0 is a singular point.
From equation (2),

2
ﬂ+9dy 6

2 X dr 2yZO .. (4)

Equation (4) is of the form,
d?
£ +P(x)—+Q(x)y 0 (5
Comparing equations (4) and (5),
=2 o= &
@ =500 =
Fora=0

(x—a)Px)=(x-0) % =9#m®

6
(x—a)’ O(x) = (x — 0)? 2 =6#

Equation (1) has regular singular point at x = 0.

Q24. Determine the nature of the singular point of
the differential equation x2y" — 5y' + 3x%y = 0.

Answer : Dec.-17, Q5
Given differential equation is,

=5y +3x%=0

o4y sdy
dx2 dx
Equation (1) is of the form,

= +3x%y=0 (1)

po(x) + pl(x) A p,(x)y=0 - (2

Comparing equations (1) and (2),
Py =
For p(x)=0,x*=0
= x=0
x = 0 is a singular point
From equation (1)

&y 5 dy

g T 0 e
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Equation (3) is of the form,

dy +p(x)—+Q(x)y 0 (@)

Comparing equations (3) and (4),

Pl = — el ,Q(X) 3

Forx =0,

-5
(x—a)p(x) = (x-0) [2]
X

= —=—=00

(x—a)y O(x) = (x—-0)*(3)
=332 = 3(0)2# 0.

x =0 is an irregular singular point.

Q25. Give the equation of power series expansion.
Answer :
The power series expansion is given as,
yx) =C,+C (x—x)+C,(x—x)+C, (x—x,)+
or

y(x) - Zcm(x_xo)z

m=0

Q26. Find the value of P,(-1).
Answer : May/June-12, Q5
The Legendre’s differential equation is given by,

dy

d_ +nn+1)y=0 .. (1)
Equation (l) can be written as,

(1-x% Pn”(x)—2xPn,(x)+n(n FHPx)=0 ..(2)
Substituting x =—1 in equation (2),

(I- ) —2x

= 0+2P,(-)+nn+1)P(-1)=0
= 2P/ (-)+nn+1)(-1yP(1)=0
[V P,D=E1P )]
= 2P/ (-)+nn+1)(1y1)=0
[~ P,(1)=1]
= 2P (-1)=—n(n+1) 1)y
= 2P (-1)=(1y"n(n+1)

n—1
= Pn’ 1) = &

(Dnl

n(n+1)

S P (-)=——n(n+1)
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Q27. Write the expression for Rodrigue’s formula.
Answer :
The expression for Rodrigue’s formula is given as,

n

="

P (x)= .
) 2"n! dx"

Substituting different values for n,
(M) Pyx)=1
(i) P(x)=x

(i) Py = %(3x2 -1
1 3
(iv)  Px)= 5(5x —3x)
v) P(x)= %(35{‘ -30x? +3)
vi)  Px)= %(63x5 —70x> +15x)

Q28. Evaluate 4P,(x) + 6P,(x) + 3P, (x) as a polynomial

of x.
Answer : Dec.-17, Q6
Given expression is,

4P (x) + 6P,(x) + 3P (x)
From Legendre’s polynomials

x” —3x

P(x)= xP(x)— (3x2-1), P(x)—
= 4P3(x)+6P2(x)+3P1(x)

5%% — 3x

3 ! +3(x)

=4 6|

2
=2(5x - 3x) +3(3x* - 1)+3x
= 10x° — 6x + 9x* — 3+ 3x
=10x>+9x? —3x -3

4P (x) + 6P,(x) + 3P,(x) = 10x” + 9x* — 3x - 3.

Q29. Express 1 + x — x? in terms of Legendre’s
polynomials P (x).
Answer : Dec.-13, Q5
Given function is,
f)=1+x—x? .. (1)
From Rodrigue’s formula,
Pyx)=1 .. (2)

P (x)=x ..(3)

1
And P,(x)= 5 (3%~ 1)

= 3x’ - 1=2P,(x)
= 3x*=2P,(x)+1

2P (x)+1
B 3

,_2 1
=X =73 P(x)+ 3 P (x) [

P=1 .4

Substituting equations (2), (3) and (4) in equation (1),

S )= Pyx) + P (x) - [ Py (x)+— Po(x))

= =B P - TP 3P

= fx)=Px+Px) - P L(xX) — ! Po(x)

(5 reora S
= fo=|l"7|P@+P®- 3 )
= f)=

P () + P (x) - P (%)

)= %[21% (x)=3R(x) = 2B,(x)]

Q30. Express f(x) =5x3+ 6x2+ 4 in terms of Legendre

polynomials.
Answer : May/June-17, Q6
Given function is,
f(x)=5x+6x>+4 .. (1)
From Legendre’s polynomials,

Px)=1,Px)=x
1
P (x)= (3x -1)

_2

= P (x)— Po(x)

P (x)= %(5)(?3 —3x)

2 3
= x'=35Ph0W+TR)

Substituting the corresponding values in equation (1),

Sx)=5 %PAxH%PI(x)]% %Pz(x)f%Po(x) +4P,(x)

10P,(x) + 3P, (x) + 4P, (x) + 2Py (x) + 4Py (x)

= 10P;(x) + 4P, (x) + 3P(x) + 6P,(x)

S f()= 10Py(x) + 4P, (x) + 3P(x) + 6P,(x)
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PART-B
ESSAY QUESTIONS WITH SOLUTIONS

4.1 GAMMA FUNCTIONS, BETA FUNCTIONS, RELATION BETWEEN BETA AND GAMMA
FUNCTION

Q31. Define Gamma function. What is its reduction formula?
Answer :
Gamma Function

For answer refer Unit-4, Q.No. 1, Topic: Gamma Function.

Reduction or Recurrence Formula
I'(n)= J‘eﬁx.x”*1 dx
0
Substituting n» = n + 1 in above equation,

e .er-l—l dx

T(n+1)=

e x".dx

S O 8

= x”J‘efx.dx — I{(n.x”_l)Je_x.dx]dx [Using integration by parts]
0

0 0
= x".i —njx"i1 C X
-1 -1
0 0
=—x"e” : +njx”71(efx)dx
0
n
o . -X x
o ~ Lim x".e 7 = Lim —=0
=0+ nJe X" dx X—»00 X—00 o
0 n
X 0
- le X = — = 0
_ L x>0 ¢ 1
= nIe X" dx
0
=nl'(n)

T'(n+ 1)=nl'(n)

This is known as recurrence or reduction formula of Gamma function.

1 1
Q32. Express Jx'"(1—x")p dx in terms of Gamma function and evaluate jx5(1—x3)8 dx.
Answer : ° °

Given integral is,
1
J.xm (1-x")?.dx
0
Let,x"=t = x=1¢"
1

dx = —t" dt
n
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|

1 1
X"(1=x")dx = j(z%)'"(l—t)”.lrn Lt
n

0

m+1

—jt" (1-1) dt

1

1

m+l

= —J.t " (1 )P gy

)

1
[ f (1= x) e = B(m,n)J

. _T(m)I'(n)
(‘ POm,m) = T(m+n) )

1 INN—(p+1)

—
=
3
~~
Ll
|
=
~
S
|
\

(D)

Here,m=5,n=3,p=38

Substituting the corresponding values in equation (1),

1
Ixs(l—x3)8dx
0

1 3

w
—
—
)
w‘+
—_
+
0
+
—

Q33. Show that 2nr(n+%) = 1.3.5...(2n — 1)n

Where n is a positive integer.
Answer : Model Paper-1, Q14(a)

Given that,

2”.\'{n +1): 1.35...Cn—-1n
2 (D)

Gamma function in terms of ‘n’ is given by,

C(n)=(n— D[ (n—1) )

o 1. .
Substituting n = n + 5 inequation 2),

I“n+l = n+l—1 n+l—1
2 2 2

[+ From equation (2)]

_ (_;I_;}{_g)

- From equation (2)]

el —)w

- From equation (2)]
i)
2 22 (2)
_(2n-1Y2n-3Y2n-5
IRV

%\/E

31
F(H;J (2n-D(2n - 3'2)(2n 5)..5.3.1 Jr

N\u]
N\w

= o (m) n-1)2n-3)2n-5)..53.1 Jx

2”1"(n+%) =13.5..2n—-1Wrn

Q34. Evaluate f Jxe™®

Answer :
Given integral is,

J.\/;.e_x}dx
0
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Let,
X*=a
= x=a”
Differentiating above equation with respect to «,
1

dr = ~a> d
= —a’ da
*73

Limits
Forx =0, a=0
Forx =, a=w

Limits of a are from 0 to o

w\/;.efﬁ'dx _ M(GI/S)I/Ze—a la‘mda
3

0 0
=1 =2
= fJ.aﬁe “a3da
0
< 12
= Ja" 3e™da
0
w -1
= fja 2e™da
0
= 1
= fJ‘a2 e ‘da
0
:;F(;) [ ‘([x”"le_"dle"(n)]
1 _ V(L)
e [
J«/;e_x3dx: ‘/j

0

Q35. Prove that (m + 1, n) + f(m, n + 1) = B(m, n).
OR

Prove that f(m, n) = (m + 1, n) + f(m, n + 1).
OR

Show that f(m, n + 1) + f(m + 1, n) = f(m, n).

Answer : (Jan.-12, Q16(a) | June-10, Q16(b))
Given that,
B(m, n)=P(m +1,n)+ p(m,n+1)
Consider,

B(m+1,n)+P(m,n+1)

From the definition of beta function,
1

B(m, n) = [x""(1-x)""dx

0
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B(m+1,n)+pB(m,n+1)

1 1
_ J‘xm+|—1 (1_x)n—ldx+J‘xm—l(l_x)nﬂ—ldx
0 0

S S S

1
x"(1-x)""dx+ J.x'"’l (1-x)"dx
0

[x"(1—x)"" +x"1-x)"]dx

1

- j (1= x)" [+ (1 x)]dx

0
1

= J‘xm’l(l—x)”’ldx = B(m, n)
0

= B(m,n)=B(m +1L,n)+PB(m,n+1)

ot xm—1
Q36. Show that f(m, n) = .!W
Answer :
Given that,
w
_ X
B(m) I’l) - J‘(1+x)m+n *

0

The general expression for B-function is given by,

1

B(m, m) =[x (1=x)"" dx

0

= '[x”_l(l—x)m_l.dx .. (D)
0
[+ B(m, n)=P(n, m)]
1
Let,x = H ..(2)
= l-x=1- 1
I+y
_1+y-1
- I+y
-y
1-x *m (3)

Differentiating equation (2), with respect to x,

1
dx - W‘(l)‘dy

-1

dx = d
a2

.. (4)
Limits
For x =0, equation (2) becomes,
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For x= 1, equation (2) becomes, Substituting » = m in equation (1),
1 /2
- Bm.m) =2 [ sin®10 cos*10.d0
1 0
= I_]er = 1=1+y s
L y=0 =2 J (sin6 cos0)*"! do
0
Limits are from oo to 0. /2
Substituting the corresponding values in equation (1), = J 2(sin® cosH)>! d NE))
n—1 y m—1 1 0
- .d
Blm, my= J(Hy] (1+y) ( (1+y)? y} i3
= 22m > J (22m2) (2) (sinb cosO)*"' do
‘(i, m 1 [ —dy ] 0
1+ 1+ 1+ y)? S
Sl y) @+ = jzzm 2 (sin O cos 0)2" ! 40
(1+y)n—1+m—l+2 1 /2 )
* = —22m_2 J 221 (sinB cos0)*"! dO
j‘ m ldy 0
(l+y)m+n 242 1 /2
= S J. (2 sinB cosO)" dO
> m—1
y'dy 0
m,n) =|—— .. (5
Bem,m) = [y ) w2
= B(m, m) = 5, - J. (sin20)*"1 d6 )
Equation (5) can be expressed in terms of ‘x’ as, g 22 2
T p Let, 20=¢
Pem,m)= -(’; 1+x)"n ’ Differentiating above equation with respect to ‘6’,
m—1 2.d0 = d(l)
= | - d
Bom, m) f (1+x)'"+"dx =>d9:7¢
0
) Limits: For0=0, 2(0)=¢=¢=0
= | = 922m-1
Q37. Show that B(m, 2) 22m13(m, n) For 925,2(5J:¢i¢:n
Answer : April-16, Q14(a) 2 2
Given that, Limits are from 0 to 7.

B(m%)ﬂz’”“ﬁ(m, )

The general expression for ‘B’ in terms of ‘0’ is given by,
n/2

Bem.n) =2 [ sin®10 cos 16 d0 ()

1
Substituting n = — in equation (1),

2
) e
B(’"’E) =zj sin?19 . cost \2/ 140
0
/2
-2 Jsin 2m-1g 4o
1 /2
B(m, E) ~2 Jsinz'"*1 0.d0 o)
0

Substituting the corresponding values in equation (4),

! (40
Bon, m)= 3z j (singy [7J

T
= 2 22m = J‘Slnzm?l ¢d¢

0
T

= 22m 241 J.Slnm "9 do
0

T
= 22m J. n2m-1 (I) d(l)
0
1 /2
B(m, m) = W 2 | sin®** ! ¢ do
0
m/2
Jsmede 2jsmede
0 0
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/2
= 221 B(m, m)=2 J. sin*"! ¢ dd
0
Replacing ¢ with 0,

/2
221 B(m, m) =2 J
0

sin?"!1 0 dO

1
- 2271 B(m, m) = B(m, E) [ . From equation (2)]

. B(m,%)z 22" 1B(m, n)

Q38. Prove that p(m, n) = %
OR
Show that f(m, n) = %
OR
Derive a relation between Beta and Gamma
function.
Answer : [Model Paper-3, Q14(a) | June-14, Q14(a)]

The general expression for ‘I"” function is given by,
T(m)= [e7"x""dx ()
0

Let, x=yt
Differentiating above equation with respect to ‘x’,
dx =y.dt
Limits
Forx=0, yt=0= y=0
Forx=o0, yt=c0= y=00
Limits are from 0 to co.

Substituting the corresponding values in equation (1),

T'(m)= J‘efyr.y'"*1 7y dt
0

oo

I(m)= j ey 4" e (2

0

Equation (2) can also be expressed in terms of ‘x’as,
[(m)= je_yx.ym.xm_l.dx
0

L(::l) = J.e_yx.xm_l.dx ..(3)
y 0

Multiplying on both sides by Je’y Y dy
0
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oo

F(Z’) J‘e—y.ym-ﬁ-n—ldy _ J.e—yx.xm—ldx.[(e—y.ynﬁn—l )dy
Yoo 0 0
= l"(m)J‘efy.y"*ldy = J'J‘e’y“”).y’"”’l.xm’l.dx.dy
0 00

F(m)T(n) = I{Je‘y“”).y"’*”‘1dy}x”"l.dx
0

[+ From equation (3)]

xmfl
(1+x)m+n X

T'(m+ n)j
=T'(m+ n).p(m, n)

ot m—1
~ B(m,n) = al ——dx
[ -(’)- (1+x) ]

= ['(m).I'(n)=T(m+ n).p(m, n)

_ T(m)I'(n)
B )= "F

Q39. Show that r(%) - J/x.

Answer :
Given function is,

1
r(3)
The relation between ‘B’ and ‘I’ function is,

B '(m).I'(n)
Pn. 1) =

April-16, Q14(b)

.. (1)
Substituting m =n = % in equation (1),
1) (1 Ny
oy GG (B oy
232) -1 - ra F(z) - (2)
i(3+3)
2 2

The general expression for B-function is,
1

Bm, n)=Jxm_1 (1—x)"" dx ()
0
I 1 .
Substituting m = 5 and n = 5 in equation (3),
1o 1
11 57! i
——|=1x* (1-x)% dx
6(2,2) ! (1-%)
11) ¢ & -
= B(E’E]:‘!‘xz (1-x) 2 dx )
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Let, x = sin® 0 = sin 0 = \/;3 0= sin! \/; Substituting m = n in equation (1),
T
= dx=2sin0cos O 2,
o . B(n, n)= ZJ‘(sinz”_1 x)(cos?" ™! x)dx
Limits For x =0, 6 = sin"!( \/6) 0
= B=sin"'0=0=sin(sin0) = 0=0 7
— : 2n-1
Forx=1,0=sin(y1)=> 0 = sin"(1) ZJ[“““’“] dx
. T T 2 (2sin xcosx) "
=gin!| sn — = — =2|| ===
= 0=sin ( 2):9 5 2?[[ 5 ] dx
- T z
Limits are from 0 to — . 2
2 2 [(sin22ax e
Substituting the corresponding values in (4), 27
- 2 Let, 2x=0
B (_ ’ _) N j (sin® ©) V2 (1 —sin? 0) /?2sinOcosH dO Differentiating on both sides with respect to ‘x’,
2 2 0 e o
/2 )
_ j(sine)*l.(cos2 0) /225in0cosOd0 Limits
0 Forx=0, 6=0

/2

= j '19' le.sinﬂcosﬂde
sin® cos
0
/2

- 2jde = 27017
0
I T
o _o|-22_
[2 ] 2 "

11
L)

Comparing equations (2) and (5),

- e

r(%) —Vx

(5

/I (n)

2C(n +%>

Q40. Prove that (n, n) =

Answer :
Given that,

Jrl(n)

22"_1.F(n + l)
2

The general expression for -function is given by,

n

B(n,n) =

2
B(m, n) = 2j(sin ) (cosx)? dx
0

(D)

T
Forxzz, 0=mn

Limits are from 0 to 7.
Substituting the corresponding values in equation (2),

T

2§
B(n, n) = F!(sm 9)

,

2
1 2]
= B(n, n) = YT x5 ‘(!‘(sm 0)~""do

2n-1 @
2

T

2
= B(n, n)= 22%_] ><%J.(Sin 0)2"(cos0)’ dB
0 2a a
[ [ rwac=2| f(x)dle
0 0
, r(zn—21+1}_(%]
= B(n, n)= Q21 2F[MJ
2
o AN
Isin ? cos? xdx = 2 2
0 21"(1’ +q+2)
| 2
Tt
= B(n> n) = 227171 : 1
n+—
)
C(nm
= B(n, n)=———"—= 1)
22n—11—~(n+l) [ F(z]_ﬁ]
2
_ T

P m= 22"*1r(n+l)
2
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1 1 T
Q41. Prove that B(m, m)B(m+—,m+—)= 4am— -
2 2 m2

Answer : Model Paper-2, Q14(a)
Given that,
1 1 b
B(mam)'B(m-i—Eam-‘—E) = g . (1)
The relation between ‘B’ and ‘I’ function is,
_ TmI'(n)
B(m, n) o+ (2

o 1. .
Substituting m =n=m + 5 in equation 2),
1 1 F[m+1}l"[m+l)
Bl m+—,m+— |= 2 2
2 2 1 1
Im+—+m+—
2 2

I m-&—l T m-ﬁ—l
2 2

r(2m+1)
F[m+l)r[ m +1)
_ 2 2
2mT (2m)
[“T(m+1)=mT(m)]
I'(m) F(m + %) 1"( m+ %)
a T (m)2mT(2m)
1 I"(m)l"(m+;) ( 1)
= . I m+—
2mI(m) r'(2m) 2
B Jr F(Zm)l"(m+;]
2mC(m)" 2°"7'T(2m)
|: I"(m)l"( m+ % ): 2\2/51 F(Zm):l

1 Jn

= X
2mL(m) 2!

I"(m+1)
2
— LF m+l

© m2*"T(m) 2

Multiplying and dividing with T'(m),

- F(m).l"[m+;)

I'(m)

m2*"T(m)
SIA PUBLISHERS AND DISTRIBUTORS PVT.

= Jr ! Jr r(2m)
m2*" T(m) T(m) 2*"
1) vn
[ Tm l"(m +2)= YT F(2m)]
= '(2m)
© m2* T(m)T(m)
__.m v .. _T(m)T(m)
m24m71 : B(m,m) |: B(m’m)_l"(zm)]
LU R
= B\t T B, m)
1 1 n
B(ma m)B m+5’ m+5 = m24mfl
Q42. Show that f(m, n) =2
n/2
_[ sin”'9.cos™'9dd and deduce that,
0
n+1
n/2 n/2 \/EF(ZJ
j sin"0do = J. cos"0do=—1——— 2.
2 2 2r(“+2)
2
Answer :
Given that,

/2

B(m, n)= 2 J‘sinsz1 8.cos>" ™ 0.46
0

The general expression for B-function is given by,

[xa=0""dx = B(m, n) (1)

x=sin’0
dx =2sin0cos 0.d0

Let,

Limits

Forx=0,0=sin?0 =sin0=0=sin0=sin0 =0=0

Forx=1, 1=sin29:>sin9=1:sin9=sing =0 g

Limits are from 0 to g
Substituting the corresponding values in equation (1),

/2
j(sin2 6)" ' (1—sin” 8)" "' 2sinBcos© d® = B(m, n)
0

/2
2 J.sinz’”_2 8(cos”0)"'sinBcosO dO — B(m, n)

-
0
[ 1-sin%0 = cos?0]
/2
-~ 2 J.sinz”"z OsinB(cos™" > 8)cosB 0= B(m, n)
0
LTD.
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20 . ool 2n-1
sin 0 cos 0
in 0 0do =
= 2?)[[ sin O Jsm( cos6 JCOS P(m, m)
/2
= 2 [sin™""0 cos™" 0.d8=B(m, n)
0
/2
B(m, n)=2 jsinz’”_1 0 cos>"16.d0 .. ()
0
Deduction
Let,2m—1=nand2n—-1=0
= 2m=n+land2n=1
= m=LH and n:l
2 2
/2
[sin" Bcos’ .46 — LB m,m)
s 2
/2 |
sin" 0.1.d0 = —
= ! S Bm.n)
/2
. 1 T(m)T(n) L(m)I (n)
= sin"0d6 = —. ————= . . VN
! 2 T(m+n) Bl =
o 2
RRENIE
) r(n+1 1)
7_‘_7
2 2
+1
2 1 ] nz 1
. | 0 ) (€)
jsm 0d6 = - ("”J >
0 I 2

Similarly,
Let, 2m—1=0and2n—-1=n

1 n+l1

1 /2 /2
—_ _ =0 n _ n
B, ) = !sm 0 cos" B dO 'Ofcos 0 do
/2
= lB(m n) = Jcos" 0 do
2 9

0

1T _*f

2 Tm+n) Icos 040
Fl n+l1 -
1 {2 2 j " 046
- = | cos
2 1,l_’_n+1 d
2 2
n+1
1‘/E N v2
5 PR =Jcos”9d9
F[ 5 ) 0
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From equations (3) and (4),

n+l1
/2 /2 '\/E I
[sin" 00 = [cos” 00 1 2

2 n+2

0 0

2

n+l1
/2 /2 '\/E I

\S}

jsin" 0do = jcos" 0d0 =

1
2 n+2
0 0
2

n/2
Q43. Show that [ sin’0 cos™ do = 1B(p+1 q+1)
0

2" 27 2
OR

o )
Show that f sin®@ cos9do=

° 2 r p+q+2

2
Answer :

Given that,

i3 1 p+1 g+l

Jsinpe.cosq 0.4d6 = —P| p—,q—

! 20 2 7 2

TE

2
Consider, [sin”6cos’ 040 = |[sin8]”~'[cos 6]~ (sinOcos b d6)
0

p-1 q-1

[sin? 0] 2 [cos®B] 2 (sinOcosH dh)

O eV [A O 0 [ 3

p-1 q-1

T

2 Pl g1

J[sinz 0] 2 [1—sin®0] 2 (2sinOcosO db)
0

Let, sin?6=v
Differentiating with respect to ‘0’,
2 sin 0 cos 0 dO = dv

Limits
For0=0=sin0=v=v=0

T T
For9=5 :sinzz =v=>(1)yY=v=>v=1

Limits are from 0 to 1.

Substituting the corresponding values in equation (1),

: L ow
J'sin"ecosqede = EJV (1-v) 2 dv
0 0
e arl 1 +
:lJ.v2 (1-v)?* dv=—p ptl 4q+1]
2) 2 0 2

T 1

3 1o(p+] g+l Bomm)y = [ (=0 d

J‘sin’7 Bcos? 0d6 = ZB[2’2J 0

‘ Where,mzlm_l,rt:qT+1
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The relation between beta and gamma function is,
C'(m)I (n)

Blm, ) = I'(m+n)

o)

Substituting the corresponding values in equation (2),

AR YA
2 2

o 2tl, atl
2 2

sin” Bcos? 040 =

S o |3

g N p;— 1 q +1
. [sin” 6cos? 66 =
0 5 (p +q+ 2 ]
2
Q44. Express the integral j in terms of Gamma
0
functions.
Answer : June-11, Q16(a)

Given integral is,
j‘ dx
0 V 1- X4
1

4
Let, x*=v =>x="V

Differentiating on both sides with respect to x,
1
-1

d 1 fd
=—v
=7 v

-3

— —y4yg

= dx 4V v
Limits

Forx=0,v=(0)"=0

Forx=1,v=(1)*=

Limits are from 0 to 1.

jm(\):dv]

1
= lj(l - v)_l/2 v dy
43

S ———

1 1

i i
:ij (1-v)2 dv

1
_ % B(i , ;) [ [erta-tan= B(m,n)J

1 F% d % T (m)T(n)
—_— — .. —_— m n
() [rpon= )

4 2

Il
=
— |-
AW
N——— =

T

H

o
a

j dx _
it

Q45. Evaluate
.[ _x )V
Answer :

Given integral is,

May/June-12, Q16(a)

1
J. 1/n
o d—x )
Let, x"=sin> 0 = x =sin”" 0
2,
dx = =sin” 0 .cos 0 dO

n
Limits
For x=0=0=0

T

For x:l:GZE

.. T
*. Limits are from 0 to 2

[
1/n
P (1-x")
/2 1
/2

1
ot

0

d
- 1/n"®
o (1=sin 29)

(cos 6)1/ "

2

sm n 9.0059 do

2
—sin” G.COSG do

2 %_1 1_,
:fJ.sin" 6.cos "0dO
n

From the definition of gamma function,

/2 F(

ptl q+1>
2 >F< 2

jsinp 0cos?0do =
0

2 2
Here,p=—-1,g=1-~

+q+2
2F<M>

2

= —X

2 1+1 <1l+1)
r|{-2 r|—=
2 2 2

1
:')‘(l X )l/n

= —X
n

" 3,”1,21*2)
or| =

, M2

n—-2+n
2n

2
o

2n—2
2n

T n 2I°(1)
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T
- [ T()=1]

1 dx T i
Jilzfcosec —
0 (1-x""" n n

Q46. Evaluate f e x™ ! sin bx dx interms of Gamma
0

function.
Answer : Jan.-12, Q15(b)

Given integral is,

J‘e’“r "sinbxdx
0

From the property of gamma function,

Te_‘“xm_' dx = 71“(m)

0 a

(D)

Substituting a = a + ib in equation (1),

oo

Jef(a”b)xmfldx _
0

Consider, . (2)

T'(m)
(a+ib)"

ef(aﬂ'b)x — e*tw.efibx
= e @ = e ®(coshx — isinbx) .. (3)
Substituting equation (3) in equation (2),

T(m)
(a+ib)"

Je"’“‘ (cosbx—isinbx)x"'dx =
0

(@)

Let,

a=rcosO ; b=rsind
= &+ b*=r*cos’® + 17 sin’0
=  a*+ b*=r*(cos’0 + sin’0)

= @+bh=r

And 0 = tan“(b)
a

(a+ ib)" = (r cosO + ir sinO)"
= r"(cos0 + i sinB)"

(a +ib)™ = r*(cosm0 + i sinm0) .. (5)

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Substituting equation (5) in equation (4),
L'(m)
™ (cos m0 + i sin m0)

L'(m)
i

oo

Je"‘” (cosbx—isinbx)x™'dx =
0

——(cos m0 +isin mO)™

T(m)

= ———(cos mB — isin m0)
-

Equating real and imaginary parts,
L'(m)

cosmO and
rm

I'(m)

——sinmo
,

Je’” " coshx dx =

7ax m-1

sinbx dx =

T'(m)

e “x" ' sinbx dx=——=sinmo
r

0

!

Where,
b

r*=a*+b*and 0 = tan™' (a)

Q47. Evaluate | sin®Ocos’0dOusing Beta and

o\m\ﬁ

Gamma functions.

Answer :
Given integral is,
%
jsins Bcos’ B0
0

June-15, Q14(a)

From the property of beta function,

% m+1 n+l
Jsm 0cos” Gde—fﬁ( TJ
0

Here, m=5,n="7
Substituting the corresponding values in above integral,

%

5+1 7+1
J.sm Ocos’ 0dO = [{ 7]
0

2
_lg68)_1
= 2[3(2,2]— 2[3»(3,4)
- S T
T2 T(3+4) m,n —m
Cirere 1 G-DiE-!
"2ty 2 (-1

[ T(n)=(n-1)]
L[2!3!]_1_[2><6]
206 ) 20720
T 120

% 1
. J'sin59cos7ede:—
) 120
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Q48. Show that erf(x) + erfc(x) = 1
Answer :

The error function is defined as,

27 e
erf(x)=ﬁ_[etd’
0

4.2 ERROR FUNCTIONS

The complementary error function is defined as,

erfc(x) = %Te_[z dt

Adding equations (1) and (2),

x oo

erflx) + erfe(x) = j;lj e Je

0 x

J.e_rdt
0

e
o|%n

Il

serf(x)+erfe(x)=1

ad dt:|

(D)

- (2)

Q49. Evaluate (;’—x[erf(ax)].

Answer :

The error function is given as,

2 f o,
erf(x):ﬁfe dt
0

Substituting x = ax in above equation,
flax) . qu d
erflax)= —— | e
V.

Differentiating above equation with respect to ‘x’,

d d 2 [ o,
a(erf(ax)) = Eﬁf e’ dt
0

ax

d _2d 2
= E(erf(ax)) = ﬁaf e’ dt
0

Applying rule of differentiation under integral sign,

d 2
o erfla) = =

10+ ae " ~0]
2 (0+ae® 0]
Ix e

22
2ae

d
x(erf@) = ==

fo o, d ., d
f a(e )dt+a(ax)e _E(O)'l
0

2ae”

[Model Paper-1, Q14(b) | April-16, Q7]
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t
1
Q50. Show that ferf(ocx)dx =terf(at) + ——[e—** _1].
: oy

Answer :

Given integral is,
t t
1= /eiff(ax)dx = /lelff(otx)dx
0 0
t

0

=[x el’f(OUC)]g— /x[%(erﬂax))]dx

I
-
g
=
Q
g
N
|
=
&‘l\)
ale
m\
Q
=
&

t

t
2
ferf((xx)dx= terf(oct)—Ta/‘xef‘xzxzdx
T
0

0

Consider,

t

2.2
./xe’“x dx

0

Let,
y= 22
dy = a*2xdx
d
= xdx= —yz
20

LL:x=0=y=0,

UL:x=t=y=0#

t (12[2

d
/xe’ o e = f e’ yz
0 20,

0

t

fxei 022 dy = *_12[670{2; B 1]

20,
0

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

t
2
._-erf(o,x)=ﬁfxe*t2dt
0

[Model Paper-3, Q14(b) | May/June-17, Q14(a)]

ei_’f((x,x)fldxf[gc(e;f(ax))fldx]dx
0

20

d 2.2
a(e},f(o(x)): ﬁ Pl ]

(1)

- (2)
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Substituting equation (2) in equation (1),

1

/erf((xx)dx
0

t

ferf(ax)dx

0

= terflat) — \/—

= terflat) + [[e*at 1]

» e —1]]

1 22
= t t + -t _ 3
erflat) o [e 1]

Q51. Show that

Answer :

d 200 _ 2,
a{erf (ax)}= ﬁe .

2,2

From the definition of error function,

)= — fxfzdt
erf(x)= e
Jr
0
ox
= eflan= - f e dr
T
0
:i/‘” [
Vi TR TR TR
B S VN NS N
B TR R TR B TR AR
I N ]”
nt 3 10 a7 e )
_i[ () (o (o)
273 10~ 42
:2[ 0c3x3+(15x5 0L7x7+
Vel 3 10 4
_ 2 o’xF o’y oc7x7Jr
Vo3 10 4
_ 20 a2x3+a4x5 a6x7+
Jrel* T3 10~ 42 -

Differentiating on both sides with respect to x.

i(erf(onx)): 20 i[ a’x’ N a'y’  alx
dx Yrlax* T 3 10~ 42
-2 O‘—23 2+°‘—45 O‘—67
Jel' 37 T 10 g
_ 2_0“1 5 2+0‘4x4 0(’6x6 .
3
_ 2% N (0*x?)  (a?x?) }
i 2! 3!
2
_ _ae—azxz
Jr
2.2
(erflax)) B
) = T

[Model Paper-2, Q14(b) | Dec.-17, Q14(a)]
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4.3 POWER SERIES METHOD

Q52. Write about power series solution of a differential equation.
Answer :
. If the equatiqn u, (X" +u (x)y'+ uz(x)){ =0 has an (?rdinary or regular point x = x,, then all the solutions of the equation
are said to be analytic and have a power series expansion at x = x, of the form,
yx)=c e (x—x)+cx—x)+cx—x)+ ...
or

= W= 2 C(x—x)"
m=0

Where,
Cp C» €, ... = Coefficients
x, = Centre of expansion of power series.
The radius of convergence of the power series is,

c
R= Lt |-=*
m—eo cm+l
or
1
R=——-—
Lt m‘[|cm|
m—>oo

Note
The series converges if the following conditions are satisfied,

() |x-x|<R

Cm+l

c m

(i) Lt <1

m—co

(iii) The value of R is infinity.

Q53. Write the steps involved in finding the series solutions to differential equations around zero.
Answer :
Let the differential equation be,
d’y  dy

R)dx—2+P15+sz=o (D)

Where,
Py, P, P, - Polynomials in x.

And P #0atx=0

The sequence of steps involved in finding the series solutions at x = 0 are,
Step 1

Write the solution of equation (1) as,

y=c,texte,x*+. ... +cx" . (2)
Step 2
2

. . dy d’y .
Obtain the expressions for e and — from equation (2).

dx
Step 3
d d’ L .
The values of ‘y’, D and —;} are substituted in equation (1).
dx dx
Step 4
Obtain the values of c,, c,, ¢, ... in terms of ¢, and ¢, by equating the coefficients of powers of x to zero.
Step 5

The required series solution is obtained by substituting the values of c,, c;, ¢, ... in equation (2).
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UNIT-4 Special Function

4.27

Q54. Solve by series solution method of the equation x

Answer :
Given differential equation is,

2
dx

dy
—+xy=0
dx Y

2

d
At x = 0, the coefficient of d_;/ #0
X

Let the solution of equation (1) be,
y=c,textex textext+.

Differentiating equation (2), with respect to ‘x’

d_y =0+c +2cx+3cx’+dex’ +...

dx
Differentiating equation (3), with respect to ‘x’
d? y ,
dx_2 =2¢c,+6c,x +12¢c,x0° +...

d’y dy

dx_2 +—=—+xy=0, aboutx=0

dx
[Model Paper-2, Q17(a) | May/June-12, Q13]

(D)

. Q)

. 0)

.4

Substituting equations (2), (3) and (4) in equation (1),

x(2c,+6cx+12cx* +..)+(c, +2cx+3cx* +tdcx +..)+x(c, tex+tex’ e +ext+..)=0

= 2cxt 12¢x*+12¢° + ¢, +2cx +3cx’ 4o’ texte X +e X text te X’ +...=0

Equating the coefficients of constant terms to zero,

c,=0
Equating the coefficients of x terms to zero,
2¢,+2¢c,tc, =0= 4c,+¢,=0
—co
4
Equating the coefficients of x*term to zero,

12(:3-1-3034-(:l =0= 15(33:—6‘1

= C

2

—

15

= =

= c¢,=0  (From equation (5))
Equating the coefficients of x* term to zero,

12¢,+4c,+¢c,=0= l6c,+¢,=0

-
= %= e
Substituting equation (6) in equation (8),
_ %
“ o

.05

. (6)

(7

. (8)

. (9

Substituting equations (5), (6) and (9) in equation (2),

y=
P R R
4 64
1 1
= ¢ l——x* +—x* 4.
47 64
1, 1 4
—cy|l——x"+—x" +.....
Y 0[ 47 64

¢y +0(x)+ (%:0) X2 +0(x*)+ (%) Xt

---------- :l is the required power series solution.
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Q55. Find the series solution about x = 0 of the differential equation (1 — x?)y" — xy' + 2y =0

Answer :
Given differential equation is,
(1-2)" /) + 2y =0
At x = 0 the coefficient of y" # 0

Let the solution of equation (1) be,

y=2x ¢ x"
m=0

= y=ctextextt....
Differentiating equation (2) with respect to ‘x’,

y = mc x"!

1 m

T

= Yy =le+2cx+3cx+......
Differentiating equation (3) with respectto ‘x’,

oo

29

Yy’ = mEZm (m—1)c, x"?

CL I 2
= Y =2c¢,tbocx+12¢x*+.... ..

Substituting equations (2), (3) and (4) in equation (1),

(1-x)2c,+6cx+12cx?) —x(c, +2cx+3cx’)+ 2, +cx+cx?)=0

June-13, Q14

(1)

()

- (3)

(@)

= 2c¢,t6cx+12¢ X’ -2cx’~6cx’—12¢cx'—cx-2cx*-3cxX’+2¢ +2cx+2cx*=0

= 2c¢,t2¢ tbcxcx+t12¢cx*-2cx*-9cx’—12¢cx*=0

= 2c,tc)t(bete)x+(12¢,-2c ) =9 e’ —(12¢)x*=0

Equating constants, coefficient of x, x, x3, x*, on both sides,

(5

Constants Coefficient of x Coefficient of x? Coefficient of x3 Coefficient of x*
2(c,+¢)=0 6¢c, +c, =0 12¢, - 2¢,=0 -9¢,=0 -12¢,=0
c,+¢,=0 6c, = —c, 12¢, =2c, c,=0 c,=0
_ _c ¢
©=76% C3:Tl C4:?2
=c,=— %
Substituting the values of c,, ¢, and ¢, in equation (2),
y=ctex (e +... ..
= y=c,—cxX tcx
= y=c, (l—x2>+clx
y=c, (1 —x’ ) +cix is the required power series.
Q56. Find the series solution about x = 0 of the equation (1 — x2)y" — 2xy' + 6y = 0.
Answer : Jan.-12, Q14

Given differential equation is,

(1=x"—2xy'+6y=0
SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.
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Equation (1) can be written as,
d’y  dy
1-x*)—5—2x—+6y —
( ) dx? dx 7 =0 .. (2)
. d’y
At, x = 0, the coefficients of —5-# 0
dx
Let the solution of equation (1) be,
y=c,textexttext texttex’ ..(3)
Differentiating equation (3), with respect to ‘x’
Y _ +2cx +3cx? +4ex* + 5cxt+ 4
i =c, +2cx+3cx cx cxtt.L )
Differentiating equation (4), with respect to ‘x’
ﬁ—2 +6c.x + 12¢,x* +20cx* + 5
Pl ¢, +6c.x cx cx’ ... .. (5)

Substituting equations (5), (4) and (3) in equation (2),

(1-x*)(2c, + 6cx + 12¢,x* +20cx’ +...) = 2x(c, + 2cx + 3cx* +de X' + Scxt+..) +6(c,textex* +ex tepxt+ex’ +..) =0

=

[2¢, + 6c.x + 12¢,x* + 20c.x* — 2¢. x> — 6¢,x° — 12¢,x* + 20c x° +...] + [~ 2¢, x — 4cx* — 6cx° — 8c,x* — 10cx’ +...]

+ [6c, + 6¢cx + 6¢x* + 6¢.x° + 6¢c,x* + 6cx° +...] =0

Equating the constant term to zero,

—6¢
0_ 3¢

0

2(:2+6c0 =0=¢,=

¢, = —300

Equating the coefficients of x term to zero,

603—20l+6cl =0= 6c3+4cl=0

—4
- c3=?cl=§61
. -2
. C3 :TCI

Equating the coefficients of x? term to zero,
12¢,—4c, 2¢,+6c,=0=12¢,=0
¢, =0

Equating the coefficients of x* term to zero,

2065 - 6c3 - 603 + 6(:3 =0= 2005= 6c3

_ 6C3 _ 3
= c = ﬁ = WC@
3¢y
<=0

Substituting equation (7) in equation (9),

_3 (2L
<103 9)7 5

-1
c.=

c
5 5 1

.. (6)

(7

. (8)

. (9)

. (10)
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Substituting equations (6), (7), (8) and (10) in equation (3),

2 1
y=c,tcx—(3c)x — (501 }9 +0 - Ecl X3+

2 1
y==5< [1 =32 4 ] TG [x —§x3 —gxs to ] is the required power series solution.

Q57. Obtain the series solution of the equation.

2
x(1— x)d—’z’-(1+3x)d—y— y=0 aboutx =0
dx dx
Answer : Dec.-13,Q13

Given differential equation is,

d’ d
2125~ (1+30) L~ y=0
dx dx (D)
d’y
At x =0, The coefficients of d—z #0
/X
Let the solution of equation (1) be,
y=c,textex  tex +ext+ex’+.. ..(2)
Differentiating equation (2), with respect to “x’,
dy 2 3 4
E:c‘ +2cx +3cx’ +4ex’ + Scxtt. ..(3)
Differentiating equation (3) with respect to ‘x’,
d’y . 3
F =2¢,+6c,x +12¢,x* + 20cx’ +... .. (4

Substituting equations (4), (3) and (2) in equation (1),
=  x(1 -x)(2c,+6cx + 12¢,x* +20cx® +...) = (1 +3x)(c, + 2cx + 3cx* +4c® + Scxt+..) —(c, tcx +ex’ +cx’
fexttex’+..)=0
=  (x—=x)(2c,+6cx + 12¢,x* +20cx® +...) — (1 + 3x)(c, + 2cx + 3cx* +4cx* + Scxt+..) —c,—cx —cx’ —c )’
—cxt—cx’—...=0
= 2cx+6cx*+12¢cx* +20cx* —2c.x* — 6cx’ — 12¢,x* = 20c.x’ — ¢, — 2cx =3 ¢ x> — dc,x* — Scx* — 3¢ x — 6¢, X
—9¢x’ = 12cx* = 15¢ ¥’ —¢cj—cx —cx’ —cxX’ —cx* —cx’ ... =0
Equating the constant term to zero,
—c¢,—¢ =0
= ¢, =—c e (5)
Equating the coefficients of x term to zero,
2¢,~2¢,-3c, —c=0= —4c=0
= c,=0 .. (6)
Equating the coefficients of x? term to zero,

6c3 - 202 —303 - 6c2 —c= 0= 303 — 9c2 =0

= 303: 96‘2
1
= c, = §C3 . (7)
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Equating the coefficients of x* terms to zero,
12¢,—6¢,-20c,—4c,—9c,—¢,=0
= 8c¢,—36c, =0

36
= c,= ?03
= c, = 4c,

Equating the coefficients of x* term to zero,

2005 - 1204 - 505 - 1204 -c= 0= 1505 - 2504= 0

c= £c4= %a;
15
5
L= 504
Substituting equation (6) in equation (5),
¢, =0
Substituting equation (9) in equation (8),
= ? X 46‘3
20
= = ?C3

Substituting equations (5), (6), (7), (10), (11) in equation (2),
1 2
y= 0-i—0(x)+§c3)c2 +4cyx’ +?Oc3x4 +...

1 2
=3 ligxz +4x° +?Ox4 +}

1, 3 4 . . . .
y=0 [gx +4x +?X +...[ is the required power series solution.

4.4 LEGENDER’S DIFFERENTIAL EQUATIONS AND LEGENDER’S POLYNOMIAL P _(x), RODRIGUE’S

FORMULA (WITHOUT PROOF)

Q58. What is Legendre’s differential equation? Write its general solutions.
Answer :
The Legendre’s differential equation is given as,
(A=x"-2xp’+nn+1)y=0
Where,
n — Real number.
Equation (1) can also be expressed as,

N PR NC -
dx{(l X )dx}+n(n+l)y 0

General Solutions of Legendre’s Differential Equation
The Legendre’s differential equation has two general solutions
ie,For m=nandm=—-n

Case (i)
The general solution of Legendre’s equation for m = n is,

o X" — }’l(l’l—l) xn—2 + n(n—l)(n—Z)(n—3) xn—4
Y4 2n-1)2 Qn-1)(2n-3)24 = 7
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Case (ii)
The general solution of Legendre’s equation for m =—n is,

) [x‘"‘l LED42) s (D)4t s, ]
y =a, 2(2n+3) 2.4(2n+3)(2n+5)

Q59. Write about the following,

(i) Legendre’s function of the first kind (P _(x))

(ii) Legendre’s function of the second kind (Q,(x)).
Answer :
(@) Legendre’s Function of the First Kind (P (x))

The Legendre’s differential equation is given as,

2 d

1 —x? &y 2 = +nn+1)y=0 1
(1-3) —5 = 2v +n(n+ 1)y = (1)
One of the solution of equation (1) is,
y=Px)=a,|x" - n(n=1) x4 n(n = 1)(n=2)(n =3) X" .. ()
(2n-1)2 (2n-1)(2n-3)2.4

Where,
a, - Arbitrary constant.

Moreover, when 7 is a positive integer,

1.3.5..2n-1)
a, =~ ..(3)
n!
Substituting equation (3) in equation (2)
135..Qn=1) | o _ (=D 0
P x) = )l (2n—1)2
This function P (x) is known as the Legendre’s function of the first kind.
(ii)  Legendre’s Function of the Second Kind (Q,(x))
The Legendre’s differential equation is given as,
2
(l—xz)d—f—Zxﬂ+ n(n+1)y=0
dx dx
Another solution of equation (1) is,
0 =y=a,|x"" Lt Dot s . (@)
2(2n+3)
Where,
n!
a .. (5

07 1.35..2n+1)
Substituting equation (5) in equation (4),

e | (D D) s
Q=Y = 135 @n+)) [X Tty +]
Note

P (x) is a terminating series and Q (x) is a non-terminating series.

Q60. Express the following in terms of Legendre polynomials 4x3 — 2x2 — 3x + 8.
Answer :
Given function is,
f(x)=4x*—2x* - 3x+8 .. (1)
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From Rodrigue’s formula,
d" 2 n
P)=Ja (x*=D
1 3
Pyx)= 5(5x —3x) (2
Px) = %(3x2 1) - (3)
P (x)=x . (4)
and P (x) =1 .. (5)
From equation (2),
5x3—-3x=2P (x)
= = g P(x)+— (X)
2 3 .
= X'= 3h P(x)+—= 5 F(x) [ From equation (4)] .. (6)
From equation (3),
3x* = 1=2P,(x)
2 1
= xr= gpz(x)"'g(l)
2 1
= x2= ng (x) +§P0 (x) [ From equation (5)] - (7)
Substituting equations (4), (5) (6) and (7) in equation (1),
2 3 2 1
fx)= 4[§P3(x) +§P1 (x)}—Z[ngngPo(x)}—m (x)+8
8 12 4 2
= flo)= §P3(x)+?P](x)—ng(x)—EPO(x)—3Pl(x)+8P0(x) [+ Px)=1]

:% ()——Pz(x)+[ —3]P<x)+[8——]Po(x>

8 4 3 22
= §P3(x)—§P2(x) _gpl(x)"'?PO(x)

f(x)——P3(x) Pz(x) Pl(x)+3PO(x)

Q61. Using Rodrigue’s formula obtain the values of P (x), P,(x),

Answer :

From Rodrigue’s formula,

dn
(7 1)
2" n! dx

P (x)=
P(x)
Substituting n = 0, in equation 1),
2
=———(x"-1" =1
Py(x) = 20 X @y
s Py(x) =1

P,(x),

P,(x), P,

(x) respectively.
Model Paper-3, Q17(a)

(D)
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P,(x)
Substituting n = 1, in equation (1),
L4

2 1
-1
21 dx **=D

P ()=

2x
= P (x)= - =X

S B(x)=x

P,(x)

Substituting » = 2 in equation (1),

_ldid a4y, 9 2
- de[ x(x )+dx(1) 2dx(x ):|

1
:E(3x2— 1)

o Py(x) =%(3x2 -1

P.(x)
Substituting # = 3 in equation (1),

2 3
- _(x?-1
P = Sy D
3
_ %5—3[3& —3x* 43x2 1]
X
1 d*> ;
= 4_8d_2(6x —12x” +6x)
X
1 d

- ——(30x* -36x +6)
48 dx

%(uox3 —72x)

I .3
= —(5x" -3x
2( )

L P(x) = %(sf —3x)
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P,(x)
Substituting n = 4, in equation (1),
1 od*
L P
P = Jig gt 7Y

1 4t

2 242
" Tox2d gt TV

1A

384yt

4

= ﬁ.%(xs —4x% +6x* —4x? +1)
x

3
- 1§—4%( 8x7 — 24x° +24x° — 8x)

(® +14+2x* +4x* —4x? —4x%)

1 d?

- ﬁF(smﬁ —120x* +72x2 -8)
X

L.i(336x5 —480x° +144x)
384 "dx

= g (1680x — 14402+ 144

48 ,
= 37 1357 3047 +3]

= %[35;&‘ ~30x> +3]

L P(x) = %(35;&‘ -30x2 +3)

Q62. Using Rodrigue’s formula prove that
1

Jmen(x)dx =0 ifm<n.
-1

Answer :
Given that,

1
Jx’"Pn (x) dx=0form<n

-1
Consider,

j.men (x)dx

-1
From Rodrigue’s formula,

1 4"
2"n! dx"

P, (x)= =1y
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1 1
jx P, (x)dx = -[x

-1

n

2 _ n
2"n! dx" (= 1yd

1
_ J'x’" d—n(xz—l)” dx
.|

1 n—1
d
m—1 2 n .
=i l: = — (=D :|_1 —:[mx W(x —1)"dx| [Integration by parts]
1 n—1
m m—1 d 2 n
x°=1)"dx
2"l I dx"™! ( )
1 1 n—1
(_l)m m—1 d 2 n
= x"P (x)dx = X x=1)"dx
:[ 20 2"n! dx”fl( )
Integrating above equation with respect to x,
1 2 1 !
” D) m(m-1) ma d 5 \
:[x B (dy =~ fx e 1) dx
Integrating the above equation m times,
1 -
1 m n m
ij()—() f o2 —1)"dx
’ 2"n! dx"™™"
( l)mm' J" m—1 ]1 [dnl ]1
—1" 2_1 =0
[ X Nl 1 ) r dxn—l ()C ) 4
=0
1
J.me,, (x)dx=0form < n
-1
1
Q63. Show that, x* = §[8P4 (x) +20P, (x) + 7Pq (x)].
OR
Show that x* = —=P4(X)+ 2P, (x)+ ~Py (x)
ow atx* = 35 4 7 2 5 0 .
Answer :
Given that,
8 4 1
xt=—=P(x)+=P((x)+=F
35 2 (X) 2 2 (x) 5 0(x)
From Rodrigue’s formula,
— 1 4 2
P =3 [35x*-30x*+3 ] (D)
1
P (x) = 5(3x2— 1) .. (2)
Pyx) =1 ..(3)
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From equation (1),
8P,(x) = 35x* - 30x* + 3
= 35x*=8P,(x) +30x* -3

From equation (2),
2P (x) =3x* -1

= 3x?=2P,(x) + 1

2P (x) + 1
— - 2

3

2P, (x) + Py(x
= X2 = M [.- From equation (3)]
Substituting equations (3) and (5) in equation (4),

30[2P(x) + Py(x
350 =8P (1) + o2 3) v 3p

= 35x*= 8P, (x) + 20P,(x) + 10P (x) — 3P (x)
= 35x*=8P (x) + 20P,(x) + TP (x)

1
= xt = 35 [8P,(x) + 20P (x) + TP (x)]

_3p ‘p Lp
- 35 4(')6)+ 7 z(x)+ 5 0(x)

8 4 1
4 — —
=33 P,(x) + 7 P(x) + 5 P(x)

(@)

(5

1 oo
Q64. Prove that -——— =, D Palt" 1
—&X n=0

Answer :
Given that,
1
m =P (x) + P (x)t+ P(x)f* + ...
1 1

J=2xt422  (A=2xt+1%)"2
=(1-2xt+p)y"?
= [1+@x-n ]

From Binomial theorem,

13 135

22 222
2!

2 4 e
a2 Tttt

1
(I-xy"2=1 +5x +

(1—xy"2=1+

. Equation (1) becomes,

el B
—2x

2!
b (1222
(2n)!
+ (n!)222n
SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

r2x—6"+ ..

41
X1(2x—t) +t———— PQ2x—1)*+ ...
( )(2!)2.24 ( )

(2n=2r)!

" r(2x _ t)n —r

June-10, Q15(a)

(1)
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From the above expansion, consider the term

(2n—-2r)!

(2n-2r)!

_(=D)'@n-2n)!

((n_r)!)Z 22n—2r

-D"2n-2r)

2n-2r)! . |
Wﬂ’@xﬁ)nﬂ

XX OG0 [ 3) ="Cy ()" ]

e (l’l—r) Cr (2x)n =2r

(n—r)!
H(n—r—r) G

X - rtr

(oo
rl(n—r)!

(n=r)!

(=12 222 x

(=)' @n-2r)!

(n=r)lrl(n—-2r)!

(=1)" (2n—2r)!

T (=) (n=2r)!

B -1D)"(2n-2r)!
~ A(n=r)! (n=2r)!

(=1 2n—-2r)!

2n -2r X' 2r

ri(n—2r)!

X X 2n—2r—(2n—2r) X xn—2r

X X 21172n X xn—Zr

X X 27)1 X xn72r

2" (n—r)!(n—2r)!

Considering every term of ",

Xxnfzr X

2 (=1)" 2n—-2r)!
-3

X xn72r X

(. PP | o o
2"r i (n—r)! (n—=2r)!

Vi-2xt+12 F(n=r)(n—=2r)!
= iPn(x).t"
n=0
=P (x).0'+ P (x).t' + P,(x). + ...
1

“\/1+2xt+t2

= Py (x)+ P (x).t+ Py (x) 4> +....

Q65. Show that P (x) = (-1)" P (x).
Answer :

Given that,
P (=x) =(=1)" P (x)

Model Paper-1, Q17(a)

From the generating function of Legendre’s polynomial

1 oo

—= ) "B(x)
V1=2xt+¢2 2

n=0
Replacing x by —x in equation (1),

J1=2(=x) +1 Zt K=o

- \/1+2xt+t Zt (=)

(1)

- (2)
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Replacing ¢ by ‘—¢’ in equation (1),

Z( £")F, (x)

1-2x(-n+(—12)  “

=D"(@®)" B, (x) 3)
\/1+2xt+t z
From equations (2) and (3),
PRSACHEDWSIGRAC)
n=0 n=0
= P (—x)=(-1)"P (x)
P, (=x)=(-1)"P,(x)
1-2° X n
Q66. Prove m = Z(Zn +1)z"P,(x)
n=0
Answer :
Given that,
1-22 N
e —— 2n+1)z"P,(x) 1
s = n (1)
(1-2xz+2z%) =0
From the generating function of Legendre’s polynomial,
(1-2xz+22)12= Y 2"B,(x) ()
n=0
Differentiating equation (2) with respect to ‘z’,
-1 hnd
— (1=2xz+ )V (<2x+2z2) = z nz"" P (x)
n=0
X—Z N n—1
332 2 nz" B, (x) .3
(1-2xz+2z7) o
Multiplying equation (3) with 2z on both sides,
ZZ(X _ Z) i n—1
_— = 2znz"" P (x)
213/2 n
(1-2xz+2z%) =0
2xz—2z* N
- ——= == - Zan"P (x) 4)
213/2 n
(1-2xz+z%) ‘=0
Adding equations (2) and (4),
(1-2xz+2%)7"? +2"Z;2Z;3/2 - i Z"P, (x)+ i 2nz"P,(x)
(1-2xz+z%) o Py
-3 -
(1-2xz+z)2 2 +2xz-22° n
- (1—2xz + 222 - Z(;Z F@nh
1-2xz+2° +2xz 22> c n
N = Z(2n+1)z P,(x)
(I1-2xz+4+z%) pr
1_ Z2 _ - n
= Z(Zn +1)2"P, (x)

2N3/2
(1-2xz4+z%) =0
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UNIT
LAPLACE TRANSFORMS

PART-A
SHORT QUESTIONS WITH SOLUTIONS

Q1. Define the Laplace transform and state its domain and Kernel.
Answer :
Laplace Transform

Laplace transform is a mathematical tool that transforms a time-domain function to a frequency domain function and
vice-versa.

Definition

Laplace transform of a function £{7) is a linear integral transform which is defined as,

7 ()= L{fin}

= Tf(l).e_” At
Where, ’
() — Time-domain function
e+— Kernel of the transform [k(s, 7)]
L — Laplace transform operator
s — Complex variable = ¢ + jo
f (s)— Complex variable function.

Laplace transform helps in better understanding of both time-domain and frequency domain functions and their properties.

Q2. Show that t? is of exponential order.
Answer : Model Paper-1, Q9

Given expression is,

fin=¢

|
&
|

= Lt e =

1— o0 t—o0 €

1]
38

I
oy

#* is of exponential order.
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Q3. Show that the function f(t) = t? is of exponential
order 3.

Answer :
Given function is,
fn=¢
A function f{7) is said to be exponential order function

if for all + > 0 and for some constants M, k and K it satisfies,
the condition,

Ol <Mev, t>K
(or)
}1}2 |f(?) e is finite.
The graph of e* and # for t > 0 are shown in the figure

below.
ft)y A

t2

Y
-+

Figure
From the figure.
|t2| < e3t

£ is an exponential function of order 3.

Q4. List out the various properties of Laplace
transform and inverse laplace transfrom.

Answer :
Properties of Laplace Transform
(1) Linearity Property
If L[f(H]= f(s) and L[g(H)]= g(s), then
Lie, fin+¢,g0] =c¢, LIAN] + ¢, L[g(®)]
=¢, f(s) +¢, g(s)
Where, ¢, and c, are constants
(i) L[kl = % (s> 0) and £ is a constant
(i) L[f = Siz
(iv) L[r]= S:% , Where n is a positive integer

1
(v) Lle"]= e where (s —a) >0

a

(vi) L [sinat]= (ifs>0)

s2+a?

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

N

oL A=
(vii) [cos at] e

(if s > 0)

(viii) L[sinhaf]= szaaz (if s> |a])

(ix) L[coshaf]= 5" (ifs>a|)

2 —
) L[es]= #
(xi) L [e"sinbr] = (S_a)ﬁ
(xii) L [e* cos bf] = (S_Sa)%

(xiii) L [e* sinh bt] = o

—a)?—p?

(xiv) L [e* cosh bt] = 2 .

—a)

8

Properties of Inverse Laplace Transform

a
2_p2

xv) L[flat)] =

Q| =

(1) Linearity Property

L'aF(s)+bF,(s)} =af(t)+Dbf(0)
(i)  Shifting Property
If LY{F(s)} = f(£) then L{F(s —a)} = e“ f(¥)

(iii) IfL'{F(s)} =A) then L {@} = f 1) dt

(iv) I LYF(s)} =f¢) then L {e* F(s)} = u(t — a) it — a)

Q5. Find the Laplace transform of t3 + 5 cos t
Answer :
Given function is,
A)y=Fr+5cost
Taking Laplace transform on both sides,
L{f(t)} = L{f + 5 cost}
= L{£} + L{5 cost}

n!

3
= F”L{CW} [ Liry = Jar ]

LI L{cosat} §
=— -+ L{cosat} =
S4 S2+12 sz+a2

6 Ss

st
o L{P +5cost} :£+

Ss
4

K 5241
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Q6. Find Laplace transform of 1 + 2yt +34/t.
Answer : Model Paper-1, Q10
Given that,
1+ 24 +341
Applying Laplace transform to the above expression,
L{1+2yt +3Vt | =L[1]+ 2L[ 1 ] +3L[ 7 ]
= Looreg + 3ppe
11 11
:L+2. 2[ 2 13, 21 2
S s7+1 S7+l
1 1
I's I'5
SRS -
s s2 2 5
_ 1 SYmo[pl
R [ Fjiﬁ]
5
L2 s )= Lo 39
2s
Q7. Find the Laplace transform of sin 2t sin 3t.
Answer :

Given function is, sin2¢ sin3¢

. . 1 . .
= sin2¢ sin3¢ = 5 (2sin2t + sin3¢)

= sin2¢ sin3¢ = % (cos(2t — 3¢) — cos(2¢ + 3f))
[+ 2sind sinB = cos(4 — B) — cos(4 + B)]

= % (cos(—7) — cos(5¢%))

= % (cos(f) — cos5(1)) (1)

Applying Laplace transform on both sides of equation (1),

L(sin2¢ sin3¢) = %L(cos(t) — cos(57))

= — [L(cos(?)) — L(cos(57))]

— N~

1 [L_;]
2412 52 +52

_ s
eosat=—5 5
s“+ta

[\

s2+5% 5217

| (2 +1%)(s% +5%) |

N | @

[ 25-1
| (2 +1%)(s% +5%) |

24
| (52 +1%)(s” +57) |
125
(1) +57)

N | @

N | @

o L[sin 2¢ sin 3¢] =

Q8.

Answer :

Define unit step function.

The unit step function or Heaviside unit step function

is defined as,

0 ,t<a

u(t—a)or H(t—a)= {1

Where, a >0

The graphical representation of unit step function is

,t>a

illustrated in figure below,
u(t—a)
A

0 Tt

Figure: Unit Step Function

Q9.

Answer :

Define unit impulse function.

The Dirac’s delta function or unit impulse function can
be defined as the limiting form of,

,t<a

,ast<a+e

St —a)=

om|—

Jt>a

This function is graphically represented in figure below.
f(t-2)

Figure: Unit Impulse Function

In general, Dirac delta function is given by,

8(t - a)= Liifelt-a)}

Q10. State first shifting theorem.
Answer : Model Paper-2, Q9

Let f(¢) be a function defined for all the positive values
of ‘¢’. Then, the first shifting theorem states that,

If L[A1)] = f(s), then

L[e” fit)]= f(s—a), where (s —a) >0
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Q11. Find the Laplace transform of

g
of
Answer :
Given function is,
t

A=~

e
= fliHh=te'
Applying Laplace transform on both sides,

L{fit)y =L{te"}

Here,n=2and a=-3

5 4 2!
L[f@ ] - (S+3)2+l
_ 2
T (s+3)?
2
Lle3 =
[FPe™] (2+3)3

— 1 n —at _ I’l'
(st 1)? [ (s+a)""!
Lite’} =
{te’} (S+1)2
Q12. FindL(/te™).
Answer :
Given function is,
ﬁe—St
From the first shifting theorem,
!
L . art :n—
{tne } (Sia)}’l*l
J’_
= L{t".e‘”}=r(n7nlgl [ T+1)=n]
(s—a)
1
1L r<5+1>
= L(ﬂ.e 3) = 0
(S+3)7+1
21(3)
= 3 [T+ 1) =nl ()]
(s+3)2
L /x
2-vr 1
25 lrla)-
(s+3)2
__in
= 3
2(s+3)2
e} -—Yn
2(s+3)2

Q13. Find the Laplace transform of t2 e~

Answer :

Given function is, e

From shifting property,
n!
LI 0] = [
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Q14. Find the Laplace transform of e cos 2t.

Answer :

Given function is,

At) = (e cos 2¢) (1)
L{e" cos bt} = ﬁ e

Comparing equations (1) and (2), a=—-1,b=2

L{f(t)} = L(e™ cos 2f)
__ s=(D
GG
_ st+1
T o(st+1)’+4

s+1

L{e'cos 2t} = m

Q15. Define second shifting theorem.

Answer :
Statement

Let f{¢) be a function defined for all the positive values
of ‘¢
Then, the second shifting theorem states that,
If L[fH)] = f(s) and

ft—a) ; t>a
g(t):{o s t<a

Then the Laplace transform of g(¢) is given by,
Lig)] =e* j(s)
A g

f(t—a)

Y

0 : (a, 0) t

Another Form

IfL{F(0)} = 7(s) and H(t) = {1 £>0

0 <0

then, L{F(t—a) H(t—a)} = e f(s)
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Q16. Find L (f(t)) where f(t) =

1 2T
0 if t< 3
Answer :
Given function is,

2 2n
COS(I_T)’ t>T

T
0 , I<—

3

Applying Laplace transform,

27 3/ o

[ e rwde+ | e (e

0 27 3/

Lifn] = [ e (0de =

T 21
e"(0)dt+ | e cos|t—— |dt
Oydr+ | ( 3 )

2m/3

- ]i e cos (t—z—n) dt 2)
2m/3 3
Let,
27
- == =y
3
27
= t=u+ —
3

= dt =du
For Lower Limits

2r 2 2m;
Fort=—,u=—"——7"=0
3 3 3
For Upper Limits
2n
t =0, U=0— — = o
3

Substituting the corresponding values in equation (2),

2n

—s| u+— o —2lS
LIfD] = Ie cosu.du = .[e""“.e > cosu.du
0 0

n e
—e? .Je"‘“.cosu.du
0

-7

—e L[cosu] ( Ie”“‘ costdt = L[cos t])

0

s s ('.‘L{cosat}= 2S 2)
_e 3 S2+1 s +a

27
. _ 3 s
=)

oo

5.5
Q17. Find L{e*3u(t — 3)}.
Answer : Model Paper-2, Q10
Given that,
e u(t-3)
Let,

A6 = e u(r)

Lifi)} = Je’u(z)eﬂ’dt

0

Fisy = e
0

3 |:e(sl)t :|°°
~(s-D],
6700 1 0

+——
—(s-1) s-1

RE
s—1
1

Fo) =77

From the property of Laplace transform,

L{flt—a)u(t—a)} = e™ F(s) .. (1)
Where,
L)} = F(s)
Here,
a=3

Substituting the corresponding values in equation (1),

L{f(e3)u(t-3)} = e*3s,ﬁ _

-3s

s—1
L{f(r—3)u(z—3)}=f%3i

State the Laplace transforms of derivatives and
integrals of functions.

Q18.

Answer :

Laplace Transform of Derivatives of Functions

Statement

Iff{¢) is continuous function of exponential order and is
represented by,

Lify = 1)
Then,
L' ()} =" f(s)=s"" £(0) =" f(0)...= £~ (0)
Laplace Transform of Integrals of Functions
Statement

If f(?) is continuous function and is represented by,

LifiO)} = f(s)

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



5.6

MATHEMATICS-II

Then,
L{J f(u)du} ~ L7
5 S
In general,
L{“‘ ...... f(u)dudu} = i 7(s)
00 0 s

Q19. State the Laplace transform of functions when
they are multiplied or divided by ‘t’.

Answer :

Laplace Transform of Function when they are Multiplied
by ‘t’

Statement

If f(7) is a continuous function of exponential order and
is represented by,

L{fi)y= 1)
Then,

d" -
Lir [} = 1) o V)
Where,n=1, 2, 3....

Laplace Transform of Functions when they are Divided
by ‘t’

Statement
If f(¢) is a continuous function and is represented by,
L{fAn}= 1(s)
Then,

L{@} — _[ F(s)ds
t s

Q20. Find Laplace transform of t sinh t.

Answer :
Given that,
f{#) =t sinht .. (1)

Applying Laplace transform equation (1),
L[f(t)] = L[t sinkt]

By multiplication property of Laplace transforms,

I Fs)

LI i) = 1)

L dJ 1
= L[tsinkf]= (1)L s [sz—l ]

1
21

[ L[f(t)]= L[sin ht], F(s) =
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oAl
=(-1). ds[sz—ljl
R KPS
D441}
=(1). [(—1).@2 —1)-1-1.i(s2 —1)]
ds

= DED (° = 1)2.[25 - 0]]]

=EDIED (=17 @91

(s*-1?

_ =2
- 1[@2—1)2]

_ 2s
(s*=1?

_ (_1)[(—1><2s)}

2s

oo L[t sinh ¢] = T

Q21. Evaluate L{te?}.
Answer :

Given function is, ¢ *

Lt ] = (-1)' %I[L[e”] ]

|- v |

df_1 ap = 1
= D%[sz] ['.‘L[e 1=5=4
=Dl

=DEDE-27

=(s-2)"
1
(s—2)°
) R |
L=
Q22. Find L S'T“t

Answer :
Given function is,

sin ¢

L
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1

L{sin ¢t} = i1

o0

sint | 1
)= [l

S

= [tan’1 () ]:
= tan"!(0) — tan"!(s)
_n

R -1
=5 tan s

=cot’ls

L { —SI?t } =cot™'s

Q23. State final value theorem
Answer :

Let L[f(£)] = F(s) and if the Laplace transforms of /{f) and /' (¢) exists then lim f(¢) = lirré sF(s).
[— o 85—

Q24. IfL{F(t)}= m where ‘B’ is a constant, then find thj?o F(t).
Answer :
Given,
L{F(n)} = -
pp+P)

According to final value theorem,

If L{F(£)} = F(p), then Lt F(f) = Lto PF(p)
t— o0 p—

1
B =T )
1
= Lt
p—0 PP
B 1
B
1
L0
Q25. Define inverse Laplace transform.
Answer :

If f(s) is considered as the Laplace transform of {7), then f(¢) is called as inverse Laplace transform of f(s).
ie.,
A= LS s)

Where,

L' — Inverse Laplace transform operator.
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Q26. State inverse Laplace theorem of derivatives and integrals.
Answer :

Inverse Laplace Theorem of Derivatives
Statement
If f(¢) is the inverse Laplace transform of f(s).
ie, Lf(s)} =AF)
then,
L sy = e fo
Where,
FOe = L7
ds"
Inverse Laplace Theorem of Integrals

Statement

If /() is the inverse Laplace transform of /(s) then,

[ st 2 LO
L {j f(s)ds}— t

Q27. If L { e _3%)4} .

Answer :

Let,
3

Applying inverse Laplace transform on both sides,

O R Al I L/ F e Sl [ ) (R S =30 o(3) YA
(T o (1 R

77 2

F(s)=

elBr =Ll

f s—1

Q28. Find inverse Laplace transform o s2+57°

Answer :

-1 s—1 — 71 N iy S —1
L {52+52} L [s2+52] L [s2+52]

=L [sz-iSZ]iLil [Sz-il-Sz]

=cos 5t — % sin 5¢

_ 5cos 5t —sin 5¢
5

[ fs=1 ] = S cos 5t —sin 5¢
§2+5?2 5 '
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§2

Jnt

1 a
Q29. If L™ {e—f—l = % then find L™ {e—}
- T

Answer :

Given,
I {e’%} _cos2v 1
s vt
By change of scale property,
_l—=(s
Lifian} = 7 (2)
1

t

“Aas —=cos2,/—
e } _a a

/Tt
a

1
s2

[ From equation (1)]

()

= L—l{eflm}: 1 cosz\/g
/s a Jmt
Let,
a':l
a
e "\ cos(2va't)
= L*l{ ="
Vs Vnt
e | cos(2vat)
= L*l{ =——
Vs Vit
Lfl{e*“/“ _ cos(2Var)
T
. -1 1 2 3
Q30. Find L {ﬁ'ﬁ*?}'
Answer :
L1 2 3
L {s76 s2+3+s4}
B 2 3y 7 11 2 - i}
> e A3 e e e [

- L71 1

s—6

=2 !

1 .
=e% 2. siny3t+
V3

3
=e‘”—% sinv/3 ¢+ L

2 3

— 0t
S U
s2+3 st

2

73

2

1

s2+(V3)

2

3
siny/3 ¢+ %

1
6} Y {S2+

+3.L" [

3.2
3!

3}+3L"{

1

S3+1

1
P

N

|

|
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Q31. Find L-"{cot'(s)}

Answer :
Given that,
L'[cot™(s)]

Model Paper-3, Q9

Let,
At)= L [cot '(s)]
= Lf ()= cot'(s)

d
= Lltf@O]=CD g[cot_l ()]

d
= LItf ()] = leot” ()]

d -1
a(cot x) =

1
Lltf (O] = e

1 1 +x?

Applying inverse Laplace transform on both sides,

L[LIAD]] = L
[LU0T = 2y
fin=L"
= (1) 21
. o 1 _ sinat
= (f) = sint e P
sint
= )= —

t

sint
L'[cot(s)] = —

—Ts

Q32. Find the inverse Laplace transform of 5_1)?
s -_—

Answer :

Given expression is,

—TtS

e
(s-1)°
Let,

—Ts

BT

ety
(s-D*]

From second shifting theorem,

L'{e®. F(s)]|=F(t-a).Ut-a)

=(t-mn).e" MUt - )

Lll e ™
(s—1)?

L71

W] = (Z — n).e(”“).U(t — TC)
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Q33. State convolution theorem.
Answer : Model Paper-3, Q10
Statement

Let f{#) and g(¢) be two functions for #> 0. If f(s) and
g(s) are the Laplace transforms of these functions then,

L{f 0¥} = f(5)8(s)

Q34. Apply convolution theorem to evaluate

e
s(s+1)

Answer :

1
s(s+1)

Given function is,

Let,

FO 21 nd gy = -
Sandg(s) s+1

fiH= Ll{i} =1land g(f)=L" {slﬂ} =¢t

By convolution theorem,

a1 11

L — _

L(wu} Ll{ml}
= '{f(s).2(5)}
= fit) * g(1)

= [ f@et-wadu
0

= jl e gy

0

t
—_ J.eft+udu
0

= e '[e"],

=efe—e]
=e'le'—1]
=et—¢"
=0t

=1-¢"

4 1
L |:s(s+1)] =l-e
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PART-B
ESSAY QUESTIONS WITH SOLUTIONS

5.1 LAPLACE TRANSFORMS, INVERSE LAPLACE TRANSFORMS, PROPERTIES OF LAPLACE
TRANSFORMS AND INVERSE LAPLACE TRANSFORMS

Q35. State the sufficient conditions for the existence of Laplace transform.
Answer :
Existence of Laplace Transform

Laplace transform of any function f{¢) exists, if it satisfies the following two conditions.
Condition 1: f(t) is Piece-wise Continuous

A function is said to be piece-wise continuous in an interval [a, b], if it is continuous and has finite limits at the extreme
points, in any sub-interval range of [a, b].

Condition 2: f(t) is of Exponential Order ‘b’
A function, f{(?) is said to be of exponential order ‘b’, if there exists ‘M’ and ‘b’ such that,

)| < Mer

Q36. Show that x" is of exponential order as x — «, n > 0.
Answer :

Given expression is,

Lt e™x" = 4

X— 00 x—oo €™
oo
a oo
Applying I’Hospital rule,
n—1
nx
Lt e™x" = —
X—oo x—o qae’
oo
B oo
[T 1
= Lt o | — i.e., Indeterminant form
x—oo qae S

Repeating the same procedure,

Lt e“x" = |4

X x—oo a e

x" is of exponential order.

Q37. State and prove Laplace transforms of elementary functions.
Answer :
Laplace transforms of Elementary Functions

1. L{k} = %(s >0)

Proof
From the definition of Laplace transform,

o

Lix(6)} = Je“”X(t)dt

0
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= Lik}y = jke‘sfdt
0
- kje—”dz
0
_ __k[e—‘” _eo]
S
- _—k[O—l] _k
S S
o L{k _k
)
2 L{t} = L
. 2
Proof :

According to the definition of Laplace transform,

oo

Lx(0)] = _[x(t)e""dt

0

N Lif = Jt.e’”dt
0

_ F{f i — [% (1)j e_”dt:| dtjlw
0

0

e*St e*St ~
- | —j[ — (1)]40

i K -5 s
1 1
—[0]+— = —
01+ -
L{z} :
1y = —
52
n!
3. L{t"} = e
Proof:

From the definition of Laplace transform,

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Lix(0)} = _[x(t)e‘“dt

0

= L{r}= Dj:t"e_“dt
0
[ n —st d n —st
_ tje dt—JZt je dt]dt

—st —st ~
e 1€
= —J(nt” I—Jdt:I
- —S
0

Applying limits to the first term of above expression
becomes zero,

o

n —st ,n—1
L{t”} = gje tt dt

0
ey
S

Similarly,

Ly = T L

n—2

L{r2y = L{t"}

By continuously applying Laplace transform, the
Laplace transform of n™ term is given as,

-1 n-2 21 _
=222 LT
s s s s S
n!

- —nL{l}
S
a1
sn s - Sn+l
n!
nL{rY = =
S

1
4. L{e*} = ;,(s—a>0)

Proof:

From the definition of Laplace transform,

oo

Lix(0)} = Jx(t)e_Stdt

0
= L{eat} _ Je—steazdt
0
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ee-ora [w ]
= =|—
0

0 —(s—a)
—oo 0
e e 1 1
- — — = —|0-— = if
|:(s—a) (s—a):| [ s—a] s—a’"*7¢
. L{e"} =
s—a
a
5. L{sinh at} = ———, if s > |a|
s”-a

Proof:
Given function is,
fif)y=sinhat,t>0
Applying Laplace transform on both sides,
L[f(#)] = L[sinh af]

at _ —at at _ —at
_ L[L] [ sinhatr=5-_-¢_
2 2

B l|s+a—-s+a
2 st —a®
1 2a

2| s* —d?
B a

s —a?

a
* L[sinhat] = ———
s°—a

s
6. L{cosh at} = ———,Re(s) >a
s“-a

Proof:
From the linearity property of the Laplace transform,

Liax (1) + bx ()} <> aX (s)+bX(s)

L{eat +e—at}
2

;{L{eat j+Le )}

L{cosh at}

Al b
2|ls—a s+a s—a s+a
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1|s+a+s—a 1 2s
2 Gs—a)s+a)| 2|s*P-d4?
N
) 2
s“—a
L{cosh at} = 2
7 L{sin at 2 ifs>0
. = >
{sin at} 2 ral ,if's
Proof:
From the definition of Laplace transform,
Lix()} = J‘x(t)ef‘”dt
0
- Lisin at} = J‘Sinate_”dt
0
i e -
= |—5—— (=ssinat—acosar)
| s” +a 0
[ e .
= | 75— (-ssina(ee) —acosac) -
s +a
i 1 a
-lo= [—a]| =
s’ +a’ } s> +a’
. L{sinat} =
toinat} = 5
8. Licosat}= ———,ifs>0
s“+a
Proof:

From the definition of Laplace transform,

=)

Lix} = [x(0)e™"ds

0

=)

=

e

~s()
2

-
[ .
|

2 2
ST +a

—st
2

N a
e
2

N a

o L{cos at} =

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

> (asinat + (—s)cosat):|

s’ +a®

—st
Licos at} = '[cosaze dt

(asina(oo)+(—s)cosa(oo):|—[ ¢

Ky S

2 2
s +a

|

0

}

S2

oo

é?o

+a®

[ je” sinbxdx=

[-ssina(0)—acos a(O)]:|

|: J.e‘“‘ cosbxdx=

—-5(0)

2 2
s"+a

a’+

ax

ax

a’+

l)?

Z)Z

(asinbx—b cosbx):|

(bsinbx+a cosbx:|

(asina(0)+(-s) cosa(O):|
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Q38. Find the Laplace transform of f(t) = sinh ot, t > 0.

Answer :

Given function is,
AH=sinh o, t>0
Applying Laplace transform on both sides,
. L[f(9)] = L[sinh of]

ot —0t o -0
I l sinh af=5——%
2 2
:l[L[emt]_L[e—mt]]
2
:l[ 1 :l_l StO-5s+0 :l[ 2m ]
2ls—-0 s+o| 2| 2_-@? 2| s* -0’
()
7S2—0)2

. L[sinh of] = 2o

(0]
t, 0<t< 1
2
1
Q39. Find the Laplace transform of f(t) where f(t) = t—1,E <t<1
0,t>1
Answer :
Given that,

t,0<t<1
2

1

=|t-1, <t<1
£ 5
0,1>1

Applying Laplace transform,

oo

L) = [ fds

0

o

e F(0)di+ _[ e F(1)dt

1

e f(0)dt+

S o —
[y Y S———

Substituting f(£) values for different intervals,

o

1
te”dt+ J(r ~De™dt+ J.e‘s’ (0)dt
1

1

S o —

2
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1
2 1

= Jte‘“dt+f(t—1)e‘”dt+ 0
0 1

2

te™ldt+ | te™'dt — | e dt

S C—0 | —
W | — —_— —
[y S——

] RN RN
test est2+test o o
) sz 0 - 52 l - l
2 2
[ 1 1 [ 1 1
35 8 0 s s 55
le?2 e? e le e le e
15 el bl K | T2y T2
2 —S S S ) Ky 2 ) S
1 1 1
3 s _-s 2 T s 5
l1e?2 e? N 1 +e e le e e +e
2 —s s2 sz —s 52 2 —s S2 —=S )
-t i -t -1l -t
le?2 e? +1 e’ e’ lez +e2 +es e’
2 s 52 52 ) 2 2 s 52 K K

s s s
_1
1 g, e ?
=—(-e7)-
=)=
L
1 . e?
S LIf@)F d-e7)=
s s

Q40. Find L[3 cos 3t cos 4t].
Answer :
Given function is, L[3 cos 3¢ cos 4{]
Consider, cos 3¢ cos 4¢

Multiplying and dividing by 2,

1
cos 3t.cos 4t = 5(2 cos 3t.cos4t)

[cos(3¢ + 4f) + cos(3t — 41)]

[cos 7t + cost (—1)]

[cos 7t +cost]

1
cos 7t + 5 cos t

1
= cos 3tcos 4t = cos 7t + 5 cos t

[ 2cos Acos B =cos(A+ B)+cos(4— B)]

(1)

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.



UNIT-5 Laplace Transforms

Applying Laplace transform on both sides,
L{3 cos 3t cos 4t} = L{3(cos3t.cos4t)}

= [13 lcos7t+lcost
2 2

[+ From equation (1)]

—cos7t + cos t}

—cCos 7t} + L{— cos t}

%L{cos7t}+ — L{cost}
ot
2 72 ) 20 s? +1
s
- L{cosat} = ]
[ s’ +a®

]
2 s2+49 5% +1

3 s s
- L{3cos3t cosdt} =— +
{ } 2[s2+49 s2+l:|

dE
it

Q41. Find the Laplace Transform of the following

functions,
(i) f(t) =k, kis a real constant >1
(ii) f(t) = t3'(t).
Answer :
(i) f(t) = k', k is a Real Constant >1
Given that,
=k
Where,

K is real constant > 1

By the definition of Laplace transform,

F(s)=L[f0)] = _[k’ e dt (1)
0

7gt had oo — v
:|o 0
|: a*)=a"log a]

= fs) = l+ logk 1 fe it ar
S

0

. f(s) = |:k' Jlogk dt

5.17
O e 0
[ From equation (1)]
1
S I
N S
|:s log k] 1
= f(s) =
S
oy - L
= () = (s—log k)
. ty 1
(Hk]= (s—logk)
(i)  f(t)=t3'(t)
Given that,
AD=18(@)
[r& @ -t [& (r).dt—J'(fJ'B'(t).dt) dt
= t.5(t)—Jl.5(t).dt (2

Here, 8(¢) = 1 for = 0. But, at the same instant 7.5(7) = 0.

Substituting above value in equation (2),
Jt.ﬁ' (0).dt = 1.(0) - I 8(r).dt

- Jtﬁ‘ (t).dt =0 - J.S(t).dt

= J.t.ﬁ'(t).dt = JS(I).dt

1.8t =-8(0) .. (3)
By definition of Laplace transform,
F(s)=L [f(n]
=L [1.8°(D)]
=L[-8(#] [ From equation (3)]

oo

= F(s)= J— S(t).e " dt

0

And also, for a unit impulse function or signal,

{1, t=0
d(r) =

0, else where
=0 =_1

= f)=—0)=—e|,

L[t8'(0)] = L[-5()] = -1
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Q42. Define unit step function and find the Laplace
transform of unit step function.

Answer :
Unit Step Function

Unit step function is defined as U(t — a).
Ift<a,Ut—a)=0
Ift>a, Ut—a)=1
Where, a >0
Laplace Transform of Unit Step Function L{u(t — a)}

By definition of Laplace transform,

=

e f(¢) dt

0

LIf (0] =

LIU(—a)] = _[e‘“U(t—a)dt
0

a oo

_ j eU(t—a) dt j eU(t-a) dt .. (1)

0 a
- j e (0)di + j e (1) di
0 a
s —8t o0 —as
_ Jefst dt _ [e ]a _ e
" i} S
. e—(lS
S LUGE-a)]=
Note

1
Ifa=0,L[U®] =

a+e
— 0+ jS(t—a).dHo

= ara(t —a).dt

a+te

1 1
[ = a=—11ge
a 8 8

= T ot(t—a) =
0

Hence, the Dirac’s delta function or the unit impulse
function is defined as,

S(tia):wat:a
=0, t#a

So that _[8(: —a)dt=1 [ a>0]
0

Laplace Transform of Dirac’s Delta Function

Let () be continuous at n = a.

a+e

= J f(t)%dt

€

Then j ()86 (t—a)di
0
= (a + & — a). fv).

(Where, a <<<a +¢)

As € = 0, j (08t aydt =fla)
0

L(O(t—a) = J e d(t—a)dt= e

0

L(O(f) =e*=e"=1

Q43. Define Dirac’s delta function or the unit impulse
function. Also obtain its Laplace transform.
Answer :
The unit impulse function or Dirac’s delta function is
the limiting form of,

0, t<a
o(t—a) = %, alt<a+e
0, t>a

Integrating,

a+e

Jﬁ(t —a)di+ Tsa —a)dt

a-+e

T 8(t—a) = jS(t —a).dt+
0 0

wre -
J.S(t —a)di+ j 0.di

a a+e

Q44. State and prove linearity property of Laplace
transform.

Answer :

(i) Linearity
Lix (0] <> X,(s)
Lix,(] > X,(s)

Llax (f) + bx,(1)] €2 aX (s) + DX (s)
Proof

According to the definition of Laplace transform,

oo

Llx,(] = Jxl (e "dt =x (s)

—oo

oo

Llx,(0)] = _[xz(t)e_Stdt:Xz(s)

—oo

a
= jo.dt+
0
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Llax (f) + bx,()] = J[axl (1) +bx, (1)) dt L{e“fit)} = f e f(0))dt
_ 0
= [axedr+ [bx, e di — et pay ar e

- j (e S’dt+bJ.x2(t)e “

—o0

aX (s) + bX (s)

Llax (1) + bx,(H)] = aX (s) + bX (s)

Q45. IfFL[f(t)] = F(s) then prove that L[f(at)] = % F()

Answer :
Theorem

j_" (s) = then,

1<)

oo

IfL{f0)} =
L{f(af) =é

Proof: Since, L{fat) = fe“”f(at)dt
0

Let,
at=u,adt=dui.e. dt—ﬂ
a

Limits are 1 =0

>u=0;t =0=>u=w
RO

Liflat)} = —Je ) f(u)du
a

0

= L{flat)}= %f{ J

1 -
LU@OF:;f{iJ

Q46. State and prove first shifting theorem.
Answer :
Statement
For answer refer Unit-5, Q10.
Proof
Given that,

L{fD}y = f(s) )

Since,

Lifioy = [ e
0

0
Comparing equations (1) and (2),

Lie“ f(t)} = f(s—a)
Q47. Prove that,

(i) L[e*sinhbt] =

(s—a)%-b?
1 L at h bt — L
(ii) L[e* cosh bt] = (s—a)2 b2 "
Answer :
(i) L[e* sinh bt] = (s—a)—z—bz
Consider, L[sink bt]
Since, L[fi] = |e ™ .f(t)dt
0
= L[sink bt] =J !.sink bt dt
0
°° _St[ebt_e bt]d
= Je t
2
0
at _e—at
- sink( at) =
( sinfi( at) 5 J

_ %J‘(e*.ﬁ‘l .ebl _e*S[e*b[)dt

0

1 T —(s=b)1 _w —(s+b)t
=5 Je dt Je dt
LO 0
B l [ o (5b) °°_ o (54h) "
2| = (s—b) —(s+b)
B l— e ¢’ 3 e ¢’
"2l =@s=b) | | =(s+b)
Caf( _o=1 ) (_o-1
2|l =G6=b) | | =(s+D)
I 1 1] 1fs+b—(s—b)
C2ls-b s+b]| 2| (s+b)(s-b)
A %
a 2| 52 -p?
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b
= L[sink(bt)] = JERyT)
P

L[e* sinh bt]= (S_a)—z_bz [ Lle“ D] = f(s—a)]

Lle“ sinh bt]|= —————
[e* sinh bf] (s—a)z—bz

.. . B s—a
(i) L(e™ cosh bt) = (s—20—2—1)2

Consider, L[cosh bt]

Since, L[f(1)] = fe“"f (r)dt

0

= L[cosh bi] = Je_S’ cosh bt dt
0

> bt —bt at —at
_yl e’ +e e +e
= Je S — Wt ‘. coshat =
o 2 2

[u—

r
=1
(=}

1” — 0 0
= — +
2_—(s—b) —(s+b):|

1l 1 1
== +
2ls=b S+b:|

1[ s+b+s=b
2| (s=b)(s+b)

2s
52 —b?

s
=  L[cosh bf] = S
s2—

N | —

=  L[e“ cosh bt] =

[ Lle" ] = f(s—a)]

L[e* cosh bt] = ———————
Le 1= a5
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Q48. Evaluate L{ et(cosZt +%sinh ZtJ} .

Answer :
Given function is,

1 .
L{e’ (cos 2t + 5 sinh 2¢ )}

Applying Laplce transform on both sides,

L{e' cos 2t +%et sinh 2t} = L{e' cos2t} +%L{e’ sinh 2¢}

(s—a)

(s—a)’+b*

(s=D 1( 2 )

= +5 " L[e" cosbr] =
(s=1)2+22  2\(s-1)2-22 [ [e% cos br]

s—1 1
2 T3
s —=2s+1+4 sc—2s+1-4

s—1 N 1
s2—2s+5 §2-2s-3

- Lie cosZt+lsinth = zs—l +— !
2 s°—=25s+5 s —-25s-3

L[e”sinh bt] =

b

(s—a)? - b?

Q49. Find the Laplace transform of the function e=* (2 cos 5t — 3 sin 5t).
Answer :
Given function is,
€3 (2 cos 5t — 3 sin 5¢)

The Laplace transform of above expression can be obtained as,
L[e?3' (2 cos 5¢t— 3 sin 5¢] = L[ (2 cos 5¢)] — L[e ™. (3 sin 5¢)]
=2L[e> .cos 5t] — 3 L[e™. sin 5¢]

o L(e™ coshbt) =

_y s+3 3 5
T (s+3)7 425 (s+3)2+25 L(e™ sin bt) =

L 2s+3) 05
(5437425 (s+3)*+25

_ 25+6-15
(s+3)* +25

_ 2s-9
(s+3)>+25

2s-9

o Lle™(2cos 5t —3sin 5¢)] = ————
(s+3)>+25

s+a

(s+a)* +b*

b

(s+a)* +b*

Q50. State and prove second shifting theorem.

Answer :
Statement

For answer refer Unit-5, Q15.
Proof: Given function is,

L 0] = f(s)

(D)
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f(t—a) ;t>a

0 ;t<a

And, g(?) = {
According to the definition of Laplace transform,

LIf0)] = je—“. F(0)dt
0

Lig)= [e".g(0dr
0

oo

f e .g(t)dt+Je_St g(t)dt

0 a

= Je_St.Odt + e f(t—a)dt
0

a

=0+ e f(t—a)dt

oo

Lig]= |e™ f(t—a)dt

a
Let,t—a=x =>t=x+a
dt—0=dx
= dt=dx
Lower Limit: Whent=a; x=0
Upper Limit: When 1 =00; x =00

Substituting the corresponding values in equation (4),

Llg@)] = [ f
0

= J-ef” e f(x)dx
0

oo

e e™ f(x)dx
0

= e ML f()]

e, ]_” (s)

oo Llg(H)]=e 7 (s)

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

[ From equation (2)]

[+ From equation (3)]

[-- From equation (1)]

)

(3

e (4)
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n

Q51. Show that L{t"(f(t))} = (1) d {f (s)} where,n=1, 2, 3,.....

ds"
OR
Prove that L{t" f(t)} = (-1)" ds" {f (s)} where,n=1, 2, 3,.....
Answer :
LIS = 1y = (f)} (D)
s

where,n=1,2,3,.....

By the definition of Laplace transform,

=3

7= [e i

0
=L[An)]

Differentiating on both sides with respect to s,

d . dF
I _5£e Ayt

| =

e f{t)dt

ISY

N

oo

—te ft)dt = —j e [t D))t

0

St O3

=—L[1/11)]

d -
= L[tf(t)]=—£ S () (2

By mathematical induction, equation (2) can be written as,

n

~ 1)

L[z fD]= (1) s

Q52. Find L[t sin 3t cos 2t].

Answer : Model Paper-1, Q15(a)
Consider, ¢ sin 3¢ cos 2t

t
[2 sin 37 cos 21] [~ Multiplying and dividing by 2]

= tsin3¢cos2t = 5

[sin(3¢ + 2f) + sin(3¢ — 2¢)] [~ sin(4 + B) + sin(4 — B) =2 sin 4 cos B]

N |~

[sin 5¢ + sinf]

N |~

1
= t sin3z cos2t = 3 [z sin 57+ 2 sin £]

Applying Laplace transform on both sides,

| - .
L[t sin 3¢ cos 2f] = L[E[tsm 5t +tsin t]
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_ % [L(¢ sin 51)+ L(t sin 1]

= %L{tsin St} + %L{tsin t

=il gl

Ly @] (1>[(s+1)(0> 25
= 5 ( 1)(5)d8(82+52J 2 l (S +1) ]

=
2

(s2+52)(0)(1)(2s)} D= 2s)
(s +5%2 2(s2+1)2

_ il: —2s ]+ S
2 (s2+52)2 (S2+])2
5s K
=2 SR 2
(s2+25)%  (s>+1)

5s N s
s24+25%) (2 +1)?

o L[tsin 3tcos2t] = (

Q53. Find the Laplace transform of te sin 2t.
Answer :

Given expression is,

te™ sin 2t
| d . .,
L{te"sin 2t} = (-1)— L{e™" sin2t} {t" ]
ds L
d 2 [ b
=-)———5— L sinbtf=————
-1 ds (s+1)2 +22 i {e sin } (s—a)2 +b2:|

_ i[;}
=Dy s2+1+2s+4

2
=(-1 -
-6 )dS|:s +23+5]

0-2(25+2)

=D (s> +25+5)°

. 2(25+2)
(2 425+5)2

__ 4s+D)
(s 425+5)°

4(s+1)

s L{te" sin 2t} = m
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Q54. Find the Laplace transform of [t cost sinh2t].

Answer :
Given expression is,
t.cost.sinh2t

d
= L{t.cost.sinh2t]=— s L{cost.sinh2t}
Consider,
L{cost.sinh2t}

oM o2
= L{cost.sinh2t} = L{cost[ 3 ]}

:L{cost.e” e”cosZt}
2 2
1
= EL {cost.e* — e cos2t}
1
=5 [L{e*cos2t} — L{e™? cos2t}]
1 s—2 (s+2)
2| (s=2)2+1% (s+2)*+1?
1 s—2 (s+2)
(s-2)2+1% (s+2)*+12

Substituting the corresponding values in equation (1),

(s+2)
(s+2)2+1?

1d| (s-2)
2ds|(s—2)2+1>

L{t.cost.sinh2t}= —

(s+2)

2+ 1))~ (s-2)2(s -2)

1_|<(s—
(s—2)°+1°

1-(s+2)?

_ 1 1-(s—2)?
L{t.cost.sinh2t} = —& (s+2)2+12
s

2{(s-2)2+1%

I R R
C2)ds|(s—2)2+12) ds|(s+2)2+12

l

d
[ L{LF (D)} =~-F(s)

(s+2)°+12(1) ~ (s +2)2(s +2)(1)

(s+2)%+1?

(1)

. (t)
Q55. If L[f(t)] = f (s), then prove that L[[ (t )]] j f(s)ds provided |t.II‘EI "t" exists.
S

Answer :

Given that,
Lif ()= f(5)

An dL{f( )} f(s)ds for Lt& exists

By the definition of Laplace transform,

oo

Lif(t)y= f(s) = e f()dr

0
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Integrating on both sides with respect to “s’,

T F(s)ds = ]o[]oe‘“ f(t)dtjlds
s sLO

0 0o

- j e f(t)ds di

0s

_ _0[ £(0) Je‘s ds]dt

LS

= Jf(t) e_St] dt
0 L s

- J SO —=( —e‘“)] dt
) L

=Tf@
0

- T f(t)—e_ﬂ ]d:
o L

et - fro)

0

L{M} = J.f(s)ds
t N

[ . Changing the order of integration]

[+ f(?) is independent of 5]

t
Q56. Prove that L{jf(U)dU} = %?(s) where L{f(t )} = f (s).
0

Answer :
Given that,

LIA] = £ (s)
Consider,

oo

L Jt.f (u) du = Je*“ [j () du] dt
0 0

0

:[e_ﬂ j f(w) dujl e reyar
-8 S
0 0

0

=0+ < L]

1 -
= f©)

LJ f(u) du = )
0

N
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Q57. Find the Laplace transform o

§ COs at—cos bt

t
Answer :

Given function is,

cosat—cosbt
=
Since,
L[cos at] = ——, L[cosbt] = %
s*+a* s +b
I b s s
cos at — cos bt]= -
s?+a® sP+b?

The Laplace transform of equation (1) can be written as,

L|:cosat—cosbt:| _ T

t

1|7 2 T2
—Izszds—stzds
2 ' s"+a 1S +b
1 2 2 2 247
5[Iog(s +a”)—log(s“+b )]
l—logsz-i-az -
2l s +b? i
_ .
a
1+
1 2
—| log S2
2 b
1+S—2
L s
_ , 5
| 1+4 1+UL2
—|log—=2—log—=
2 b b*
1+— I+—
L b K
_ 5 s
1+i 1+a7
1 log —log s” -1 logl—1lo s”
1 | b* 2| OB TR
2 l+s—2
1” 2, 42
— 0—10gs2 a2
2| s°+b
11 s2+az_11 s2+b?
- 2.2 o 2., 2
2 +b 2 " s°+a
7110 2 +b°
2 gs2+a2

Ll:cos at— cosbt]
t

Model Paper-2, Q15(a)

(1)

[ L[; f(t):| - fF(s).dsJ

. (2)

N EACIN
[.jf(x) dx—logf(x)]
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T e Msin’t
Q58. Using Laplace transform, evaluate J‘fdt.
[1]

Answer :

Given integral is,

oo .2
_,, sin°¢
J.e Ee—

0

sin
The above integral is exactly the Laplace of ; with s = a.

Consider sin? ¢

) 1—cos2t
= L[sin’] = L{i———
2
- lL{l}—lL{cos 21}
2 2

11 1 =

Ilds— 2s ds]
LS s°+4

N osts)— Lioas 44|
_|:210g(s) 410g(s +4)]S

= [log( s)”2 —log(s2 +4)1/4]:°
102[( +4)1/4:|
B l s +4
4 s?

2
sin tl _qt SIN 2y 1 s“+4
= LJ = '0[6 “ Tdt = Zlogl 3 ]

L +4>”“}
ok

(s +4)V
( )1/4

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

( Gn2e- " cos29)

Model Paper-3, Q15(b)

(1)

( L{l} :%, L{cos 2t} = 2 -|S-a2 J

[ L[@} {i(s)dsJ

B R

(J 22 ds=log(s* +a )]
S +a
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Substituting s = a in above equation,

.2 2
psine| llog a ‘7“4
t 4 a*

> ) 2
g SNt 1 a”+4
.'. Je atTdt = Zlog {—2}

a
0

—t -
Q59. Find L[e S'"t].

Answer :

Given expression is,

e 'sint
t

Consider, sin ¢

1
s2+1

L[sint] =

Lle"'sint] = m

_t .
HE sin ¢ ZJ' di .
t (s+1)" +1

N

)

= tan! (c0) —tan! (s + 1)

=7/2 —tan™! (s +1)

=cot™! (s +1)

_t .
" L[e :m ! dt:| =cot™ (s +1)

. a
o L[sinat]=
[sim ] sz+a2]
L[e“’sinbt]=%
(s—a) +b

If L[/ (t)]= £ (s), then
SO T+
L[T:| = J.f(s)ds

J. 21 2dx=ltan_l(£)]
| Y x"+a a a

[ tan! co =T/2]

( cot™'(0) = g— tan™! e)

Q60. Find L[M].

t

Answer :

Given function is,

[cos4t sin 21‘]
t

sin (4¢ + 2¢) — sin (4¢ — 21)

= cos 4t sin 2t = 5

1
= By [sin 6¢ — sin 2{]

[ 2cos 4 sin B=sin(4 +B) —sin(4 — B)]
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Applying Laplace transform on both sides,
|: sin 67 —sin 2t:|

L[cos 4¢sin 2¢]= L
1 . .
- E[L(sm 6t)— L(sin 2t)]

[ 6 2 ] [ . a }
=_ - s L[snat]=
2[s2+36 s?+4 s*+a®

301
C $2436 sP+4

If, Lf(5)]= f(s), then L{M} = j F(s)ds

t

cosdtsin2t| ]: 3 _]i L
- L[ ‘ ]_Ls2+36 )24
o[ e
57436 I 57 +4
- “ 1 1 x
= é tan”! Ll - ltan_1 s [I > dx =—tan 1(—):|
6 o) 12 2], 2+at a o \a

o (o e G )

[

lr ooy tan S o ooy — tan-[ S
= 2L‘can (e0)—tan (6J:| 2|:tan (o) —tan [2)}
= % _tanf1 (o) —tan™! (%) —tan~! (e0) + tan ™' (%):|
= lEtanf1 (i)—tan1 (—):|
2| 2
L|:cos4t sin2t] _ 1 tan 1(£)—tanl(i):|
t 2 2 6

Q61. If LIf(t)] = F(s), then Lt ()= Lt sF(s)

Answer :
Given Laplace transform is,

L[] = F(s)
Laplace transform of derivative function is,
LY" (0} = s'F(s) =" 0)
Forn=1,
L{f" (0} =sL{f ()} —s"f0)
= LLf"(0]=sLLf (] - A0)
=sF(s) - A0)
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=

sF(s) =f0) = L[f " (9)]

oo

= / e (Hdt

0

Applying limits on both sides,
Lt [sF(s)— f(0)] = Lt

= Lt [sF(s)— f(0)] =0

Lt sF(s) =f0)= Lt f(t)

/OO ef(f) dt
0

Lt f@) = Lt sF(s)

Q62. If L(t) = F(s), then Lt f()= Lt sF(s5)
t—>oo S —

Answer :

Given Laplace transform is,

L(f () = K(s)

Model Paper-3, Q15(a)

Laplace transform of derivative function is,

F(0) — .

L{f"(0)} = s"F(s) — s
Forn=1,
L{f' (0} = sF(s) - s'A0)
= L{f (0= sLLf (] -A0)

oo

= sLFO]-A0) =L/ (0] = f e f (ndt

Applying limits on both sides

Lt TSLI (0] ~A0)] =

0

oo

Lto f e'f () dt
T

= [fol,

Lt fit) =

[— o0

Lt [5F() ~A0)] =) ~10)

Lto sF(s) =floy= Lt f©)

Lt sF(s)
s—0

Q63. Verify initial and final value theorems for the

function f(t) = 1 + e7(sint + cost)
Answer :

Given function is,

AH) =1+ e’(sint + cost)
Applying Laplace transform on both sides,
L[f(£)] = L[1 + e”(sint + cost)]
=L[1]+ L[e"sinf] + L[e " cost]
. 1 . s+1
(s+D*+1  (s+1D>+1

1
s

sta

Meosht]l = ————5——
[e “ cos bt] (s+a)2+b2

.. —at : -
- L(e™sinbt) (s+a)2+b2L

1 I+s+1

+—
S (s+l) +1

F —1+ s*2
(s)_S (S+1)2+1

=
Initial Value Theorem
The initial value theorem is given by,
Lt (1) =
-0
Consider,

Lt f(t) = Lt (1 + e'(sint + cost))
-0 10

Lt s.F(s)

§ — o0

=1 + €%sin0 + cos0)
=1+10+1)
=1+1
=2
110 =2
Consider,

Lt s|—+——F5—
S (s+1) +1

5§ — o0

Lt sF(s)

§— o0

[1 s+2

(s+ D2+ 1+s(s+2)
s[s+1)2+1]

= Lt s

§— o0

(s+1)2+s2+2s+1
(s+1)2+1

= Lt

§— 00

2+ 1+2s+s2+2s5+1

= Lt
(s+1)2+1

§— 00

252 +4s+2
(s +2s5+2)

25 +4s+2
(s+1)32+1

= Lt =

§— o0 §— oC

§2
= Lt

§— oo 2

N

4 2
2+—+—
S s

1+=+=
S 52
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|
~
~

= Lt sF(s)=2

= Lt0 f(t)y = Lt sF(s)

§— o0

Initial value theorem is verified.

Final Value Theorem

The final value theorem is given by,
Lt f(t) = Lt0 sF(s)
t— o0 85—

Consider,

Lt f(f)= Lt [1+e'(sint+cost)]

-

=1+ Lt e'(sint+cost)

t— o0

=l+e” [e*=0]
=1
Lt f(H=1
{— oo
Consider,
1 s+2
Lt sF(s)= Lt s|—+——F5——
s—0 s—0 |S (S+1) +1

s(s+2)
(s+1)2+1

= Lt [1+
s—0

=1+0

Lt sF(s)=1
s—0
= Lt f(t) = Lt0 sF(s)
t— oo §—

Final value theorem is verified.

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

Q64. Verify the initial and final value theorems for f{(t)

=3e2
Answer :
Given function is,
o) =3e™

Applying Laplace transform on both sides,

L{f()}=3L{e*}
3 1 B 3
f)=3. s+2  s+2
Initial Value Theorem

The initial value theorem is given as,
Lt f(r) = Lt s.F(s)
t—0 §— 0
Consider,
Lt f(t)y= Lt 3™
1~0 -0

=3.e20=3(1)=3
Lt f(t) =3
(-0
Consider,
Lt s.F(s)= Lt = 3 ]
s—»oos. s s—»:)os s+2 §— 00 s+2
3 3s
-k [ 2
s|1+—
K
S 1+0
1+—
= Lt s.F(s) =3 s

Here, Lt0 f(t)y = Lt s.F(s)=3
t— §— 00

Initial value theorem is verified.
Final Value Theorem
The final value theorem is given as,

Lt f(t) = Lt0 s.F(s)
t— o0 §—
Consider,

Lt f(t)y= Lt 3e* =3.e~

t— o0 t— o0
=3(0) [ e”=0]
Lt f(t)=0
t— o
Consider,
Lt s.F(s)= Lt = 3
s——OS' (S)_ s—»OS. s+2 a s—-0ls+2

= Ltos.F(s)=O
Here, Lt f(t) = Lt s.F(s)=0
t—oo s—0

Final value theorem is verified.
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Q65. Define inverse Laplace transform and list some standard inverse Laplace transforms.

Answer :
Inverse Laplace Transform
For answer refer Unit-5, Q25.

List of Some Standard Inverse Laplace Transforms

1(s) L'[£(s)] = (1)
1 1 1
s
—» 1 is positive integer r
S n!
3. n
nl+1 ,n>-1 t
s I'(n+1)
4, 1 e
s—a
5 1 ewt
s+a
; ! 1sin t
—sina
s? +a? a
7. S cos at
s’ +a’
8. 1 1
PR —sinh at
s —a a
9. s cosh at
s?—qa?
10.
1 1 1 . 1 _, .
S—— or SR —e“sinbt or —e ' sinbt
(s—a)” +b (s+a)” +b b b
11. s—a s+a e” cos bt or e cos bt
or
(s—a)*+b> = (s+a)’ +b*
S or — —e"sinhbt or —e “ sinh bt
(s—a) —b (s+a) —b b b
13.
s—a s+a 1 _
> or > e cosh bt or —e™ cosh bt
(s—a) —b (s+a) —b b
14. 2as t sin at
(s2 + az)2
. t t
15 Sz _az cosa
(s2 + az)2
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. _ 5s+1
Q66. Find the L [(s+2)(s_ 0 ]
Answer :

Given function is,

Ss+1
(s+2)(s—1)

Applying partial fractions,

Ss+1 -4 . B

(s+2)(s—1) s+2 s-1
= 5s+1 = A(s—1)+B(s+2)
= 5s+1= As— A+Bs+2B
= 5s+1=s(4+B)— A+2B

Comparing the coefficients on both sides,
A+B=5
-A+2B=1

Solving equations (2) and (3),
B=2,4=3

Substituting the values of 4 and B in equation (1),

Ss+1 -3 . 2
(s+2)(s—1) st2  s—1

Applying inverse Laplace transform on both sides,

S5s+1 _ ] 3 71[ 2 ]
GiG-D - L s+2]+L s 1
= 3¢ 2 +2¢!
-1 S5s+1 —Zt t
L (S+2)(S*1) +2€

Model Paper-1, Q15(b)

(1)

Q)
. 3)

+1
Q67. Find the inverse Laplace transform of the following log[:—l].
Answer :

Given Laplace transform is,

F(s) = log(s+1J

Applying inverse Laplace transform on both sides of above equation,

LRS- [log[”i)]
N s+1
L 1_5[@ [Tl)]]

_Lald ~ 9 llog(s—
L i [log(s+l)] s [log(s 1)]]

t

LT
L L
t s+l s-1
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1 -1 1 —t -1 1 t
=_—Jet—¢ L | — =, L |—|=
(Lleimel [ [s+1] ¢ [s—l] e]
1 2=
ft[e—e]ft 5

. e —e”’
[sin hf] [ sinht = 5 :|

Nl[\)

B 2sin ht
t

o s+1)|_ 2sinht
B s s—1 t

Q68. If L{f(t)}=%, find (i) L{e*f(2t)} (ii) L{F(30)}

Answer :

Given,

20 —4s
LUoi= 24+ 20

20 —4s

I | BV
= =1L §2—45+20

20 —4s ]
s2—4s+4+16

20 — 4s
(s—2Y+4°

|20 4[#]
=L (s — 2P +42 —4L (s — 27+ 42

4
(s—27+42

(s—2)+2 ]

-1
—4lL [(372)2+42

:S.L’l[

_ 2 afs=2 Y
= S5.e“sin4t—-4 L [(S—2)2+42]_4L [(S_2)2+42]

e
(s-2r+4°

= 5.¢¥sindt — 4e* . cos4t — 2.¢* sin4t

= 5.¢¥sindt — 4.¢* .cosdt — 2.1

3.e%'sindt — 4 ¢* . cos4t

= Ay = e* (3sindt — 4.cos4t) (1)
A26)= e*(3sin8¢ — 4cos 8t)
(i) L{e*fQty
= L{e"[e¥(3sin8f — 4cos8)]}
= L{e".e"(3sin8 —4cos8r)}

= L{¢*.(3sin8¢ — 4cos8¢)}
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= L{e*.(3sin81)} — L{e* (4 cos81)}

= 3L{e¥sin8t} — 4L{e* cos 8t}

N 8 B (s=3)
(s—3P+8% (s—3r+8%

24 4512
s2—6s+9+64 s*—6s+9+64

_24-45+12
s2—6s+73

36 — 4s
2 —6s+73

y 36 -4
 L{e 2} = 2_6S+S73

(i)  L{fG3t)}
From equation (1),
S(38) = €% (3 sin 12¢ — 4 cos 121)
= 3e% sin 12¢ — 4e® cos 12t
Applying Laplace transform on both sides,
L{f(30)} = L[3¢% sin 127 — 4€ cos 12¢]
= 3L[e%sin 12¢] - 4 L[ cos 12/]

:3[(#6)2“12)2] [(S 6)2+(12)2]

_ 36 __4(s-6)
(s—6Y+144 (s—6Y+144
_ 36-4s+24 60 —4s

S (s—6P+144  (s—-6)+144

o 60 — 4s
L{fGn} = (s— 67+ 144

5.2 CONVOLUTION THEOREM (WITHOUT PROOF)

Q69. Find the inverse Laplace Transform of (Szfiaz)z by using Convolution theorem.
Answer :
Given function is,
S
(S2+a2)2
et, f(s) PR
_ -1 -1
Then, fir) = L ) oL (S e cosat‘
= cosat
Let, g(s) = 2+ a2
Then, g(f)= L [(s2+a2) ]
_ 1 Sl _ 1
= g sinat l oL =g sinat
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From convolution theorem,

LN =/ 20 = [ gl d
0

U e |- [ s a
0

= (cosat) * % (sinaf)

t
-1 /cosausina(tfu)du

a
_ % j [sin(au +a(t —u)) —2sin(au —a(t—u)]du - cosASinE = sin(4 + B) 5 sin(4 — B) ]
= 217-/. [sin(au + at — au) — sin(au — at + au)] du

0
t
=~ f [sinat — sin (2au — at)] du
0
t t
=24 fsinat du ffsin(Zaufat)du
2 t
= 1{smal‘ (u) COS( gg af) L;
_ L cos(2at - at) cos(0 — at)
=75 tsmat— o o
_ 1, ,+C0sat _ cosat
2 sinat =5, = " 2a
= ﬂ[tsinat-i- 0]
= zlfatsinat
_ 1 .
S L I[W = ﬂtsmat
s
Q70. Using convolution theorem, find L™ {22}
(s"+4)(s"+9)
Answer : Model Paper-2, Q15(b)
Given that,
N
(s* +4)(s> +9)
Let,
— S —
S)= ——" =
S s*+4 and &(s) s2+9
) A g | P
=L {m} cos2t [ l:sz e cosat:|:|
B 1 sin 3¢ s 1
g=1L 1{ }_ — oL =—sinat
s 49 3 s?+a? a
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By convolution theorem,

1! S _ -l N N
{(s2+4)(s2+9>} t {s2+4's2+9}

= 1/ ().8(s)}

=M0) * g(1)

sin 3¢
= (cos2t) * (T)

= %J.cos 2usin 3(t —u)du _[f(t) *g(t) = Jf(u)g(t —u)du
0

W | —

1 :
.—JZcosZu sin3(t —u)du
2 0

- %J;[sin(—u +31) —sin(5u — 30)1du

t t
- % j sin(—u + 3t)du — j sin(5u — 3t)du
0

0

t

%[— cos(—u +3t)(-1)— (Zcosbu=31) 3t)):|

5

0

1 t
——[5cos(—u +3t)+ cos(5u — 3¢
5 [5costu+30) +cosGu=30],

%[5 xcos(—t +3t)+cos(5t —3t)]—[5(cos(0+3¢)) +cos(0—3¢)]]

%[5 cos(2¢t) +cos(2¢t) —5cos 3¢t — cos(—3¢)]

1
% [5 cos 2¢ + cos 2t — 5cos 3t — cos 3]

i [6 cos 2¢— 6 cos 31]
30

= % [cos 2t — cos 31]

_ cos2t—cos 3t

Ll{m} = % [cos 2f — cos 31]
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. . . -1 1
Q71. Using convolution theorem, find L {7(3 va) s+ b)}

Answer :

Given expression is,

1
{(Sﬂl)(ﬁb)}
Let, f(s)= s}-ia
Then, f(t) =e
Let, ()= <15

Then, g(¢) = e

7 _ 1
= J)-80)= GFaGTh)

Applying inverse Laplace transform on both sides,

L{f(s).&()} =L {m}

= [ ) g~y du

e e—b(t —u) du

O\\ O\)N (=1

e—aue—bt.ebu du

t
_ / o g,
0

(b-a)u |
e

b-a

0

e (b-a)t _(b-a)0
~pale” e

bt
_ Zfa[e(h—a)t_ 1]

—1 1 _ bt a)t
) L)

SZ

Q72. Using convolution theorem, find the inverse Laplace transform of 7
(s“+a’)(s*+b°)

Answer :

Given expression is,

S2
{(s2+a2)(s2+b2)}

S S
L Lz e ] = cosat and L™ Lz +b2:| = cosht
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Let,

f(t) = cos at, g(t) = cos bt

By convolution theorem,

N

o

2
N

(s* +a*) (s +b%)

2

(s +a%) (s> +b%)

|-

SIA PUBLISHERS AND DISTRIBUTORS PVT. LTD.

R
s2+a? s +b?

=L" {f()8(s)}
=f(0) * g(b)

= cos at * cos bt

- [reet-wdu
0

t
= Jcos au cos b(t—u) du
0

t
= %J.Zxcos au cosb(t—u) du

[ Jf (n*g(t)= J' S gt —u)du

t
= %J[cos(au+bt—bu)+cos(au—bt+bu)] du
0

t

= %Jcos(u(a—b)+bt)+cos(u(a +b)—bt) du

0

- ;|:J-cos(u(a—b)+bt) du+

cos(u(a+b)—bt) du:|

l sin(u(a — b)+bt)
2 (a—b)

sm(l(a b)+bt

sin(u(a+b)—bt !
(a+b) 0

sin(0(a + b) — bt

[ (a—b) (a+b) (a—b)
1 sin(at— bt+bt) sin(at+bt—bt) sinbt
2 (a-b) (a-b)
_ Ifsinar  sinat sin bt
B 2[(a—b)+(a+b) (a—b) T ath ]

—_

—(a+b)sin at+(a—b)sinat _

[sin bt(a+b)—sin bt(a—b)]

sm(t(a+b)—bt]_[sin O(a=b)+bt

sin(— br)
a+b

|

20 (a—b)(a+b) (a—b)(a+b)
_ l'asin at+bsin at + asin at —bsin at — asin bt — bsin bt + asin bt — b sin bt
) JERpY)

—_

20 a’-b?

1 [asinat—bsinbt
= _xo|asnal=osinbt

a’-b?

asin at—bsin bt

a?-b?

asin at—bsin bt

a?-b?

_ 7_2asinat—2bsinbt:|

]

“" 2 cosacosb=cos(a+b)+cos(a—>)]

|
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+3
Q73. Find the inverse Laplace transformation of % .
(s“+6s+13)

Answer :
s+3

Given function is, ——
(s +6s+13)

Then, L' s =L s+3
T (5P +6s+13)? [(s+3)> +4][(s+3)> +4]

Let, f(s) = %
(s+3)"+2
= fiy=1L" |:(S+S3)%] = e cos 2t l L [(S‘*'Z)%J: (e™ cos bt)}
And g(s)= m
R [(s + 3)12 +2? J e %‘Zt { Ll((s + a)12 +b? ): o %bﬂ

By convolution theorem,

s+3 i - !
L [ — —u)d R — * — —u)d
L [(S2+ 6“13)2} !f(u)g(r u)du [ L OF)] =0 * 20 ! F gt -u)du]

T 3 Sin 2(f —
- J.e 3 cos2u.e ")Mdu
0

N | —

t
_[ e cos2ue™ e sin( 21— 2u) du
0

N | —

t
e Jcos 2u sin( 2t —2u)du
0

3t L

€ jzcos usin( 21 — 2u) du
0

2

|-

t
e J.[sin( 2u+ 21— 2u)—sin( 2u — 2t +2u)]du
0

A=

[ 2cos A4 sin B=sin (4 + B) —sin (4 — B)]

3t L
_ ¢ J[sin 2t — sin( 4u — 21)]du
0

4

_3¢ t t
_ J'sin 2t du— Jsin( 4 —28)du
L0 0

M | meostu=20] |
0

0
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e . cos(4t—2t) cos(0—2t)
= + -
7 Lsin 2¢(u) [ 2 1
e cos2t cos2t
= tsin 2t + -
4 4 4
3t
- "’4 [£sin 2¢]

L st3 | [sin 21]
(52 +6s+13)? 4

5.3 SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS USING LAPLACE TRANSFORMS

Q74. Using Laplace transform, solve (D? + 4D + 5)y = 5, given that y(0) =0, y'(0 ) = 0.
Answer :
Given differential equation is,

(D*+4D+5)y=5

»(0)=0, y"(0)=0
= D%»+4Dy+5y=5

2
Ly s (i
dx dx dx

= Y'+4'+5r=5

Applying Laplace transform on both sides,
L{"+4y' + 5y} = L{5}
= L{"} +4L{Y'} +5L{y} =L{5}
5
= 5" L{y}=sy(0) =y (0)+4{sL{y} = y(0)} +5L{y} = <

= (s +4s+5L{y} — (s +4)p(0)-»'(0)= %

5
= (SP+4s+5)L{t—(s+4)0-0 =—
K
I
s(s2+4s+5)

= Ly} =
The roots of s> + 45 + 5 are,

—4+416-4x5 —4x-4 —A4%2  22%i)

5 = 5 = 5 5 5
5 A B C
—+ +
s+(2-1) s+(2+i0)

= L= v nG ey s

5 A+ Q2=D))(s+(2+0) + Bs(s+(2+1) + C(s)(s +(2—1))
s(s+(2-i)(s+(2+i) s(s+(2=0))(s+(2+1))

= S5=A(s+ (2 —i)(s+ @2 +i) +Bs(s + (2 + i) + C(s) (s + (2 — i)
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Substituting, s = 0 in equation (2),

5=A4Q2-i)(2+19)

= 5=A[4- ()]

= 5=A[5]

sA=1
Substituting, s =—(2 — i) in equation (2),

5=BQ2-i))(-2+i+2+1)

= 5= B(-2 +1i) (2i)

= 5=B(-4i+2?)

= 5=B(-4i-2)

-5

T 4it2

Substituting, s =— (2 + i) in equation (2),
5=C(=2-i)-2—-i+2-1))
5=C(=2-i)(-2i)

5=C(2 +1)(2i)
5=C(4i+27)

5=C[4i-2]
5
4i -2
Substituting the corresponding values of 4, B, C in equation (1),

PR B 1 LS 1
{20} = 7 4i+2)| (s+(2-i)) | 4i-2|(s+@2+0))

Applying inverse Laplace transform on both sides,

. s 1 LS (1
LRLON =L S i) s+ 2-1) 4i-2)| s+Q2+1)

5 ol 5 o 41 )
—l—— ¢ (2—i)t +—" ¢ (2+i)t Ll —e at
= Y 4i+2 4i-2 s+a

. I_Le—(Z—i)t_i_.Lef(Zﬂ')t
4i+2 4i-2

uu Uy

C=

Q75. Solve (D*-k*) y=0ify(0)=1, y'(0) =0, y"(0) =0, y™"(0) = 0. Using Laplace transform method.
Answer :

Given differential equation is,
D =k)y=0
Applying Laplace transform on both sides,
LID*— Iy =0
= s'L[y] - s?p(0) = 57)'(0) — 5p"(0) — y"(0) — K*L[y]=0
= SLy]-sS1)-0-0-0-KL[y]=0
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= sLIy]-s* = kL[y]=0
= sLIy]- Kk L] y]=s*
= [s* = k4] Lly]= 5’

L s
= = T
Consider,

S3

_ s
skt (P - k)

_ _As+B " Cs+ D
(S2 +k2) (S2 7k2)

= 3= (As+ B)(s* — k) +(Cs + D)(s% + k?)
= $3= As> + Bs® — Ask* — BK* + Cs® + Ds® + Csk*> + Di*

Comparing coefficients on both sides,

A+C=1

= -A+C=0
B+D=0

= -B+D=0

Solving equations (3) and (4),
—c=1
A4=C= 5
Solving equations (5) and (6)
B=D=0

Substituting the corresponding values in equation (2),

1 1
3 (*SJFO >s+0
i 22> o+
st —k (s2+k) -k
3
s _ 1 N s
= ST 2[S2+k2+s2—k2]

Substituting equation (7) in equation (1),

N

1 LS
s+ K2 sz—kz]

Liyl= 5

Applying inverse Laplace transform on both sides,

s [ Nl
y=1 [2[s2+k2 stk

Ll
I I s 1 K ' [s2+a2
= 2[L LM/&]“ [sth” ,l[ s ]
L |

Y %[coskﬂrcoshkt].
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Q76. Solve (D*+ D) x = 2 if x(0) = 3, x'(0) = 1, x"(0) = — 2, using Laplace transform method.
Answer : Model Paper-2, Q17(b)

Given differential equation is,

(D’+D)x=2
Lx  dx _
dt3 * dt =2

= x"+x'=2
Applying Laplace transform on both sides,
L{x"+x'} =L{2}

Ly +L{xy=2

. X{s} - 2 x(0) — 5¢(0) — x(0) + s.X{s} —x(0) =2
Substituting the given initial conditions,
s X{s} —s23) —s(1) — (= 2) + s.X{s} -3 =%
= S X5} -39 —s+2+s X(5)—3=2
= X{s} [s3+s}—3s2—s—1:%
= X(s).[s3+s]=% +3s2+s+1
3,2
= X(s).(s> + 5) = W
2+35°+s5°+s
X(s) =
- () s(s>+5)
2+35°+s5°+s
X(s)= =—22 "2 =2
= (s) (2 + 1)
Applying partial fraction to above equation,
2+3s°+s°+s _A B, Cs+D
=£180 "8 — 2 L4 T4
X(S) SZ(S2+ 1) K S2 S2+ 1 (1)

N 24353 +5%+s _ As(s>+ 1)+ B(s*+ 1)+ (Cs + D) s>
s2(s2+1) s2(s2+1)

= 2433 +2+s5=4As (>+ 1)+ B(s*+ 1) +s%(Cs + D)
= 2+3s°+s*+5=A4s*+As + Bs*+ B+ Cs* + Ds?
= 2+383+2+s=A+C)s*+(B+D)s*+As+B.

Comparing coefficients on both sides,

A=1,B=2
A+C=3= C=3-4
= Cc=3-1
= c=2
B+D=1=D=1-B
= D=1-2
= D=-1
Substituting the values of 4, B, C and D in equation (1),
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Applying inverse Laplace transform on both sides,

1,2, 251
L {X(s)} =L {ﬁ?* 2+ 1}

_ 7l a1, )21
= x(t)—L]{S}-l-ZL {S2}+L {SZ+1

_ N a1
—14+2 42 {s2+1}_L {S2+1}

=1+ 2¢+ 2 cost — sint

x(f) =1+ 2¢+ 2cost — sint.

Q77. Solve (D% +9) y = cos2t, y(0) =1, y[;]= -1 by using transform method.
Answer :

Given differential equation is,

(D*+ 9)y = cos2t .. (1)
»0)=1,
T[ —
o(5)=
d*y d
——+9y= v D=—
P Y =cos2t [ dt]

Applying Laplace transform on both sides,

dJ2
L{de+9y}= L{cos 2t}

2
L{%}+9L{ ¥} = L{cos 21}

= {57 (9) = s1(0) Y (0)} +97(s) =

s2+22
= (s25(s) — 5(1) — g} + 95(s) = —- - Licosat} = >
s +4 s2+a2
- 2
+9} - ts+q
= O+ T

2
_ f(s){s2+9} _ s+(s+q)(s”+4)

s +4
— s S+
= ¥(s) =— 5 3 el ..(2)
(s“+4(s"+9) s°+9
Applying partial fractions,
1 As+D Bs+C
= + ..(3)

(s +4)(s2+9) s2+4 5249
= 1=(ds+D)s>+9)+(Bs+C)(s>+4)
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Comparing coefficients on both sides,
A+B=0
D+C=0
94+4B=0
9D +4C=1
Solving equations (4) and (6),

A=0,B=0
Solving equations (5) and (7),

-1 1
€=5.073

Substituting the corresponding valuds of 4, B, C and D in equation (3),

1 __5 i 5
2 2 2 2
(s +4)(s“+9) s +4 s°+9

Substituting equation (8) in equation (2),

- + +
4 249 s2+9 s2+9

1 1
— 5 5 S q
y(s)=s 2

_()71_ S 1—l+ q
= ys_5_s2+4 s249 5] s2+49

7s) [ s ]+4[ K ]+ q
= s)=— —
7 5ls?+4] 50s*+9] s*+9

Applying inverse Laplace transform on both sides above equation,

- 1 _ N 4 s q
L'Y3(s)}= =L 1{ }+—{ }+
) 5 s2+4) 51s+9) 749

1 4 q .
f) = —cos(2t)+—cos 3t +—=sin 3¢
o) = Seos)+3 3

Substituting ¢ = % in equation (9),

1 nt) 4 T) g . e
b
~) = —cos| 2.— |[+—cos| 3.— |[+—=sin| 3.—

= lcos(n)+icos Sl + 9 in Sl
- TS 502 )3 |2
-1 4 q
1= —+=0)+=(-1
= 5 5( ) 3( )
-1 q
= -1= 5 3

(&)
(5
.. (6)
(7

.. (8)

. (9)
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= 71+l——1
3

4 _ g

5 3

_ 12

175

Substituting the value of ‘g’ in equation (9),

1 4 12
= —co0s 2t +—cos 3t +——sin 3¢
=73 5 53

syt = %[cos 2t +4cos3t +4sin 3¢]

Q78. Solve y" - 3y' + 2y =1 given that y(0) = 0, y'(0) = 1 by using Laplace transform method.

Answer :
Given differential equation is,
y'=3y'+2y=1 .. (1)
And »(0)=0, y'(0)=1
Applying Laplace transform on both sides of equation (1),
L{y"=3y"+ 2y} = L{1}
= L{y"} -3L{Y" + 2Ly} = é

= SLY) = s9(0) +51(0) = 3[sL{(y) = s°(0)} + 2L()]
1

N

= $*L(y) —s(0) — (1) = 3[sL(y) - 0] + 2L(y) = %

=  $Ly) - 1-3sL(y) + 2L(y) = L

N

= L(y)[s273s+2]71=1?

1
= L)[s?-3s+2]= 5 +1

Liv) = l+s
= =10 50
B I+s
- s(s?—2s—5+2)
3 I+s
S os(s(s—2)—1(s-2))
3 l+s
= =56 6-2)
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Taking partial fractions,
1+s 3 A B C
ss—1)(s—2) _?+Sj+s—2 - (2)
1+s L AG-D(s-2)+B(s)(s - 2)+C(s)(s 1)
= sG-D(s—-2) s(s—1)(s-2)
= 1+s=A4A@—-1)(s—2)+Bs(s—2)+C(s)(s—1) ..(3)

Substituting s = 0 in equation (3),
1+0=4(0-1)(0-2)+ B(0)0-2)+ C0)0-1)

1

= AZ?

Substituting s = 1 in equation (3),
I1+1=40-1)(1-2)+B(1)(1-2)+C(1)(1-1)
= 2=0+(-B)+0

= =-2
Substituting s = 2 in equation (3),

142=42 - 12 -2)+BQ2)2-2)+C(2)2 - 1)

= 3=0+0+2C
3

= C=§

Substituting the corresponding values in equation (2),

ks 1 ()3
=56 D6-2) ~ 25 s-1 2(-2)

_El{l 2 31 }
Y 2 s—1 2s5s-2
IR
2 s s—1 2 s—2

1 3
— (1) 9l 2
2(1) 2e+ze

B 1—4e' +3e*
Yoo 2

Q79. Solve the D.E (D? + 6D + 9) = sint if y(0) = 1 and y'(0) = 0 using Laplace transform.

Answer :
Given that,
(D*+ 6D +9) = sint
And (0)=1;)/(0)=0

Model Paper-3, Q17(b)

(1)
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Equation (1) can be rewritten as,

d’y _dy . o D:ﬂ
?"'654‘9_)/:511’1[ . dx
= Y'+6)'+9y=sint .. (2)

Applying Laplace transform on both sides of equation (2),

L{y"+6y' + 9y} = L{sint}
= L{"} +6L{y'} +9L{y} = L{sint}
= L) —s(0/(0) = y'(0)} + 64s L(y) = ¥(0)} + 9L{y} = L{sint}

[ LY} =s"Liyt —s" ' p{0} =52y’ (0] ...(3)

Since y(0) = 1 and y'(0) = 0, equation (3) becomes,

{s*’L(y)—s(1)=0} + 6{s L(y)— 1} + 9L{y} = L{sint}
=  {s’L(y)—s} +6{s L(y)— 1} + 9L{y} = L{sint}

= $*Ly)—s+65L(y)—6+9L(y) = L{sint}

1 1
o L(sint) =
1+52 [ (sin) 1+s2:|

+s+6

= {P?+65+9}L(y)—s—-6=

= {FP+6s+9 L) =—
I+s

1 s+6
=, 2 NG
(s"+6s+9)(1+s") (s +65+9)

= L) - (4)

Applying partial fraction to the first term of equation (4),

1 A B Cs+D
2 N >t t—
(s+3)°(+s°) (s+3)° s+3  s°+1

= 1=A(s*+ 1)+ B(s+3)(s>+ 1)+ (Cs + D)(s +3) .. (5)
Substituting s = -3 in equation (5),
1=A((-3)*+1)+0+0
= 1=409+1)
= 1=4(0)
= 4 :L
10
_ L
10
Equating the coefficients of s> on both sides, of equation (5),
0=B+C
= B=-C ... (6)
Equating the coefficients of s on both the sides of equation (5),
0=B+9C+6D (7
Equating the constant terms on both sides of equation (5),
1=4+3B+9D

1
=—+3B+
= 10 3B+9D
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1
+9D = -
= 3B+9D=1 10

_9
= 3B+9D=1; e (8)

Substituting C = — B in equation (7),
-8B+6D=0

.. (9
Substituting equations (8) and (9),

3B+9D ~2 | 8
10

(-8B+6D =0)x3

24B+72 D = 72
10
-24B+18D=0
90D = 72
10
7
- = 10x90
p=2
25
From equation (9),
2
-8B+ 6X<f>— 0
= —8B+£: 0
25
12
= 8B=—
25
12
= 25%8
3
- 50
_3
50
From equation (6),
B+C=0
= —+C=0
3
= 750
o=
50
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1 L Bl LB )s 2001
13262 +D) 10{(s+3)2}+50{(s+3)}+(50){s2+l}+ 35 {7r) - (10)

Consider second term of equation (4),

s+6 s+3 3
- xt 2
(s+3)%  (s+3)* (s+3)

ie.,

s+6 1 N 3

Gl 53 Gy (1)

Combining the equations (10) and (11),

ottt b
(}/)—10 (s+3)*| 50 [(s+3)] 50 [s?+1] 25 [s*+1 s+3 (s+3)?

- Ml 2h
- =T (s+3)%| 50 [(s+3)] 50 [s?+1] 25 [s?+1

Applying inverse Laplace transform on both sides,
Ly =1 +§L1{—1 }—3L1{—S }+iLl{—l }
10 |(s+3)*]| 50  [s+3]50 s241) 25 |s?+1

31 5 53 5 2 .
=—fe  +—e = ——COost+— sIint
10 50 50 25

31 5 53 5 3 2 .
y=—te  +—e  ———cCOSt+—sIint
10 50 50 25
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